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Global existence of weak solutions to 3D compressiblméww
primitive equations of atmospheric dynamics with
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Abstract. In this work, we show the existence of global weak solutions to the three-dimensional
compressible primitive equations of atmospheric dynamics with degenerate viscosity density-dependent
for large initial data. With a pressure law of the form p?, we represent the vertical velocity as a
function of the density and the horizontal one which will be important in using Faedo-Galerkin
method to obtain the global existence of the approximate solutions. In analogy with the cases
n [17-19], we prove that the weak solutions satisfy the basic energy inequality and the Bresch-
Desjardins entropy inequality. Based on these estimates and using compactness arguments, we
prove the global existence of weak solutions of (1) by vanishing the parameters in our approximate
system step by step.
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1. Introduction

We are interested in the study of equations of type Primitive Compressible Equations,
CPEs. These are the equations governing the motions of the dynamics of the atmosphere.
They belong to the class of geophysical fluid dynamics equations. More precisely, in the
hierarchy of models, the CPEs are situated between the non-hydrostatic equations and
the Saint-Venant equations. The primitive equations are derived from the said hydrostatic
approximation in which, the conservation of vertical momentum is replaced by the hydro-
static equation. In general, the CPEs are obtained from the full Navier-Stokes equations
for modeling the atmosphere with an anisotropic viscosity tensor. Taking advantage of
the difference between the horizontal and vertical dimensions of the atmosphere (10 to 20
kilometers for altitude versus thousands of kilometers for length), we obtain the following
hydrostatic model:
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Orp + divg(pu) 4+ 0y (pv) = 0,

O (pu) + dive(pu @ u) + 0y (puv) + Vap(p) + rplulu

= div, (2v1 Dy (u)) + 0y(r20yu), W)

dyp(p) = —gp.

Here, t > 0, * = (x1,x2) and y are respectively the temporal, horizontal and vertical
variables. (z,y) € Q = Q, x (0,1), with Q, = T? the two-dimensional torus.The functions
p and p represent respectively the density and the pressure of the medium. They each
depend on z, y and ¢t. The vector U = (u = (u1,u2),v) is the velocity of the flow (where u
is the horizontal velocity and v the vertical velocity). u®u is the matrix with components
ujj, divy = Oy, + Oy, is the divergence operator and D, is the strain tensor with D, (u) =

Vau + (Vyu)t
Vou+ (Vou)® along the horizontal directions. The term 7p|ulu, with » > 0 a positive

constant, comes from the quadratic friction source and is useful for the mathematical
study (see [3]). v1 and v, are the turbulence viscosities in the horizontal and vertical
direction respectively. They depend on the density p.

In (1), The first equation expresses the conservation of mass, the second, the evolution of
the momentum and the last equation, dyp(p) = —gp, is from the hydrostatic approximation
with g > 0 the free fall acceleration. In order to close the system, we assume that the
fluid is Newtonian.

F. Wang et al., in [19], investigated the global existence of weak solutions to CPE (1)
in which the pressure is assumed to be P(p) = c?p. In [11], Liu and Titi have studied
problem (1) with P(p) = p?,~ > 1, without buoyancy (no gravity).

The main aim of this paper is to extend the result of [11, 19] for a pressure law of the
form p(p) = ap”, with constant v > 1 and a > 0 a given positive constant. This is one of
the perspectives put forward by Timak Ngom in his thesis defended in 2010 [3]. But we
will consider the particular case v = 2, in which the density can not longer be written,

-9
p(t,z,y) = E(t,x)e®? as in [19]. However, using the hydrostatic equation it can take the
following form

p(t,z,y) = £t x) + o(y), (2)
where ¢(y) = %(1 —y) and (t,2) € [0; +oo[xT?, £(t,z) > 0, the new densities.

For simplicity and without lost of generality, we take a = 1 and

vi(p) = va(p) = £(t,2) + 6(y). (3)
Then, for £ > 0 the system (1) becomes

dy (5(1 + %)) + div, (5(1 + %)u) + 9, (5(1 + %)v) =0,
O (5(1 + %)u) + div, ({(1 +9u® u) +9, (5(1 + %)uv) + 71+ £)lulu (4)
4V, (g(l + g))2 — div, (25(1 + %)Dx(u)) +9, (g(l + g)ayu) ,
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where (z,y) € Q and t > 0.
We state the asymptotic regime

B SET R SRR S 3 (FE A )

120 >0 >0 120

where € = ?—3. We introduce the asymptotic development at the main order £° in (4) and

omit the powers ”°” to obtain
(1€ + divy(€u) + 9y (Ev) =0,

Op(€u) + divy (§u ® u) + Oy (Euv) 4+ V&2 + ré|ulu
= divy (2§D, (u)) + 9y (§0yu)

9,6 =0.

The boundary conditions on 0f) are expressed as periodic conditions on 9€,:

v/y=0 = U/yzl = 0’
Byu/y:0 = 8yu/y:1 =0.
The initial data are written

pli=0 = &o(x), puli=o0 = &ouo = mo(z,y), (7)

with £ > 0 a.e in 2, a bounded non-negative function, i.e., there exists a positive number
M such that
0<& <M < +oo. (8)

Furthermore, we assume that the initial data satisfies:

ug = % if & #0 and wug=0 elsewhere,

mol* _

£ 0, aeon {(z,y)€ Q:(x)=0}
0

and
& € Ll(Q) NL%2Q), V./& € LZ(Q),

, m2 (10)
mo € L3(Q), moug = 5—0 e LY(Q).
0
The factor 1 + % is approximately equal to 1, meaning that the difference between the
vertical and horizontal components of the density is small. In general, in certain fluid dy-
namics problems, density can influence fluid velocity. The factor 1+ 2. close to 1, suggests
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that the variation in vertical density has a negligible effect on fluid velocity, indicating that
other forces or factors are predominant in determining velocity. In particular, for a fluid in
hydrostatic equilibrium the vertical pressure difference is balanced by the vertical density
difference, so the factor 1 + 2 close to 1, indicates that the vertical density variation has
a negligible effect on the pressure balance, suggesting that the fluid is mainly balanced by
the horizontal density variation.

In the case of the atmosphere, air density can influence fluid velocity. In the atmosphere,
vertical density variation due to temperature (and therefore pressure) variations is an im-
portant factor contributing to atmospheric circulation, including convective movements
and meteorological phenomena such as updrafts and downdrafts. However, in some sit-
uations where other forces or factors are predominant, the factor 1 + ¢ may be close to
1, suggesting that the variation in vertical density has a negligible effect on fluid velocity.
For example, in a situation where atmospheric pressure gradients are very steep, pressure
differences may be the main driver of atmospheric motions, and the vertical density vari-
ation may have a relatively small effect on fluid velocity. In such a case, the factor 1 + %
may be close to 1.

Formally, multiplying the momentum equation (5)2 by horizontal velocity u, then inte-
grating by parts on (), we obtain the energy equality

d

1
a (2§\UI2 " 52) dady + 1 [ €lufdady + [ € (ADa()? + 0,uf?) dody =0,
Q Q Q

In this paper, motivated by [17] and especially [19], we will investigate the global existence
of weak solutions to CPE (1) in which the pressure is assumed to be P(p) = ap? with
v >1and a > 0 a constant (a = 1, v = 2 for simplicity). The key issue in our proof is
to construct the approximate solutions satisfying lower bound of the density and Bresch-
Desjardins entropy. We will first face a new difficulty on how to estimate the vertical
velocity v since there is no equation on it. In order to overcome this difficulty, we represent
the vertical velocity v as a function of the density £ and the horizontal velocity u and use
the Faedo-Galerkin method to prove the existence of the approximate solutions. What’s
more, similar to [10, 17-19], we construct the approximate solutions by adding viscosity
term in the continuity equation, adding drag, cold pressure, quantum and higher derivative
terms in the momentum equation (see (17) for details). Using compactness arguments, we
prove the global existence of weak solutions of CPE by vanishing the parameters in our
approximate system step by step.

The rest of the paper is organized as follows. In the next section , we present some
elementary inequality and compactness theorems which will be used frequently in the
whole proof. In section 3, we show the existence of global solutions to the approximate
system by using the Faedo-Galerkin method. In section 4, we deduce the Bresch-Desjardins
entropy estimates. In section 5, using the standard compactness arguments, we pass to
the limits as the parameters tend to zero, step by step.
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2. Preliminary and main results
We give here the basic inequalities which are useful for the next, the definition of
solution in our context and state the main theorems.

Lemma 1. (Aubin-Lions, see [16]). Let Xo, X and X; be three Banach spaces with
Xo € X C X;. Suppose that Xg is compactly embedded in X and X is continuously
embedded in X1. For1 <p,q < +oo, let

W= {u e I7([0,T); Xo) : Oyu € Lq([O,T];Xl)}.
(I) If p < +o0, then the embedding of W into Lp([O,T]; X) is compact;

(IT) If p = +o0 and q > 1, then the embedding of W into C([O,T]; X) s compact.
Lemma 2. (see [19] Lemma 2.3). Let Q C R™ be a bounded measurable set. Suppose that
(fn)nen C LP(Q), || fallr()< C with C a positive constant and f, — f a.e in Q. Then

(1) £ € L2(Q) and {1y < C;

(IX) fn — f strongly in LP(Q), for any p € [1,p).

Lemma 3. (see [14], theorem 9.3)(Gagliardo-Nirenberg interpolation inequality)

For a function u : Q@ — R defined on a bounded Lipschitz domain £ C R™ and for all
1 <q,r < oo and an integer m, suppose that a real number 0 and a natural number j are
such that

1 ] 1 1-06 ]
=l - ad L<o<
P n r o n q m
Then we have '
| D7ullp< Cy | D™ ul%|ull s~ +Callulls, (11)

where s > 0 is an arbitrary constant. The constants C and Cy depend upon the domain
Q as well as m, n, j, r, q et 0.

