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1. Introduction

Let A,(n) denote the class of functions of the form:

f(z)=2p+2akzk (p,neN =1{1,2,....}, p<n), (D
k=n

which are analytic in the open unit disc U = {z : |z| < 1}. If f(2) € A,(n) is given by

(1) and g(z) € A,(n) is given by

g(z)=2" +Z bzt  (ze€l),
k=n

then the Hadamard product (or convolution ) (f * g)(z) of f(z) and g(z) is defined
by

(f xg)(z)=2* +Zakbkzk.
k=n

For complex parameters a;..., &, and f3;, ..., B; (B; € C\{0,—1,-2,..};j = 1,...,5), we
define the generalized hypergeometric function ,F,(a;..., &,; B, ...., Bs; 2) by

2 (a)geee(a,), 25
F vy Oy Py e, B3 2) = —
Fuares o B B2 = D (3 oS

(r<s+1;r,seN,=NU{0}; z€U),

where (60), is the Pochhammer symbol defined, in terms of the Gamma function T,

by

() _T(0+k) 1 (k=0)
T ) 00+1)...(04k—1) (keN).

Corresponding to a function h,(ay, ...., a,; By, ...., B;; 2) defined by
hy(t, s @5 By ones B3 2) = 2P L Fi(@q, e 05 By ooens B3 2),

we consider a linear operator H,(ay, ..., a;; By, ...., B;) : A,(n) — A,(n), defined by the

convolution

H,(ay, ey Q5 By oo B (2) = @y, ooy s By ooy B3 2) % f (2).
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We observe that, for a function f(z) of the form (1), we have

o0
Hp(ah seeey ar; /317 seeey ﬁs)f(z) = Zp + Z rkakzk:
k=n

where
(al)k—p """ (ar)k—p

" (Bp By (k=PI

r, ®)

For convenience, we write

HI:,S = Hp(aD ..... PO /513 ---- ﬁs)

The linear operator H?  was introduced by Dziok and Srivastava [1].

We denote by T,(n) the subclass of A,(n) consisting of functions f (z) of the form:

o0

f(2)=2>— ) az* (a>0). 3
k=n

By using the linear operator H? we introduce a new subclass S(p,n,q, A, ) of the

class T,(n), which consists of functions f(z) € T,(n) satisfying the inequality:

2(HP f )0 (z) + Az2(HE, £ )+ (z)

22l ) 0E) + (1= D)D) <P ®

-p—q

(zeU;peN; qeNy,;q<k—1;k>n;0<A<1;5>0).
Also, let P(p,n, q, A, 8) denote the subclass of T, (n) consisting of functions f (z) which
satisfy the inequality:

(N6 06

zP™ (p —q)zpa™!

(1-2) —(p—q+1)| <P (5)

(zeU;peN;qeNy;q<k—1;k>n;A>0;6>0).

Now we define two classes related to the classes S(p,n,q, A, ) and P(p,n,q, A, ).
A function f(z) € T,(n) is said to be in the class S"(p,n,q, A, B) if there exists a
function g(z) € S(p,n,q, A, ) such that

f@

<y (z€U; y>0). (6)
g(z)
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Analogously, a function f(z) € T,(n) is said to be in the class P"(p,n,q, A, 8) if
there exists a function g(z) € P(p,n,q, A, B) such that the inequality (6) holds true.
We note that for suitable chosen parameters the classes were investigated by
(among others) Srivastava et al. ( [2] and [3]). Also, following the earlier inves-
tigation by Goodman [4], Ruscheweyh [5], and others we define the (n, §)— neigh-
borhood of a function f () of the form (3) by

N, s(f) = {g(z) =P —Zbkzk eT,(n): Zk |, — by| < 5} . (7)
k=n k=n
In particular, if
h(z) =2" (p €N),

we immediately have

N, 5(h) = {g(z) =2P =Y bt e T,(n): > k|b < 5}. ©
k=n k=n

The neighborhoods of function was studied among others by Altintas et al. ( [6],
[7] and [8]), Srivastava et al. ( [2], [3], [9]and [10]) and Aouf [11] (see also
Prajapart and Raina [12]). In this paper we obtain the coefficient estimates and
the consequent inclusion relationships involving the neighborhoods of some analytic

functions.

2. Coefficient Estimates

In our investigation of the inclusion relations involving N, 5(h), we shall require
Theorems 1 and 2 below.
Theorem 1. Let the function f(z) € T,(n) be defined by (3). Then f(z) is in the class
S(p,n,q, 4, ) if and only if

D (k+ B - p)Ca; < BC,, (9)
k=n
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where

Ce=[14+Ak—q—1)](k—q+1),T; (10)
and T'; is given by (2).

