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Abstract. Ideals in BCK/BCI algebra based on Y§-fuzzy sets are studied. The fundamental
properties of the level set of Y5-fuzzy sets are investigate first. The concept of (closed) Y5-fuzzy
ideals in BCK/BCl-algebras is introduces, and several properties are investigated. The relationship
between Y;-fuzzy ideal and Y;-fuzzy subalgebra are discussed, and also the relationship between
Y5-fuzzy ideal and fuzzy ideal is identified. The characterization of (closed) Y-fuzzy ideal using
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closed is explored, and conditions for Yj-fuzzy subalgebra to be Yj-fuzzy ideal are provided.
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1. Introduction

Fuzzy sets, which are introduced by Zadeh [14], are mathematical frameworks that
are very useful in expressing and manipulating uncertainty and ambiguity of data with
applications such as pattern recognition, decision making, control systems, image pro-
cessing, data mining, expert systems, natural language processing, risk assessment and
decision analysis, etc. Various studies have been conducted since the study of fuzzy sets
in BCK-algebra began in 1991 (see [1, 5, 7-10]). Jun [6] introduce the notion of the
J-operator in the closed interval [0, 1] and investigate several properties. He used the J-
operator to create a new fuzzy set called the Y7-fuzzy set and applied it to subalgebras
in BCK/BCl-algebras. He introduced the concept of the Yj-fuzzy subalgebra and inves-
tigated its properties. He provided conditions for a fuzzy set to be a Y 7-fuzzy subalgebra,
and discussed the relationship between the fuzzy subalgebra and the Y7-fuzzy subalgebra.
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In this paper, we study the ideals of BCK/BCl-algebras based on Yj-fuzzy sets. We
first investigate the underlying properties of the level sets of Y7-fuzzy sets. We introduce
the concept of Y-fuzzy ideals in BCK/BClI-algebras, and investigate several properties.
We discuss the relationship between Yj-fuzzy ideal and Yj-fuzzy subalgebra, and also
identify the relationship between Y7-fuzzy ideal and fuzzy ideal. We consider the char-
acterization of Yj-fuzzy ideal using the Y-level set. We define closed Yj-fuzzy ideal, and
deal with its properties. We explore the necessary and sufficient conditions for Yj-fuzzy
ideal to be closed. Finally, we provide conditions for Y;-fuzzy subalgebra to be Y7-fuzzy
ideal.

2. Preliminaries

A BCK/BClI-algebra is an important class of logical algebras introduced by K. Iséki
(see [3] and [4]) and was extensively investigated by several researchers.

We recall the definitions and basic results required in this paper. See the books [2, 11]
for further information regarding BCK/BClI-algebras.

By a BCI-algebra, we mean a structure (X, %, 0), where 0 is a special element and * is
a binary operation on X, that satisfies the following conditions:

() ((axb)x(axc))*(cxb)=0,
(IT) (a*(axb))*xb=0,
(I)) a%a=0,
(IV) axb=0,bxa=0 = a=0,
for all a,b,c € X. If a BClI-algebra (X, *, 0) satisfies the following identity:
(V) (Vae€ X) (0xa=0),

then (X, %, 0) is called a BCK-algebra.
The order relation “<x” in a BCK/BCl-algebra (X, *, 0) is defined as follows:

(Va,be X)(a<xb & axb=0). (1)

Every BCK/BClI-algebra (X, *, 0) satisfies the following conditions:

a*0=a, (2)
a<xb=axc<xbxc,cxb<xcxa, (3)
(axb)xc=(ax*xc)x*b, (4)

for all a,b,c € X.
Every BCK-algebra (X, %, 0) satisfies:

(Vz,a € X)(z*xa <x x). (5)
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Every BCl-algebra (X, *, 0) satisfies:

(Va,b € X)(0* (a*xb) = (0xa)*(0xDb)). (6)

A BCTl-algebra (X, «, 0) is said to be p-semisimple if 0 % (0 xz) = x for all z € X (see

[2])-

A nonempty subset S of X is called a subalgebra of a BCK/BCl-algebra (X, %, 0) (see
[11]) if axy € S for all a,y € S. A subset A of X is called an ideal of a BCK/BCI-algebra
(X, *, 0) (see [11]) if it satisfies:

0€ A, (7)
VMaeX)(VyeA)(axye A = acA). (8)

An ideal A of a BCl-algebra (X, x, 0) is said to be closed (see [2, 11]) if it is also a
subalgebra of (X, %, 0).

Note that an ideal A of a BCI-algebra (X, *, 0) is closed if and only if 0 xa € A for all
a € A (see [2, Proposition 1.4.4]).

Every ideal A of a BCK/BCl-algebra (X, x, 0) satisfies the next assertion.

Va,ye X)(a<xy, yec A = acA). 9)

A fuzzy set in a set X is defined to be a function ¢ : X — [0,1]. Denote by F'S(X) the
collection of all fuzzy sets in X. Define a relation “ C” on F'S(X) by

(V¢,§ € FS(X))([( €& < (Va e X)(C(a) < &(a))).

The join (V) and meet (A) of ¢ and £ are defined by

(€ Vv &)(a) = max{((a),&(a)},
(€A &)(a) = min{¢(a), ()},

respectively, for all a € X. The complement of (, denoted by (¢, is defined by
(Va € X)(¢“(a) =1 —((a)).
A fuzzy set ¢ in a set X of the form

[ te(0,1] ifb=a,
<(0) '_{ 0 if b# a,

is said to be a fuzzy point with support a and value ¢t and is denoted by (a;).
For a fuzzy set ¢ in a set X, we say that a fuzzy point (a;) is

(i) contained in ¢, denoted by (at) € ¢, (see [12]) if ((a) > t.