To construct the regular solutions of the approximation scheme, we represent the unknown
vertical velocity v as a function of the density £ and the horizontal velocity u. To this
end, by differentiating (5); with respect to y, we obtain

768211 = 0ydiv,(&u). (12)

Solving (12) yields . R ) _
o(y) = _dive(€aly)) | dive(€n) (13)
3 3
dive(§u) | dive(Sa)
R

Then

Oyv(y) = ; (14)

where
u(y) = /Oy u(t)dr and w= /01 u(T)dr.

We now give the definition of weak solutions in our context.
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Definition 2.1. A weak solution of the problem (5)-(7) is a triplet (&, u,v) satisfying:
(1) (7) holds in D'(2);
(2) &, u and v belong to the classes

e L>([0,T; LY(Q) N L*(Q)), VEue L>=([0,T); L*(2)),
1
3

VEe L>([0,T); H'(Q)), ¢&3ue L3([0,T]; L3()),
EVou € L2([0,T]; L2(Q)),  &(Vau)t € L2([0,T]; L*(2)),
VEv € L2([0,T]; L*(), VE€dyv € L*([0,T]; L*(2)),
VEOu e L* ([0,T); L*()), Vi€ € L*([0,T]; L*(2)),

Vo€ € L™ ([0,T]; L*()) .

( (15)
)

(3) The mass equation is valid in the sense of the distributions and the following equality
holds:

T
/moq)(O,x,y)dxdy—/§u(I>(T,x,y)dxdy—l—/ /(Eu@t¢+£u®uzvx@)dajdydt
Q Q 0 Q
T T
+ / / (bwvdy @ + & div, ®) drdydt — / / ré|ulu®dzdydt
0o Ja 0o Ja
T
- / / (26 Dyt : Vo ® + £0,ud,®) dzdydt = 0, (16)
0o Ja

for any regular test function ®(t,z,y) € C([0,T] x ).
We now state our main results.

Theorem 1. Suppose that the initial data satisfies (10).
Then, ¥V T > 0, (5)-(7) has a weak solution (§,u,v) in the sense of Definition 2.1.

Theorem 2. Under an assumption similar to the Theorem 1, (1)-(3) and (6) — (7) has
a weak solution (p,u,v) in the sense of Definition 2.1, if we replace (§,u,v) by (p,u,v)
accordingly.

3. Approximation problem

In this section, we construct in a similar way to [9, 18, 19] and chapter 7 of [4] the Faedo-
Galerkin scheme of the approximate system (17) below, and prove the global existence of
solutions to this system. Then, we will show the global existence of weak solutions to the
problem (1)-(3) (6) — (7) by making the parameters of our approximate system tend to 0
step by step.
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3.1. Faedo-Galerkin scheme

In order to prove the global existence of weak solutions for the compressible primitive
equations, we consider the following approximate system :

(9 + diva(Eu) + 9y (Ev) = eAgE,

O (u) + divy(§u @ u) + (‘?y(ﬁuv) + V&2 + réjulu + ru
+aA2u = div, (26D (u)) + 0y (EDyu) + €V € - Vau (17)
FraVat P + i€V, (A205) + 06V, A2,

Ve

0y€ =0,
where (z,y) € Q,t >0, 8 > 10 and the vertical velocity v can be expressed as

div,(&u div,(&u
o) — i) | divaen)
£ £
In order to keep the density bounded, we add the extra terms eV, ¢ and 66V,A2E.
This allows us to take V (In¢) as a test function to derive the Bresch-Desjardins entropy.
Moreover, the term rju is used to control the density near the vacuum, and r&|u|u is used

to make sure that v/Eu is strong convergence in L? ([0, T]; L*(£2)). The term A\%@ is called

Bohm potential which can be interpreted as a quantum potential.

For T' > 0, We introduce a finite dimensional space X,, = span{y1,...,¥n}, n € N, where
1; is the eigenfunction of the Laplacian: —Av; = A\;¢p; in Q with \; the eigenvalue for ;.
We have the periodic conditions on 9€Q,: 9y1);/y—0 = Oytbi/y=1 = 0.

{1);} is an orthonormal basis of L?(2) which is also an orthogonal basis of H?(Q). Let
(&0, up) € C*°(2) be some initial data satisfying {o > A for some A > 0. We notice that
the velocity u € C([O, T; Xn) is given by

u(z,y,t) ZA YWilx,y),  (t,,y) € [0,T] x Q

for some functions \;(¢), and the norm of v in C ([0, T]; X,,) can be written as

U L(Q))= sup Ai(
el e o, (2)= 5 [OT];|

Since X, is a finite-dimensional space, all the norms are equivalent on X,,. Hence, v can be
bounded in C ([0,T]; C¥(Q2)) for all k € N, then there exists a constant C > 0 dependent
on k such that
lulle(oor@) S Cllulleqoryza@)- (18)
Now, we approach the continuity equation by adding a viscosity term, eA, & :
8t€ + divx(fu) + 81/(57)) = at{ + divx(fﬂ) = 6Az§7
(19)
506000(9)7 502)\>07
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where (¢,z,y) € [0,T] x Q with T" > 0.

For any given U = (u,v) in C ([0,T]; X,,), by the classical theory of parabolic equations,
there exists a classical solution &(t,2) € C* ([0, TY; 03(9)) to the approximated system
(19). (see [12], [Lemma 3.1, [19]]) for details and proofs.

We show that this solution is continuously dependent on u and by the comparison principle,
we also show that it satisfies the following inequality

0 < f(x)€* fOT“dinu”Loodt S f(t,a}) S E(x)efoT”divzuHLoodt7 Ve € QI — TQ, t Z 07 (20)

where

§(z) = inf &(x), &(x) = sup &().

N zeT? zeT?

Moreover, from (20) and the initial conditions of (19), there exists a positive constant 7
such that
0<n<&tz)<nt, for (t,z)el0,T]x Q. (21)

Thus, using the mass equation, we construct the continuous linear operator
S CY([0,T]); Xn) — C°([0,T);C*(Q)) by S(u) = &, and there exists a constant C,
dependent on k > 1 and on n such that

1S (1) = Su2lllo(poryi0x () S Crtllur = w2lloqoryc2@)- (22)

3.2. Faedo-Galerkin approximation for the weak formulation of the mo-
mentum

We now want to solve the momentum equation (17)2 on the space X,. For any test
function ® € X,,, the approximate solution u,, € CO([O, T ];Xn) satisfies:

T
/ Entin (T)PdX — / mo®dX — / / (Entin @ up) : Va®dXdt
Q Q 0 Q
T T T
- / / EntnUn Oy ®dX dt + 7 / / Enltn|un @dX dt + / / V.E2 - ddXdt
0 Q 0 Q 0 Q
T T T
+ 1 / / Un®dX dt + o / / Ayt - Ap®dXdt + / / £nOyun0,®dXdt  (23)
0 Q 0 Q 0 Q
T T
= —2/ /gan(un): VJC(I)dth—Fe/ /(fon-vxun) ddXdt
0 Q 0 Q
T T
— 1y / / & Pdiv, ®dX dt — 2k, / / DAL/ &V ar/End X dt
0 Q 0 Q
T T
—k / / div, ® (Am gn> VEndXdt + 5 / / D€,V ASE,dX dt,
0 Q 0 Q
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where mg = £,(0, x, y)un (0, z,y) and dX = dzdy.
Asin [4, 5, 9, 19], to solve (23) we introduce the linear operator

M X, — X, < M[¢u,v >= / Eu.vde, u,v € Xp.
Q

Using the Lax-Milgram theorem, we show that this operator is invertible and M™! is
Lipschitz continuous. Let us reformulate equation (23) as follows:

T
un(t) = MU S (un (1) (M[éo](w) + [ (St m) <s>ds) , (24)
where

S(“n) = gnv
N(S(Un)a up) (s) = divg (26, Da(un)) + Oy (gnayun) — divy (§un @ up) — 6y(’fnunvn)

A.’l‘ n
fozAiun — Vi€ - Vo, + k1EV, ( \/g > - foi

+T2foﬁﬁ —TUn — 7f|un|un + 5§nvai§n

For more details, we refer the readers to [4-9, 13, 15, 19].

In view of the Lipschitz continuous estimates for S and M~!, the nonlinear equation (24)
can be solved on a short time interval [0, 7], where 7 < T, using a fixed point theorem on
the Banach space C ([0, T]; X,,). We thus obtain a unique local solution in time (&, tn, vy,)
to problems (19) and (24).

Next we will extend this obtained local solution to be a global one. Differentiating (23)
with respect to time t, taking ® = wu,, and integrating by parts with respect to x over €2,
we get,

d 2
/ ¢, n dX+/un-Vx§2dX+r/§n|un|3dX+/§n\8yun\2dX
o dt 2 Q Q Q

—i—rl/uidX—rQ/un-VgC{;ﬁdX—i—/2§n]Dx(un)]2dX+a/ |Au, [2dX
Q Q Q Q

2 Axv/n . : 5 B
+/Q§n|3yun| dX+k1/Q Ve div, (§pun) dX+5/Qd1Vz (Enun) A2, dX = 0. (25)

Furthermore, we estimate the terms of the left hand side in (25) one by one:

/un : fo?de = _2/ éndivx<§nun)dX
Q Q
= _2/ gn (eArgn - atgn - ay(gnvn)) dX
Q
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_ 4 / E2dX + 2 / |Valn|? dX, (26)

where we used the fact that 9,&, = 0 and integration by parts.
Next we deal with the cold pressure and high order derivative of the density terms as
follows

—7ry /Q Up foEBdX = _TQB +1 / Enﬁ Y(eAn&y — 016y — 9y (nvn)) dX

. 9 d B 467’2
=57 dt/g X + —= /yvxgn PdX, (27)

§ / divy (Entn) A2EndX =6 / (eAypén — 0i&n — Oy(Envn)) A2EndX
Q

=57 / VA2, 12dX + de / |A3¢,|2dX. (28)

Finally, we estimate the quantum term

(€Ap&n — DiEn — 0y (Equn)) dX

kl/g e divy (§pun)dX =k 0 Ve

d k
kg [ IVoVEPax + 16/ EV2Ing,[2dX,  (29)
Q
where we used

% < Vén % diva an $n- \/én
= & div, (V2Ing,) + §§nvx (VoIné,)?