Proof. Let a function f (z) of the form (3) belong to the class S(p,n,q, A, ). Then,
in view of (3) and (4), we obtain the following inequality:

2(H? £ Y*D(z) + Az2(HP £ )0)(z)
“\ AL HT@) + (1 — DHES)D(2)

—(p—q)} >—p (z€U),
or, equivalently,

— > (k —p)Cra,z* P
Re { —= >-B (zel).

o0

k—

C, — kZ Cra,zkr
=n

Setting 2 =r (0 < r < 1) we obtain

[ee]

> (k—p)Craerk>
k=n

<pB (0<r<1).

o0

k—

C,— kZ Cpa,rk-»
=n

We observe that the expression in the denominator of the left-hand side of is positive

for r =0 and also for 0 < r < 1. Thus we have
> (k+ B - p)Ca,r** < BC,,
k=n

and, by letting r — 1~ through real values, we obtain the desired assertion of Theo-
rem 1. Conversely, by applying the hypothesis (9) and letting |z| = 1, we find from
(3) that

Z(H,[;Sf)(Hq)(Z) + AZZ(Hf’Sf)(Z-i-q)(Z) : |- gﬂ(k —p)CkClkzk—P
2a(HE)H0(2) + (1 - NHLHDGE) T |7 ¢~ S oy
k=n
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Y. (k—p)Ciay C, — 2. Cray

< k=n _ < ﬁ kO:on _ ﬁ
C,— kZ Cray C,— kZ Cry

Hence, by the maximum modulus theorem, we have f(z) € S(p,n,q, A, ), which

evidently completes the proof of Theorem 1.

Similarly, we can prove the following theorem.

Theorem 2. Let the function f(z) € T,(n) be given by (3). Then f(z) € P(p,n,q, A, 3)
if and only if

dilp-q+Aa(k—p)]k—q+1) i <B(p—q). (11)

k=n

where T is given by (2).
Using Theorems 1 and 2 we obtain following two corollaries.

Corollary 1. If the function f (z) given by (3) belongs to the class P(p,n,q, A, 3), then

(k+p—p)C;

where C,. is given by (10). The result is sharp.

a; < (k=n,n+1,...),

Corollary 2. If the function f (z) given by (3) belongs to the class S(p,n,q, A, B), then

W < B(p—q)
T lp-q+A(k—p)](k—q+1),T}

where Ty is given by (2). The result is sharp.

(k=n,n+1,...),

3. Neighborhoods Properties

Our first inclusion relation N, 5(h) is given in the following theorem.
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Theorem 3. If

C,<C. (k=n,n+1,...), (12)
then
S(p,n,q,A,B) € N, s(h), (13)
where C,. is given by (10) and
nfC

o =m+p-pc, PP

Proof. Let f(z) € S(p,n,q, A, ). Using Theorem 1, by (12), we have

(n+B—p)C, Y, a, < D (k+ B —p)Ca, < BC,,
k=n k=n

which readily yields
00 ﬁcp

< —. (14)
Z ‘ (Tl + ﬁ - p)Cn

k=n
Making use of (9) again, in conjunction with (12) and (14), we get

(p_/s)/jcp _ nﬁcp
n+B—-p n+pf—p

C, > kay < BC, +(p—B)C, » a, < BC, +
k=n =

k=n

Hence
> nfC
Zkak < /5 P ,
~ (n+pB-p)C

which, by means of the definition (8), establishes the inclusion relation (13) asserted

by Theorem 1.

Remark 1. Putting A = 0,8 = |b|, b € C\ {0}, replacing n by n+p (p,n € N) and
takingr =2;s =1;a;, =u+p (u> —p;p € N);a, = 8; = 1 in Theorem 3, we obtain

the result obtained by Raina and Srivastava [9].

In a similar manner, by applying the assertion (11) of Theorem 2 instead of the
assertion (9) of Theorem 1 to functions in the class P(p,n,q, A, 8) we can prove the

following inclusion relationship.



M. Aouf and J. Dziok / Eur. J. Pure Appl. Math, 2 (2009), (544-553) 551

Theorem 4. If
(n—q+ 1), <(k—q+ 1), (k=n,n+1,..), (15)

then
P(pa n:qak’ﬁ) - Nn,ﬁ(h)’

where

_ nB (p—q)
[p—q+A(n—p)](n—q+1),I)
Theorem 5. Let g(z) € S(p,n,q, A, B). If C, given by (10) satisfies (12) and
> o (Tl+ﬁ _p)Cn

n (Tl+/3 _p)Cn_/BCp

(g+Ap = p).

(6 >0), (16)

then
Nn,ﬁ(g) - SY(pJ n,q, )(,, [5)

Proof. Suppose that f(z) € N, 5(k). We find from (8) that

D k|a b <8,
k=n
which readily implies that

s 5
D la—b =

k=n
Next, since g(z) € S(p,n,q, A, ), we have [c.f. equation (14)] that

kZ (n+/5 p)C
so that
@_1‘ §1| |<§ (n+ B - p)C,
g(Z) 1_Zbk n(n+/5_p)cn_ﬁcp

Thus, by (16) we have. f(z) € S"(p,n,q, A, ). This evidently proves Theorem 5.

The proof of Theorem 6 below is similar to that of Theorem 5 above therefore, we

omit the details involved



REFERENCES 552

Theorem 6. Let g(z) € P(p,n,q, A, B). If the condition (15) holds true and

then

[1]

[2]

& [p—q+A(n-p)](n—q+1),T;

° 5>0),
np—q+A(n—p)](n—q+1) ., —B(p—q) (06>0)

Y >

Nn,ﬁ(g) - Py(ps ns qs A’a ﬁ)
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