= div, (£, Vilng,).

Substituting (26)-(29) in (25), we obtain the following energy equality:
E(gn,un)+2e/ |Vm§n|2dX—|—r1/ uidXJrr/ §n|un|3dX+a/ |Auy,|?dX
Q
4
/ 26, Dy (1) 24X + 2/ V60 24X + / £l un 2dX
klf 2 3
gn|v In&,2dX + be |A €a2dX = (30)

on [0, 7] where,

_ 1 2 2 2 2 2
E(&m“n) = /Q (2£nun+€n 6+1 |v \/5| |va;g§n| )dX
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and

Bul6oun) = [ (56084 G+ 57167 + ko VBl + 5172020 ) ax.

Thus the energy equality (30) gives
[ 18t < o6 ) < oo, (31)

From dimX,, < co and (20), the density is bounded with a positive constant, which means
that there exists a constant 1 > 0 such that
1
O<n§‘£n(ta$) < Ea (32)

for any ¢t € [0,7] and (z,y) € Q. Furthermore, from the basic energy equality (30) and
using (32), we also obtain

sup / EuldX < Eo(€n,upn) < C < 0. (33)
te[0,7]
From (30), we get
sup /§n|Dx(un)|2dX < Eo(&nyun). (34)
tel0,7] JQ

As all norms are equivalent on X,,, from (31) -(33), we obtain

sup [[up||poe@)< C < +o0, (35)
t€[0,7]

sup [|Vg un||L°O < C and sup ||Agun|| e Q)< C. (36)
te[0,7] t€[0,7]

Then, we can extend 7 to T by repeating the above argument several times and obtain
u, € C([0,T]; Xy,). In other words, we obtain a global solution (&, u,,vy,) of (19) and
(24) for any T' > 0. Moreover, from (30), we have

sSup / \/au dX < Ey gmun) (37)
t€[0,T]
Also,
E(E’mun) S EO(gnyun)v (38)
which gives
‘|§7ZHL°°(O,T;H5(Q))§ C(EO(gnvun)75) and Hg,%”Loo(O,T;LQ(Q))S C. (39)

Using Holder’s inequality we have:

/Qﬁnaidazdy = /Qﬁn(/ol un(T)dT)dedy
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<[ea(] Jua(r) P ) dady

1
</ ( sup /§nuidxdy)d7
0 1J0

telo,T
1
S/ Eo(&n, un)dT < Eo(&n, un)
0

and

oo
3
I
S
Q.
8
L
<
I
S~

(

< [l [ ntr)ar)daay
(
(

In addition, the basic energy (30) also gives

T
/ /5n|v§1ngn|2dthgEO(gn,un)
0 Q

and

sup /5yva§§n|2dX < Eo(€n tn),
t€[0,T] JQ

which, with (32), implies that &, is a positive regular function.
We need the following Lemma from Jiingel [9].

Lemma 4. For any positive reqular function &(x,y), we have

/ IV2\/€Pdady < 7/ £|V2 In€|2dady
Q Q
and

/|V£411|4d:ndy < 8/ £IV2 In &2 dxdy.
Q Q

2258

(40)

(44)

(45)

Therefore, the energy equality (30) and the Lemma (4) allow us to state the following

lemma.

Lemma 5. For any smooth positive function &(t,z,y), we have the following estimate:

1 1 1
(ke)2 |V €ull 2 o 322 + (k) T Vit || o 72 ) <

for a constant C > 0 independent on n.

(46)
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To close this section, we give a summary of the approximate solution (&,,u,,v,) as
follows.

Proposition 3.1. Assume that (&, un,vy,) is the solution of (19) and (24) on [0,T] x Q
constructed above. Then the solution satisfies the energy inequality

T T T
E(fn,un)—l—%/ /\Vx£n|2dth+r1/ /uidXdHr/ /gnyun|3dth

4
/ /zgnu) ()] dX—i—a/ /mzuny dXdt + 22 “2 /vxgn 2dXdt

+5e/ /|A§; n|2dth+/ /§n|a Up | dth+Ekl/ /gnyv%ngn 2dXdt
0 Q 0 Q

< E(&o, uo), (47)

with

E(&n, up) :/Q< fnu +§n 5‘1'1 +k1|V \/§7n|2 |V A fn\2>

In particular, we have the following estimates

( Veuun € L% (0, T L2(Q)), & € L2 ([0, T LA(Q)) , 1267 € L ([0, T]; L1 () ,

Vog, € L([0,T); H (), VeVav/&, € L2([0,T]; L*(Q)); VEdyun € L2([0,T]; LA(R)),

Q

VeraVaén 2 € L2([0,T); L2()), Véet, € L2([0,T); HS()), /friu, € L2([0,T); L3(Q)),

Siun € L([0.T): L¥(Q)), VeRav/&r € L2(0, T) HA(Q)). VRaeVati € L4(0, T): LH(9).
[ &2 € L>([0,T}; LY(Q)), V&ntin € L= ([0, T); L*(Q)), VEntn € L=([0,T]; L*(2)).

(48)
Now, we want to pass to the limit in (47) when n — +o00. We then state a series of
convergence lemmas.

3.3. Convergence results

We fix €, r, r1, k1, «, d, ro > 0 and let us first take the limits when n — +oo.

Lemma 6. (Convergence of &,). For any fized positive constants €, r1, k1, a, § and r,

VEDsun € L2 ([0,T1; L(9)) , Valsu, € L2 ([0,T): LA(Q)) , VRiVE: € L=(0.T]: H'(2).
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the following estimates hold:

||at\/£7n||Loo([0 T] L3 3 )) +H\/£7RHL2([O7T];H2(Q)) é Ka
||€n||Loo ([O,T];H5 )+Hat£TLHLoo ( 0 T] W—l ?(Q)) < K?
(49)
\ anHm (10.77; Ls(Q))S K,
where K is independent of n, depends on €, ro, 6, 11, initial data and T.
Moreover, up to an extracted subsequence &, when n — +00 we have:
V& — V€ strongly in L*([0,T; HY(Q)) and & — V€ ae,
& — € strongly in C([O,T];H5(Q)) and &, — £ a.e, (50)

fﬁﬁ—>§_5 strongly in Ll([O,T];Ll(Q)) and &?6—>§_B a.e.

Proof. The proof of (49) is done in Lemma 2.2 of [18].
It remains to prove (50). Since /&, € L>([0,T]; H'()), using Sobolev embedding theo-
rem (since k = 1, d = 3, p = 2 < d, then WH2(Q) = HY(Q) — LP"(Q) with p* = ddfpp =
) we deduce that /&, € L>([0,T]; L5(£2)). Then, since /&, € L>([0,T]; L5()) and
Ve, € LOO([O,T];LQ(Q)), the Holder inequality allows us to conclude that &,u, =

Vé/Entin € LOO([O,T];L%(Q)). By (19), we have
8t§n = GAxgn - divw(gnun) -0, (fnvn)
— €Ay — dive(vVEnv/Entin) € L([0, T); W13 (Q)). (51)

Using (51), we get &, € L>([0,T]; H>(Q)) N LA([0, T]; H%(£2)). From Aubin-Lions Lemma
1, we deduce that &, € C([O, TY; H5(Q)) So, up to a subsequence, we have

& — & strongly in C([O,T];H5(Q)) and &, — & a.e.
Next, we claim that 555 is bounded in Lg([O,T];Lg(Q)). Indeed, using the fact that

Vxﬁﬁﬂm is bounded in LQ([O, T; LQ(Q)) and the Sobolev embedding theorem, we deduce
that &, # is bounded in Ll([(), T; L3(Q)). Then we apply Holder inequality to get

B 2 -8 5
”gn HLS([OT]LS ) Hgn H (OT] Ll(Q))”fn HLl([O,T];L3(Q))S K (52)

Now, using the following Sobolev inequality, [|&, || o (o)< C (141! HLS(Q))3 (1+||§n||Hk+2(Q))2
for k > 3 (see [[1], Lemma 2.1]), and the estimates of density in (48), we get

&, HLoo <C(r2,6) a.e on [0,7]. (53)
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Thus, we have §;B converges a.e to £ 7. Thanks to (52) and Lemma 2, we have 57:6 —
¢=P strongly in L1 ([0, T]; LY(9)).
Using again the mass equation (19), we have

O/&n = O = (eAs&n — diva(VEn/Entin)).

2\/5 2\/5

By using (53) and the fact that 0;&,, € L>([0,T; W_l’%), we have 91/, € L>([0,T]; W‘L%).
Note that v/&, € L*([0,T]; H*(Q)) which is reflexive, so using the Aubin-Lions Lemma,
we obtain

&, — V& strongly in Lz([O,T];Hl(Q)) and /&, — /£ a.ein [0,T] x Q.

Furthermore, as in [5] we show that
vagnHLQ([O,T]xQ> < K,

< lle2l®

0733 () Lo ([0,T];L (<)
L3(] )= (lo71

€211, 5 )H£2H5 i

[0,T):L3(%))
Using (49) and the fact that £2 converges almost everywhere to £2, we obtain
€2 — €% strongly in Ll([O,T]; Ll(Q)).

Lemma 7. (Convergence of momentum &yuy,). Up to an extracted subsequence, we have
Enn — Eu strongly in L*([0,T); L*(Q)) and &aun — &u a.e in [0,T] x Q.

Proof. According to estimates (48), we know that u, is bounded in L?([0,T]; L*(2))
which is reflexive. So, up to a subsequence, we have

u, — u weakly in LQ([O,T]; L2(Q)).
Recalling that &, — ¢ strongly in C([0,T]; H*()), we have
Enttn, — Eu  strongly in Lt ([0, T; Ll(Q)).

Moreover, since &, € L>([0,T]; H*(Q)), u, € L*([0,T]; H*(Q2)), V&.0yun, € L*([0,T]; L*()),
we deduce

V(&nun) = Un.Vabn + £Vt + &0yun, € L2 ([0, T); L2(2)).

This last identity and the fact that &u, € L?([0,T]; L*(2)) give &uy € L2([0,T); H(2)).
Next, we claim that y(&,un) € L?([0,T]; H*(12)), for some s > 0.
Indeed,

O¢(€nun) = — divg(Entin @ up) — Oy(§nunvn) — ngfl — iUy
— r&|un|u, — alA?u,, + 2div, (anx(un)) + 0y (&n0yun)
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+eVabn - Vit + 12V, + klfnvx(Aj/z;‘Tf ) 466,V A, (55)
where
di x\&n Nn di T Tl_n
i~ o L)
- ay( = diva(Entin ® un) + Enlin.Votin + ydiva(Entin @ un) — yﬁnan.vzun).
(56)

Based on the energy estimates (48), we get 9y (&nuy) € L2([0,T]; H~>(€2)). Then, thanks
to the Aubin-Lions Lemma 1, £,u, converges strongly in Lz([O,T]; LZ(Q)) to a function
f e L*([0,T]; L*(2)).

Also, since & u, —> &u strongly in Ll([O,T];Ll(Q)), we have &,u, — &u strongly in
£2(0, 7} L2(0).

We have the following result.
Lemma 8. (see [19], Lemma 3.5). Up to an extracted subsequence, we have
V&tn — VEu strongly in L*([0,T]; L*()),
V&t — VEu strongly in L*([0,T]; L*()),
V&t — V/Eu strongly in L?([0,T]; L*(2)).

By Lemma 8, we conclude that /& u, — vEu, /€, — /€@ and
VE&ity, — /Eu almost everywhere in [0,T] x Q.

Lemma 9. (Convergence of (0y(&nunvn))n). Let ® € C([0,T] x Q) be a regular test
function, then

T T
/ /8y(§nunvn).<1)dxdydt—>/ /8y(£uv).<1)dxdydt as n — +oo.
0 JQ 0 JQ

Proof. Let ® € C2°([0,T] x Q) be a smooth function. From (56), we have
T
/ / Oy (&nunvy,). Pdrdydt
0 Q
T
= —/ / EnunVy - 0y Pdadydt
0o Jo
T
= —/ / un( — divg (§ntin) + ydivz(gnﬁn)) - Oy Pdrdydt
0o Jo

T
=— / / ( — divg (Entiy, @ up) + €ty - Vatn + ydivg €ty @ up) — y&ntny, - unn) Oy Pdxdydt
0 Ja
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T T
= —/ / Enlly @ Uy 1 Oy V,Pdxdydt + / / Enlln @ Uy 1 YO,V Pdrdydt
0 Q 0 Q

T T
—/ / Enliy - Vauy - OyPdxdydt + / / Enlly - Vit - YO, Pdrdydt.
0 Q) 0 Q

By direct computation we have V. (v/Enun) = V& Vaun + Var/En @ up, thus
/ / V& Viuy » @drdydt = / / Entin) — Var/&n ® un) : dxdydt
T
= —/ /( Entiy) - div, Pdrdydt — / / Vv én @ uy : @drdydt
o Ja 0o Ja
T T
—/ /(\/gu) - div, ®dxdydt — / / V€ @ u : Bdadydt
0 Q 0 Q
T
= / / VEVu - ddrdydt.
0 Q

n—-+4o0o

Hence,
VEnVaty = \/EVou weakly in L2([0,T};L2(Q)).

Combining this last weak convergence with (57), we get, after replacing &, by v&:.v&n
and using the previous Lemmas,

T T
/ / Oy (Entinvn). Pdrdydt — / / Oy(&uv).@dxdydt as n — +oo,
0o Ja 0o Jo
where {v = —div,(€a) 4 ydiv,(&a).

Lemma 10. (see Subsection 3.3.5 of [19]) (Convergence of nonlinear diffusion terms).
For any smooth function ® € C2°([0,T] x ), we have

T T
/ / divg (& Dy (uy)) - Pdxdydt — / / divg (D, (w)) - Pdxdydt  as n — +oo,
0 Q 0 Q
T T
/ / EanAgfn - ®drdydt — / / gvagg - ®dxdydt as n — +oo,

/ /é‘n (2 én)@dmdydt o / /gv \J”[\gf)i)dxdydt as n — +0o0.

Due to the compactness above, taking the limits in the approximate system of (19)
and (24), then (&, u,v) satisfies

0& + divy(§u) + 0y(&v) = €Az on [0,T] x

and the following identity holds:

T T
/ eu(T)DdX — / mo®dX dt — / / (Cu®u): V,0dX + / / 8, ud,®dX dt
Q Q 0 Q 0 Q

(57)
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T T T
~ / / cuvd, DX dt + / / V.2 - BdXdt + 1 / / £ ulu®d X dt
0 Q 0 Q 0 Q
T T
+r1/ /uq)dth—Fa/ /Axu-Axi’dth
0o Jo 0o Jo
T T T
—/ /ZEDx(u): Vx<I>dth+e/ /(Vxﬁ-vmu) <I>dX—r2/ /ﬁ_ﬁdivxq)dth
0o Jo 0o Jo 0o Jo

9k /O ! /Q DALEVEAXdE — Ky /0 ' /Q div,® (Ax\/g) VEIXdt + 6 /0 ' /Q DEV, AP edX dt,

(58)

for any smooth function ® € C°([0,T] x ), where mg = £(0,z,y)u(0,z,y) and dX =
dxdy.

Using the lower semi-continuity of convex functions, we take the limits in the energy
estimate (47) to obtain the following energy inequality:

T T T
sup E(§,u)+26/ /|Vm§\2dth+r1/ /quth+7~/ /g\u|3dth
tG[OT]
467‘2 9
2§|D VPdXdt + a \Axu| dXdt + —= ]fo > [2dX dt

eh/)/HV%MMMﬁ+&/L/Mkﬁ“¢+/‘/ﬂaﬂdXﬁ<E@W@
(59)

with
1%@=A(w+«w € kIVLVER WAaﬁM

Consequently, we obtain the existence of weak solutions of the approximated system (17),
through the following.

Proposition 3.2. For any T > 0, the following system
(8t£ + divg (5“) + ay (E’U) = EAzfa

O (&u) + divy (§u ® u) + 0y (Euv) + Vz£2 + r&|ulu
+r1u + aA2u = 2div, (ED(u)) + 0y (EQyu) + Vi€ - Vau (60)
+12V, 0+ gV, (2208 + 8¢V, AL,

9,6 =0

admits a weak solution (&, u,v) with continuous initial data. In particular, the weak solu-
tion satisfies the energy inequality (59).



J. Ouya, A. Ouédraogo / Eur. J. Pure Appl. Math, 16 (4) (2023), 2247-2285 2265

4. Bresch-Desjardins Entropy

In this section, we deal with the Bresch-Desjardins (B-D) estimate for the approximate
system of the Proposition 3.2, which was first introduced by D. Bresch and B. Desjardins
in [2]. By (48) and (53), we have

&(t,x) > C(0,m2) >0
(61)
¢ e L>([0,T); H(Q)) n L*([0,T]; H%(Q)).

As many authors have pointed out, a main difficulty in the proof in this type of model
is to pass to the limit in the nonlinear term {u ® w which requires a strong convergence
of v/Eu. It seems necessary to obtain additional information on the density &. In this
perspective, we use a mathematical entropy, called B-D entropy. Thanks to (61), we

\Y . .
can take Ve = VIn¢ as a test function to derive the B-D entropy from the momentum

equation. To this end, we first take the gradient of the mass equation with respect to =,
we obtain

Oy V& + Va (€dive(u)) + Va(u - Vag) + 9y Ve (v) = eV Aug. (62)
Multiplying (62) by 2 and writing the V£ terms as £V, In¢, we get
9y (26V,In€) + div, (26VEiu) + divy 26V, In€ ® u) 4 20,V (Ev) = 2eV, AL (63)
Then, we add (63) with that of the conservation of moments to obtain

O (§(u+2VyIng)) + divy (E(u+ 2V, In&) @ u) + 9y (2V4(&v)) + 0y (Euv)
+ V€ + ru + rélulu + aA2u = div, (26A,(u)) + 0y (£0,u)

Mz) Leev,AY, (64)

+ Tzva;ffﬂ —eVe€ - Vau+ 2V ALE+ K€V, <
V€

— Vi O uj — Oy
where A;(u) = Vati — Vgt _ ( i 5

- Us
2 > is the vorticity rate tensor.
2 1<ij<2

Lemma 11. : Under the assumption (61), we have the following B-D entropy:
1 T T
/ (§g\u+2vx Iné? —2r, 1n§)da:dy+2/ /gyayvy2dxdydt+r/ /g\uﬁdxdydt
Q 0 Q 0 Q

167"2 T —B/2)2 T 9 T .
+ |V |“dxdydt + o |Apu|*dedydt + u“dxdydt
B Jo Ja 0o Jo 0o Jo

T T T
+ ki / / E|V2 In €2 dadydt + 26 / / |A3 ¢ dadydt + 2 / / €| Ay (u)|?dedydt
0 Q 0 Q 0 Q

! 2 LIV ! 2
+8 |V /€2 dudydt + 27 € dxdydt + |0yul“dxdy
0o Jo 0 0o Ja

o &
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< / (50“3 +10(Vz/&0)? — 21 1H£o> dady + Ep + C + €C(6,12) + VaC(0,72),
Q
(65)

where C is a generic positive constant depending on the initial data and other constants
but independent of €, §, 11, r2, a, and C(d,r2) is a generic positive constant only depending
on 6 and 9.

Proof. Multiplying (64) by u + 2V, In{ = ¢ and integrating over (2, we obtain:
/ O (§Y)pdady + / div, (¢ ® u)pdxdy + / Oy (§uv)pdxdy + 2/ Oy V(&v)dady
Q Q Q Q
+ / V.&4)dady + / (riu+ rélulu + aA*u) Ypdrdy — 2 / div, (€A (u))dady
Q Q Q
- / Oy (£0yu)dady — 1”2/ V& Bpdady + € / (Vi€ - Vau)pdady — 26/ (VxAxf)wdwdy
Q Q 0 Q

A,
~k /Q 5vx(\)§/€)¢dxdy -9 /Q (EV2AZ8)¢drdy = 0. (66)

The two first terms of (66) give:
o [ auewyvdody + [ diva(ew© widady
Q Q
) .
= / V20:Edady + / §8t2dmdy+/ ({1/1 divy (u) +u-Vm(§w))¢dacdy
Q Q Q
P2 . I
= / V20, &dxdy + / 0 —dady + / (&?divy(u) + =EuVY? + wp*V,€) dady
Q Q 2 Q 2
v 1
_ / V20 Edxdy + / £0,—dxdy + / (42 (€diva(u) + uV,€) — =divy(Eu)y?®]dady
Q o 2 Q 2
_ 2 1 2 1 2 1
= /Qd) Opédxdy + 5 /antw dxdy + 5 /Q¢ div, (&u)dzdy. (67)
Remark that dy(§uv) = 0y ({v)) — 20y (vV€), then the third term of (66) becomes
0/ Oy (&uv)pdady = / 8y(£v¢)1j}d3:dy—2/ Oy (vVV 1) Ydady
Q Q Q
2
= / V20, (Ev)dzdy + / gvaﬂidxdy—z / YV €0, (v)dxdy
Q Q 2 Q
= / 20y, (&v)dxdy — ;/ wQGy(fv)dxdy—l—Z/ vV €0y (¢)dxdy
Q Q Q

1
= 2/{21/;28y(§v)d1:dy+Q/QUfo@yud:cdy. (68)

Adding the last term of (67) and the first term in the right hand side of (68), we obtain

1 1 1 1
3 /Q w2divx(§u)dmdy+§ /Q Y20y (&v)drdy = 3¢ /Q w2Am£dmdy—§ /Q V20,dxdy. (69)
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Thus, the first three terms of (66) give

/Q (01(&Y) + divy(§Y @ u) + 0. (Euv)) Ydxdy

1d

=_-— / e?dady + 2 / vV £ udzdy + E / V2 A Edxdy. (70)

The fourth term of (66) gives
. ZAany(fv)wdxdy: —/Q2V;C(£v)8yud:1:dy—/Q4Vx(§v)8y(vm In &)dzdy
_ /Q 2600, div, (u)dedy
_ /Q 200, diva(€u) — vV, E0yu) drdy
_ /Q 2( = €002 — vV ,E0yu) dady
- /Q 2(&0yv]* — vV £0yu) dzdy. (71)

Thus, the first four terms of (66) are exactly

1d

- — / §¢2dacdy+le / V2A Edrdy + / 2£|0yv|2dxdy. (72)

Moreover, by summing the second term of (72) with € [ (V¢ - Vyu)drdz, we obtain, by
replacing ¥ by u + 2V, Iné&,

€ / (V1€ - Vou)bdady + %e / V2A Edxdy
Q Q
= —2¢ / V€ - V2Ine€ - udrdy — 4e / Vo€ - V2In€ -V, Inédzdy. (73)
Q Q

The term —2 [, div,(£A,(u))idzdy in (66) can be written:

°— 2/ divy(§Az (w))Ydedy = —2/ divy (§Az (u))udzdy — 2/ div; (2§ A, (u))Vy Inédzdy
Q Q Q

=2 / €| Ay (u)|Pdady — 2 / div, (26 Az (1)) Vy In Edady.
Q Q (74)

The other terms in (66) yield :

o/rf]u\uwdxdy—/r§|u]3dxdy+2r/ |uluV  Edxdy. (75)
Q Q Q
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0—/Oy(ﬁﬁyu)¢d$dy:—/Qay(fﬁyu)udxdy:/Q§|8yu\2dxdy, (76)

since fQ (£0yu)V In&dxdy = 0.
Using (26) we get

o/ V$§21/Jda:dy—/vx§2udxdy+2/ V.2V, In Edady

Q Q Q
- CZ/QEdedy—I-QE/Q|Vz£|2da:dy+2/925\/§Vx\/g.2\/‘§zf\/gd$dy
- CZ/QEdedy"i'%/ﬂ|Vz€|2dfcdy+8/gﬁ|vz\/g|2dxdy (77)

On another note,

o/ rluwdwdy:m/ u2d1‘dy+2r1/ uVy In&dxdy
Q Q Q

:7"1/ uzdxdy+2r1/ xgdxdy (78)
Q o ¢

and
. /Q alA?uipdrdz = a /Q A2uudzdy + 20 /Q A2uV, In Edady
= a/ﬂ |Aul>dzdy + QOz/QAQCuVmA;B In &dxdy. (79)
Referring to (27), we obtain

o — 19 /Q V& Bdady = —ry /Q V& Pudrdy — 29 /Q V&PV, In Edady

d 4 8
= ﬁrjldt/ﬂfnﬁda:dy-i-;2(6—1-4)/Q|Vx§n2\2d:cdy. (80)

As in (28), we get
e—§ / EVLASEpdady = 6 / dive(Eu)ASedzdy + 26 / AN Edxdy

/ IV A2¢1? dxdy+5e/ |A3g)? dmdy+25/ |A3¢|2dady.
(81)

2dt

Similarly, by exploiting (29), we finally obtain

.k /Q fvx(Afff Vodady = ki /Q divx(gu)(%g)dxderZkl /ﬂ (A%E)Axgdxdy
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_kl/ V€2 + kle/fg\w In¢| dxdy+k1/§\v2 In &2 dxdy. (82)

Finally, putting the above results together, the equation (66) is written:

d
dt B+1

+2/§]8yv]2dxdy+r/{u\gdmdy—i-/§]8yu\2dxdy+r1/quxdy
Q

( Lep? v 20 2 6B v VER + \v AZ¢)?)dady

4rq
+? (e +4) /|vzg 5/212dxdy+a/ |Azu|2dxdy+/2£]A (u)|2dzdy

k1(e+2)
+6+/§|V2 1n5|2+5(e+2)/ |A3¢] da:dy+/2e|vx§| dxdy+8/§|vx\/5|2dxdy
Q Q
:2/ div, (264, (u))V, lnfdxdy—2a/ AyuV, A, lnfd:cdy—i—Qe/ Vel - V2iIn¢ - udrdy
Q Q Q

+ 4e / V€ V2In€ -V, Inédzdy + 2€ / Vo AgEpdady

/]u|uvx§dxdy 27“1/qu§€d:zdy—21 (83)

=1

We have I = 0 due to the periodic conditions on €2, that is,

2/Qdivz(2£Ax(u))Vx Inédzdy = /Qﬁi (&(B5u; — 8jui))826dxdy

= / (8255]5(81’11,3 - 83) + (@&uj - Glajuz)ajf)dxdy
Q

= /Q(&&uﬁjg — &@uzajé)dfcdy

= /Q(&azu]ajg — (%@uﬁﬁ)dmdy =0. (84)

For I7, we have,

I7:—2r1/uvx£dxdy
o ¢

= _2T1/Qdivx§(§u) dxdy

— /Q 0€ + ay(gfv) — Az

Ay
:2r1/8tln§da:dy—2r16/ —gda:dy
Q o &

dxdy

d V€]
= 21"1/ lngdajdy—%le/ dxdy. (85)
dt Jo o &
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Substituting (84) and (85) into (83) and integrating with respect to time ¢, we obtain
1 T T
/ (f§|¢|2 —2r1 Iné)dzdy + 2/ / €|0yv|?dxdydt + r/ / ¢|ul®dzdydt

16

”/ /|V£ 5/2|2da:dydt+a/ /|Azu| d;vdydt+r1/ / wldzdydt
+k1/ /gyv§1n§\2+25/ /\Aig;dedydtJrz/ /E\Ax(u)\Qd:rdydt

0 Q 0 Q 0 Q

T 5 T |vx€’2 T 5
+8 €|V /€2 dudydt + 27 € dadydt + €10, ul*dxdydt
0 Q 0 Q

0o Jo &

T 6
g/ (oud + 10(Vu/€0)? — 2 1n§0)dxdydt+/ (> L)t + Eo, (86)
Q 0

1=2

where we used the energy inequality (59).
Now, we control the other terms I; in (86).

T T
o/ Irdt = —2a/ / Azu - Vi Ay InEdxdydt
0

= —2a / [ A (Vrpet - Babat G TTOVE 'V””Z'j o

<ca [ [ 1am ﬁ*\vza+5*2|vxsr|Vi§r+§*3|vx5\3)dxdzdt
0 Q
< Cvallvan,ul @) 1€ e | V3l 22y
1€ 12 e e Ve tp | V2 ey HIE ™ 1 e e ) 1V s 5 |

< CVa|[Valdgull 2 a) [”filuiw(Lw(Q))Hv?:gHL?(L?(Q))"i_Hgi HL‘X’(LOO(Q))}

) dedydt

T T
o/ I3dt = 26/ / Vi€ - V?E Iné - udxdzdt
0 0o Jo

T
= —¢ / / ]Vx§|2dwm(£u)dacdzdt

_ // ‘VISP V. -u —|—Wg§|2uvxf)dxdzdt

Cu (v“f ! Vu - Védrdzdt
£2

< fH HLoo Loo Q))HvfoLw oo @) I Vaéll 22 IVEVatll r2(z2(a))
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+ €H1H§oo(Loo oI Va€ll7 @I Vaéll 22 Ve 2220
< C(6,72) (IIV/EVaull 2120y +1)
< L IVEAL W] 2 g2y +C ), (88)
where we used,
V€A (u (@)1 22220 +VED. (u Wl Z(r2())= ”\/gvquQLQ(LQ(Q))'

In addition, we also have
T T
. / Lydt = 4e / / Vol -V2iIn¢ -V, Inédedydt
0 0 Q

T
= —26/ / A€ - |V In &P dadydt
0o Jo

1
< 26“EH%OO(LOO(Q))Hva?fHLOO(LOO(Q))||vx€||L2(L2(Q))HAIfHL?(L?(Q))
< eC(0,12). (89)

Furthermore, we have

T T
. / Isdt = 2¢ / / VaeAg&(u + 2V, In €)dzdydt
0 0 Q

< 2€]| Vo Aulllrz(r2 oy IV Eull L2 r2 0 IVEl Lo (2 ()
+ 4[|V Al 22200 I Vo€l 22 @) 1€ I Loo (00 (02))
<eC(,12) (90)

T T
o/ Isdt = —27“6/ / lu|uV Edxdydt
0 0o Jo

T
= 27”6/ /divx(]u\u)fdwdydt
0 Q

and

T
= 27“6/ /§(|u]divxu+uuvxu)da:dydt
0 JQ |ul
< ClIVEull 2(r2(a) IV EVull 1222 ()
<C+ *H\[A (W1 Z2(22(0)- (91)

So by replacing (87)-(91) in (86), we get the B-D entropy (65).

In the next section, we make the parameters of our approximate system tend to 0.
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5. Proof of mains results

5.1. Proof of Theorem 1

We make the proof of Theorem 1 in several steps.

5.1.1. Passing to the limits as ¢, « — 0

We denote the solution to (60) at this level of approximation as (§n,e, Ua,e; Va,c). From the
energy inequality (59), we obtain the following uniform regularities.

VEactiae € L®([0,T); LX),  méa? € Lo([0,T]; LY()),

aeDa(uae) € L*([0,T]; L2(Q)),  /EaeOyta,e € L*([0,T]; L*(Q2)),

(92)
Vibae € L=([0,T); H (),  /Fita,e € L2([0,T]; L2(Q)),
1
ValAuge € L2([0,T); L)), &3 cua,e € L3([0,T]; L3(Q)).
The B-D entropy (65) gives the following additional uniform regularities:
(V6¢nc € L2([0,T); HO(Q)), Viba. € L2([0,T); LA())
ViaVatad? € (0,11 LXQ),  EaeAoluae) € L2([0,T]; LX(S)),
(93)

VeaOytiae € L2([0,T]; L2(Q)), & € L=([0,T]; L'(Q)),

V&aeVar/Cae € L(0,T]; L*(Q)).

Similar to the proof of Lemma 5, we have the following uniform boundedness:

1

Ve € (0. T HAQ); kiVaed, € L3 (0, T ().

With the above regularities, we can show the following uniform compactness results.

Lemma 12. Let (§n,c, Ua,e; Va,e) the weak solution of (60) satisfying (92) and (93), then
the following estimates hold:

Hat\/ézHLoo([OT]W 17 )‘i‘H\/éZHLQ(OT] H2(Q ) <K

L2 ([0,T);HS (2 )+H8t§o‘5||L2([OT (Q))S K

(94)

||fae|| )SK

L3 (j0,73:L5 ()

LQ([OyT];Wl )+”at(§a eUa,e HLZ(OT] - 5(9))< K,

where K is independent of €, a.
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Proof. The proof of Lemma 12 follows the same lines as the proof of Lemma 6.

2273

Thanks to Lemmas 1 and 12, when a — 0 and ¢ — 0, we have the following compact-

ness results

Ve — V& strongly in  L*([0,T); H'(Q)),

€a,e — & strongly in C([O,T];H5(Q)),

ae — & weakly in  L*([0,T]; H%(Q2)),

Uq,e = u  weakly in  L*([0,T]; L*(Q)),

\/@T — /€ weakly in L2([O,T];H2(Q)),

aclla,e — Eu strongly in - L2([0,T]; LP(Q)), V1<p<3,

f;jf — ¢P strongly in Ll([O,T]; LI(Q))7

\ Cactia,e —> V/Eu strongly in  L2([0,T]; L*(2)).

Hence, \/&a,c — V&, &ae — € and f;,’f — ¢78 almost everywhere (¢, ).

By the results of regularities above, we can pass to the limits in (60) as & — 0 and € — 0.

For any test function ® € C2°([0,7] x ), we have

T T
/ /Oy(gaﬁumeva,e)@dxdydt:—/ /fayeua,eva@@yq)dxdydt
0 Ja 0o Ja
T
— —/ /fuvayfbdxdydt.
0 Q
Moreover, when ¢, &« — 0, we have
T
e/ /meaﬁ-vmua,ﬂ)dm‘dydt
0 Q
T
= —6/ /VI(Vw§a7E<I))ua7edxdydt
0 Q

T T
= —e/ / Agéae - Ua,ePdrdydt — e/ / Vila,ela,ediv, ®drdydt
0 Q 0 Q

< €‘|Az£a,e|

sl 2 (p0 7260 121 oo (07120 )

HdiV:vCI)H

£2([0,7;22())
—0

el Vatacl (0.73:22() e L2([01;L2(2)) L= ([0,T;L2())

and

T T
a/ / A2ua7€ - ®dxdydt = a/ / Aty e - Apdxdydt
0 Jo 0o Ja

(96)

(97)
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|AD|| )—> 0. (98)

£2([0,75;22()) £2([0,75;22()
So, taking o, e — 0 in (60), the system
0§ + divy(u) + 0y (v) =0,
Op(€u) + divy (bu @ u) + 9y (Euv) + V€2 + riu + ré|ulu
= 2div, (EDy () + 0, (€0yu) + 12V 4P + k1 €V, (Aff) + 06V, ASE,
9y¢ =0

holds in the sense of distribution on [0, 7] x €.

Moreover, thanks to the lower semi-continuity of convex functions and the strong conver-
gence of (£4.¢, Ua,e, Va,e), We can pass to the limits in the energy inequality (59) and the
B-D entropy (65) as a = € — 0 with 6, r9, 7o, k1 being fixed, to obtain

T T
E(f,u)—l—rl/ /u2dth—|—r/ /§|u|3dth
0 Q 0 Q

T T
+/0 /92§|Dx(u)|2dth+/0 /Q§|8yu|2dth§E(£o,uo) (100)

(99)

and

/( Elu+ 2V, ln§|2—27’11n§)da:dy+2/ /5]8 v| dmdydt—i—r/ /f\u| dxdydt

1
67“2/ /V & B/2|2dxdydt+r1/ / 2dxdydt+/ /5]8 u|*dzdy

+I<:1/ /5|v§1n5|2dmdydt+25/ /|A§g\2dzdydt+2/ /£|Am(u)|2da:dydt
0 Q 0 Q 0 Q

T
T 8/ / €|V /€ 2dwdydt < / (goug +10(V/€0)? — 21 In go) dedy + Ey + C.
0 Q Q ( )
101

Thus, to conclude this part, we give an existence result of weak solutions to the system
(99).

Proposition 5.1. For any T > 0, the system
0 + divy(§u) + 0y(&v) =0

O (&u) + divg(§u @ u) + 9y (Euv) + V€2 + r€|ulu+ riu (102)
— 2div, (£Dy (1)) + 8, (EDyu) + 1oV, + kiEV, (Aff) + 6V, ASE,
8y =0

with (t,x,y) € [0, T]xQ, admits a weak solution with appropriate initial data. In particular
the weak solution (§,u,v) satisfies the energy inequality (100) and the B-D entropy (101).
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5.1.2. Passing to the limits as r3,0 — 0

In this step, we pass to the limit as ro — 0, 6 — 0 with kq, r1 fixed. We denote
by (&ry.65Ury.5, Ury,5) the weak solution at this level. From Proposition 5.1, we have the
following regularity results:

( V §T2,5UT2,5 € Loo([()?T]; Lz(Q))v §T2,5D$(u7‘2,,5) € LQ([()’T]; LQ(Q))a V £T2,56yu1“2,5 € LQ([OvT]; LQ(Q))a
V&5V s € L2([0, T L (), V&5 € L([0,T]; H (), V6,5 € L*([0,T]; H5(52)),

1
Urys € L2([0, T L2(Q)), &3 surys € L3([0, T L3(Q)),  \/&rasVatiny s € L2([0, T); LA(9)),

\/E\/ grz,d € L? ([0? T}; HQ(Q))a %ngi,g € L4([07 T]§ L4(Q))7 \/gAifrg,é € L? ([07 T]5 LZ(Q))a

VIV € L2((0,T) L2(9). /€ s0yvras € L2(10, T LX), 18,5 € L([0,T); LN(%)),
rilné., s € L>([0,T]; L' (Q)).

(103)
The inequality (46) remains true for ro,§ — 0. Thus, we have the uniform estimates
similar to the Lemma 12 with § and ro. Moreover, we deduce the same compactness for
(&rgy Uy, Upy) and for (&5, us,vs). Therefore at this level of approximation, we focus only
on the convergence of roVE™ and that of 66V,A%¢. Here we state the following two
Lemmas.

Lemma 13. : For any &, defined as in Proposition 5.1, we have

T
7‘2/ /E,;dedydt — 0 as ro — 0.
0 Ja

Proof. The proof is motivated by the method in [18, 19]. From the entropy B-D (101),
we have:

sup / (ln(i))deacdy < C(r) < +o0. (104)
t€[0,T] JQ )

Note that y € RT — ln(§)+ is a continuous convex function. Moreover, in combination
with the convex function property and Fatou’s Lemma, it follows that:

/Q (ln(;))+da:dy < / limil(}f (ln(;))+da:dy

0 ro—> ro
o 1
§117¥£1$%f/52(1n(£m))+dxdy
< O(r1) < +o0. (105)

This means that (ln(%)) . is bounded in L* ([0, T]; L*(€2)). This allows us to deduce that

[{z/&(t,x) =0} =0 for almost every ¢ € [0,7], (106)
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where |B| denotes the measure of set B.
Due to &, — & strongly in C([0,T]; H?(2)), hence &, — £ a.e. Thus the above limits
and (106) deduce

7“25,,_26 — 0 ae as 79— 0. (107)

Moreover, using the Lemma 3 (interpolation inequality), we have

3
dE < C, (108)

2
-3 < llrog=B][5
Ira&e”l 5 BN L ||L°°( Lt (jo.1)L8(2)

L3 ((0.75:L3 ()

which combines with (107) and Lemma 2, and we have

[07T];L1(Q)) H7'2§r_2

7“2{,,_26 — 0 strongly in Ll([O,T];Ll(Q)).

Lemma 14. For any &s defined as in the proposition 5.1, we have, for any test function
)

T
§ / / &5V ASEsPdadydt — 0 as 6 — 0. (109)
0 Q

Proof. By (103) (where ¢ appears) and using the Gagliardo-Nirenberg interpolation

inequality, we have
9

2
IV2éslize< ClIVRgsI L lIgs L3 (110)
Thus,

T 11
/ 5( / |v§§5\2dxdy) ° dt
0 Q
<

4 T
c( s leslos)” [0 [ 1VeesPdnaat (111)

t€[0,T]

This implies
63 V5Es € LS ([0,T); LA(Q)).

For any test function ® € C°([0,T7];Q2), we have

T
) / / £5V o A EsDdadydt
0 Q
T
=9 / / A2div, (£5P)A3¢sdadydt
0 Q

T
= —5/ / A2 (V&5 + £5divx<I>)Ai§5dxdydt. (112)
0 Q
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Now we treat the term
T
]6 / / A% (V) ASEsdadydt
< C5“H\[V &sllr2(r2) H522V &l 292( 2)||‘1>HL11(L°°)—> 0,
L

as § — 0.
As before, we can control the other term of

T
) / / &5V A2 EsDdadydt.
0 Q

Thus, we have:

T
) / / £sV e AS¢s®drdydt — 0 when & — 0.
0 Q

So, we can pass to the limit 72,6 — 0 in (102)). Hence

9 + dive (§u) + 8y (§v) = 0

O¢(Eu) + divy(§u ® u) + 0y (§uv) + V22 + rélulu + ru
= 2div, (€Dx (u)) + 9y (E0yu) + M€V, (22°)

9,6 =0,

holds in the sense of distribution on [0,77] x €.

2277

(113)

(114)

(115)

Due to the lower semi-continuity of convex functions, we can obtain the following energy
inequality (116) and B-D entropy (117) by passing to the limits in (100) and (101) as

7“2,5 — 07

1 T
/ <2§u2 + &2+ kl\Vx\/EP) dxdy + / / u?dzdydt
Q 0 Q

T T T
+r/ /§|u]3dxdydt+/ /2§Dx(u)|2dxdydt+g/ /vglngd:cdydt
0 Q

/ /§|a ul dmdydt</ < Coud + & + k1|Vy \/{0|2> ddxdy

and

(116)

/( Elu+ 2V, ln§|2—2rlln§)d:cdy+2/ /5]8 v dacdydt—l—r/ /§|u| dxdydt

+r1/ / 2dxdydt+/ /gya ul dfcdy+k1/ /g|v2 In ¢ 2dzdydt
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T T
- 2/ / €| Ay (u)2dzdydt + 8/ / €|V /€2 dadydt
0 Q 0 Q
< / (goug +10(Var/E0)2 — 211 1n§0) dzdy + Ey + C. (117)
Q
We obtain the existence of the weak solution (&, u,v) at this level of approximation given

in the following proposition.

Proposition 5.2. For any T > 0, the system (115) admits a weak solution with appro-
priate initial data. In particular, the weak solution (&, u,w) satisfies the energy inequality
(116) and the B-D entropy (117).

5.1.3. Passing to the limits as k;,7ry — 0

In this step, we pass to the limits as k1,71 — 0. We denote by (&k,.ry> Uk, r1s Vky ) the
weak solution at this level. Here, the weak solution satisfies the energy inequality (116)
and the B-D entropy (117), then, we have the following regularities

\Y Eklﬂ'luklﬂ"l € LOO([()? T]; LQ(Q))v V &klyrlpx(uklﬂ'l) € Lz([ov T]§ LQ(Q))a
Va V 67@1#1 S e ([0’ T]; L2(Q))a \/ gkl,ﬁ ayukhm € LQ([Ov T]; LQ(Q))7

1
&8 ki € LP([0,THLA(Q)), /€ Vatik, iy € L2([0,T; L*()),

Uy rq € LQ([O,T];LZ(Q)), rilnég - € L“([O,T];Ll(Q)),
V fk’lﬂ”layvklﬂ“l € LQ([()? T]; L2<Q))a \/E\/ §k1,r1 € LQ([(): T]; HQ(Q))a

1
Vi Var/Chrm € L2([0,T]; L2(Q)), VEIV.EL . € LY([0,T]; LY(Q)).

(118)

Lemma 15. (Convergence of (\/&kyri k1, ). For /Eky v satisfying Proposition 5.2, we
deduce that (\/&ky vy ke ,ry 15 bounded in L‘X’([O,T]; HI(Q)) and (Op\/Eky vy )iy r 15 bounded
in L*([0,T); H1(9)).

Then, up to a subsequence, we have

\/fle — \/Z a.e. and strongly in LQ([O,T];LQ(Q).
Furthermore, we have

Erin — & ace. and strongly in C([0,T}; LP(Q), V 1<p<3.

Proof. Since ||\/€/ﬂ7||%2(9): 1€/l () and Var/Eky oy € L> ([0, T; L*(2), we have
/& € L([0,T); HY(€2). Then, we claim that

1 . 1
at \V £k1,7"1 = _5 \Y 5’4:1,7"1 lex (uk‘1,7"1) - uk‘1,7‘1 V$ \/gklﬂ“l - 5\/&/4:1 ,T1 8yvk1,r1
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1 . . 1
= 9V §k1ﬂ‘1 divy (ukhﬁ) - le:B( V 61@177“1 uklﬂ”l) 9V 516171”1 ayvkl 1 (119)

Indeed, we have
atfklﬂ"l + ay(gkuﬁ vklﬂ’l) = _divﬂ?(ékl,Tlukl»Tl)'

1 1
Furthermore, 0;\/&k, r, = ST
k1,r1

1 1

O V 5k1,r1 = _5

0¢&k, r,, hence

(diV$ (5761 1 Uk, ) + ay (§k1 71Uk, )) .

k1,m1

By developing the divergence part and replacing &g, », by \/&ky ri-\/Ek1,r» WeE Obtain

1 . 1
O V §k1 1T _5 V fkl,rl divy (ukl ,7"1) — Uky,ry Va V gklﬂ"l - 5 V gklﬂ'l ayvklﬂ"l’

Adding and deducting /&, », divy(ug, »,) in the above equality, we obtain (119).

This gives Op\/&kyrn € L2([O,T]; H_l(Q)). Using Lemma 1 we have /&, — V&
strongly in L2([0,T]; H'(2)), thus in L*([0,T]; L*(2)) and this gives that /&, », — V&
a.e.

Using the Sobolev injection theorem, we deduce that /&, , is bounded in L ([0,T7]; L%(9)),
50 &y € LOO([O, T L3(Q)). Then, we deduce by using the Holder inequality that

3
&fl,muk‘l,m =V fkl,h V gklﬂ'luklﬂ’l € LOO([O7 T]; L2 (Q)) (120)

3
This gives divy (&, r Uy r) € L”([O,T];W_l’i(ﬁ)). This last result, combined with

3
V/Cr 1 Oyk, 1, € L*([0,T]; L*(€2)) and the continuity equation, give 8¢+ /&, », € L*([0,T; w2 Q).
Moreover, we have

3
2

Vil = 2V €k Va/Eerm € L°((0,T); L2(Q)). (121)

3
Then, we conclude that &, ,, is bounded in L>([0,T; Wl’i(Q)). Now, we use Lemma 1

to get
ryn — & strongly in - C([0,T); LP(Q)), V1<p<3. (122)

Therefore, we get &, ,, — & a.e.

Lemma 16. (Convergence of the momentum,).
Up to a subsequence, the momentum my, r, = &ky ry Uk, r, Salisfies

3
Mgy — m strongly in L*([0,T]; L9()), V1 < g < 7

In particular, my, ,, — m for (t,x) € [0,T] x €.
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Proof. Since

\z (&61,7“1 uklﬂ“l) = vwﬁklﬂ"l & Uy ry + &61,7“1 kuklﬂ"l

- QVID \/fkl,m ® \/gklﬂj uk‘l,T‘l + \/ fkl,rl \/ €]€1,T1 vl‘uk1,7'1 e LQ([Ov T]? Ll (Q))

and
3
ay(gkhﬁ uklﬂ”l) =V gklﬂ"l V gkl,"’layuk‘hrl € LQ([()? T]; L2 (Q))v
we use (120) to deduce that
Ehy Wk € L2([0,T); WHH(RQ)).

Now, we claim that 8y (&, r uk, ) is bounded in L*([0,T]; H*(Q)) for some constant
s> 0.
Indeed,

ay(gkd r1Uky,ry ) = 2div, (§k1 1 D, (uk1 1 )) + ay (§k1 1 ayukl 1 )

A:E RV Ekl,m

+ klglﬂﬂ“l VCE( \/&7 ) + 65]431,7”1 VrpAigkhrl - le:B (ék’l,?’j ukl,rl ® ukzl,rl)
1,71
2
- 8?J (§k1,T1 Uky,rq vklﬂ‘l) - vmfkl,rl — MUk, — r§k1ﬂ“1 Uk ry ‘u/ﬂ,ﬁ ’ (123)

With the estimates of (118), we deduce that
§k1,7’1uk1,7"1 & Uy € LOO([(]’T]; Ll(Q))7 gkly"'luklﬂ‘lvkl,rl € L2([07T]; Ll (Q))

and
3
2

gklﬂ'layuklﬂ“l € L2([07T};L%(Q))a gkl,rlDI(ukl,Tl) € L2([07T];L (Q))

In particular, thanks to the Sobolev injection theorem, we have
divm(§k1,r1uk1,r1 ® uk1,7"1) € LOO([07T]5 W72’2(Q)), 8y(§k1,r1uk1,r1vk1,r1) € LQ([O>T]§ WﬁZ’Q(Q)%

8@/ <£k1 1 ayukLﬁ) € L? ([07 T]; W7272(Q))7 divx (ékl,rl Div(ukl,rl )) S L? ([07 T]§ W7272(Q))7

A'T V 1,71 —
klé‘klﬂ‘lvfﬂ(\/gfi) = klvx(\/fkhmAm\/kam) - 2k1A:fc\/€k1,r1vx\/§k1,r1 S LQ([O,T]§ w S,Q(Q))_

Then, we obtain the boundedness of 9y (&k, », ug, ) in L?([0,T]; H5(Q2)).
Therefore, we use Lemma. 1 to conclude the proof of Lemma 16.

m(t,z,y)

&(t,z,y)
Then, we obtain &, r Uk, r, — Eu strongly in LQ([O,T];Lq(Q)), V1<qg<1.5.

Remark 1. We can define u(t,z,y) = outside the vacuum set {z|{(t,z) = 0}.
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With Lemmas 14 and 16, in a similar way to the proof of Lemma 8, we can deduce
that when ki, 11 — 0,

&k Wky oy — \/Eu strongly in LQ([O,T];LQ(Q)). (124)
Ax V §k1,'r’1 ) and

V gkhrl

Lemma 17. (Convergence of terms diva:(fkl,rle(Ukl,n)),klfkl,rlvx(

Tluklﬂ“l)'
For any test function ® € C’go([O,T]; Q), we have

T
7“1/ /ukl,n@dxdydt — 0 as 1 —0, (125)
0 Q
T T
/ / divy &y 1y Do (g, ) )) Pdxdydt —)/ / divg (€Dg(u))Pdxdydt as r1, ki —(026)
0 Q 0 Q

T Ayy/
oy / /Q oy Vi (= g’“1”"1)<1>czxczg/(hs—>o as ki — 0. (127)
0

gkl 1

Proof. We take ® € C°([0,T];9) as a test function. Firstly, we prove (125). Using
Hoélder’s inequality, we get

T
TI/O\ /{;ukl,'r'léd.%'dydt S \/ﬁ“\/ﬁukl’rlHLQ([O7T};L2(Q)) H(I)HLQ([O,T],LQ(Q)) —> 0

r1—0

Secondly, we deal with (126). Recalling (57), we have

T

/ /Qdivx(gkl,rlDz (ukl,rl))q)dl'dydt

0

1 T

= 2/0 /Q (§k1,r1uk1,r1 AP+ 2V, - v$\/éTﬂ“1 . mukl,rl)dmdydt
1 [T .

+ 2/0 /Q (fkl,rlukl,m . lez(vtx(p) + 2V§C<I> . vxm . mukl,rl)dmdydt.

Since Var/Ekyry € L([0,T]; L?(2)), then the sequence V,/&, », is weakly converges.
Now, using Lemmas 14 and 16, and the fact that /&, uk, -, — VEu strongly in
LQ([O,T]; LQ(Q)), we obtain

1

T
5 /0 /Q (§k1,r1 Ukyry ” qu) + 2V, @ - vwm : \/mukl ,m)dxdydt
1 (T .
+ 2/0 /Q (Epra kg iy - dive (VE®) + 2VED - Vo /Epy 1y \/Ey s Wk o ) ddydt
1 T
P 2/0 /Q (fu- Ay® + 2V, - Vo /& - \/Eu)dudydt

kl 1 —0

T
+ 1/ / (Eu - div, (VL) +2V. P - Vm\/é \/gu)dxdydt,
2Jo Ja
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which implies that

/ /dlvz &y Do (upy ) @dxdydt / /dlvz (€Dgy(u))Pdrdydt.
1,7“1—)0

At last, we prove (127). Recalling (118), we have

b / / ¥ g‘“’”)<I>dacdydt

k177“1

T
= —le/ /QAw\/fklmvx\/gkl,Hdedydt — ]{71/ /QAm/gkwl\/fkwldivgg@dxdydt
0 0
< 2\/5” mAfE V £k’1,7’1 ”L2 ([0,T];L2(Q)) HVIB V £k1,7"1 HLz ([O,T];LQ(Q)) H(I)HLOO ([O,T];LOO(Q))
+ \/EH \/HACB V gklﬂ'l ”L2 ([O,T};LQ(Q)) H V &61,7“1 HL2 ([O,T];LQ(Q)) HdiVCC(I)HLoo ([07T};LW(Q))

—0 as k1 — 0.

Passing to the limits in (116) and (117) the energy inequality and the B-D entropy
give respectively

/ < &u? +§2> dxdy+r/ /£|u\3dxdydt+/ /gya ul?dxdydt
/ / 26| D, (u) |2dadydt < / <250u3+g3> dady (128)

/( £lu+ 2V, In¢| )d:cdy+2/ /g\a v[2d:z:dydt+r/ /§|u|3dxdydt

/ /58 ul d:ndy+2/ /£|A 2dxdydt+8/ /§|V |2 dzdydt

1
< /Q <§0u(2) + 10(vx\/€0)2) dwdy + /Q (2§0u(2) + gg) dxdy + C. (129)

and

Passing to the limits in (115) when k; — 0 and r; — 0, the system

0 + dive(§u) + 8y (§v) = 0

O(€u) + divy (§u @ u) + 0y (Euv) + V&% + ré|ulu
= 2divy (§Dg(u)) + 0, (£0yu)

9,6 =0

(130)

holds in the sense of distribution on[0, 7] x Q. Therefore Theorem 1 is proved.
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5.2. Proof of Theorem 2

Let us now consider the weak solution (&, u,v) of the system (7). From Theorem 1, we
have the following regularities:

(€€ L>([0,T); HY(Q)), +Eue L>([0,T]; L*(Q)),

¢Vqu € L2([0,T]; L*(9)), §(Vpu)t € L2([0,T); L*(2)),
VEOv € L2([0,T); L*(2)), E€dyu € L*([0,T]; L*(Q2)), (131
E5u e L3([0. T LAQ), Vv € L2([0, T} LA(€).
Recall that p(t,z,y) = &(t, z) + ¢(y), so we obtain the following properties:
(1Al ) = IV 100 )
H\fUHL‘”(OT] L2(Q )— Hfu”L‘”([OT} L2(Q ))
H \S/ﬁuHLB([QT];LS(Q)) 2 H \B/EUHLS ([0,T];L3(Q)) I
(132)
0Dl 300> €D 1)

| \/payuHLz ([O,T];LQ(Q)) > | \/anuHLQ ([O,T};LQ(Q)) ’

1
HayPHLoo ([O,T];LQ(Q)) - 59‘9$’

In addition,

2
/v ||L2 (071220 /// |v/pv|*dzdydt

_ / / / (€0 + ¢v?) dadydt
o Jo Ja,
T 1 T 1

§2// vada:dydt—i—g/ //v2d:cdydt (133)
o Jo Ja, o Jo Ja,

and

NGRS B A N R
<2 /0 /0 / z (£(0yv)? + B(0yv)?) dadydt
C /0 ' /0 1 /Q I(\/Eﬁyv)zdxdydt—i-g /O ' /0 1 /Q z(ayv)zd:cdydt.

(134)

IN
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With all of the above estimates, the Theorem 2 is proved, since (p,u,v) satisfies the
conditions of Definition 2.1. Thus our initial system (1) admits a global weak solution.

6. Conclusion

In this paper, we discussed in dimension d = 3, the existence of global weak solutions
to the three-dimensional compressible primitive equations of atmospheric dynamics with
degenerate viscosity density-dependent for large initial data. We have proven that the weak
solutions satisfy the basic energy inequality and the Bresch-Desjardins entropy inequality.
We have obtained the global existence of weak solutions of (1) by vanishing the parameters
in our approximate system step by step.
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