(ii) quasi-coincident with ¢, denoted by (a;) ¢ ¢, (see [12]) if {(a) +t > 1.
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If a fuzzy point (a;) is contained in ¢ or is quasi-coincident with ¢, we denote it
(ar) €Vvq C. If (at) ¢ is not established for o € {€,q, €Vq}, it is denoted by (a:) @ (.
Given t € (0,1] and a fuzzy set ¢ in a set X, consider the following sets

((,t)e :={a€e X | (ar) € (} and ((,t)g :={a € X | (ar) ¢C}

which are called the level set and the g-set of { related to t, respectively, in X.
Also, we consider the set

((,t)evg :={a € X [ (ar) €Vq ¢}

which is called the € Vg -set of ( related to t.

It is clear that (¢,t)evq = ((,t)e U ((,t)q and (¢,t)q C ((,5)q for all ¢, s € (0,1] with
t <s.

A fuzzy set ¢ in X is called a fuzzy subalgebra of a BCK/BCl-algebra (X, x, 0) (see
[13]) if it satisfies:

(Va,a € X)(C(z * a) = ((x) A ((a))- (10)
A fuzzy set ¢ in X is called a fuzzy ideal of a BCK/BCl-algebra (X, *, 0) (see [13]) if
it satisfies:
(Vo € X)(¢(0) = ¢(2)), (11)
(Vz,a € X)(C(2) = ((x * a) A ((a)). (12)

In [6], Jun introduced the notion of Yj-fuzzy sets based on the J-operator in the closed
interval [0,1]. We display the basic notions about the Yj-fuzzy sets.

We use the notation [ instead of the closed interval [0, 1]. Let “<” be the order relation
in I? defined as follows:

(V(m,n), (j,1) € I*)((m,n) < (j,i) & m<j,n<i)

For every m,e € I, we define m A € := min{m, e} and m V € := max{m,e}.
Consider a binary operation Y in I given as follows:

Yy:I2 =1, (me)— (1—m)A(1—e¢).

We will call this binary operation Y the J-operator in I (see [6]).
Let X be a set. Given a fuzzy set ( in X and € € I, let €(¢) be a mapping defined by

e): X =1, z—Yj(e,((x)).

It is clear that €(() is a fuzzy set in X determined by the J-operator and €. So we can
say that e(¢) is a Yj-fuzzy set of ( in X (see [6]).

Given a fuzzy set ¢ in X and € € (0, 1), if the Yj-fuzzy set £(¢) of ¢ is not constant on
X, then ¢ is said to be a nonconstant factor in (0,1) (see [6]).

A fuzzy set ¢ in X is called a Yj-fuzzy subalgebra of (X, x, 0) (see [6]) if it satisfies:

(Va,a € X)(Ys(e,((x xa)) < Yi(e,((2)) VYi(e, ((a))). (13)
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3. Level sets of the Yj-fuzzy set

Let ¢ be a fuzzy set in X, e € I and t € I\ {0,1}. Given a Yj-fuzzy set £((), we
consider the sets:
e(Q)' = {z € X | Y)(e,¢(2)) <t}
e(Q)g = {z e X | Yy(e,((x) <1 -1t}
which is called the Y-level set and Yg-set of £((), respectively, related to t. We call ¢ the

level degree of €(().
The Y-level set and the Yg-set of €(¢) related to ¢ are calculated as follows:

e(Q)f = {x € X | Yy(e,¢(2)) < t}
={reX[(1-g)A(1-((z) <t}
— e X |1-(sv () <t}
={reX|ev((z)>1-t}

and
e(Q)y ={r e X [ Y;(e,¢(x) <1—1t}

={zeX|Q1-e)N(1-((x)<1—-t}
={ze X |eVv{(x) >t}

respectively. The set

E(C)tevq ={rxe X |Yse((x) <torYy((r) <1-—t}

is called the the Ye Vg -set of £(¢) related to ¢. It is clear that

e(Q)avg = (O ey

Proposition 1. Let ¢ be a fuzzy set in X and ¢ € I that satisfies ¢ < ((x) for all x € X.
Then =(C)! = (C,1)q UGt where G} == {z € X | ¢(w) +t = 1}, and ()} € (¢, ).

Proof. Straightforwad.

Proposition 2. Let ¢ be a fuzzy setin X ande € 1. If s >t in I\{0,1}, then e(¢)! C £(¢)*
and ()} 2 ()5

Proof. Straightforward.
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4. Y;j-fuzzy ideals

We begin this section by looking at a characterization of Y;-fuzzy subalgebra by Y-
level set. In what follows, let (X, %, 0) be a BCK-algebra or a BCI-algebra, and ¢ € (0, 1)
unless otherwise specified.

Theorem 1. A fuzzy set ¢ in X is a Yj-fuzzy subalgebra of (X, *, 0) if and only if the
nonempty Y-level set €(¢)t of €(¢) is a subalgebra of (X, *, 0) for allt € T\ {0,1}.

Proof. Assume that ( is a Yj-fuzzy subalgebra of (X, *, 0) and let t € I\ {0,1} be
such that (¢)! # 0. Let x,y € ¢(¢)!. Then Yj(e,((x)) < t and Yj(e,((y)) < t, which
imply from (13) that

Yi(e, C(xxy)) < Yi(e, ((x)) VYi(e,C(y)) <t

Hence z x y € (¢)?, and therefore £(¢)! is a subalgebra of (X, *, 0).
Conversely, suppose that the nonempty Y-level set £(¢)! is a subalgebra of (X, x, 0)
for all t € I'\ {0,1}. If (13) is not valid, then

YJ(€7 C(b * C)) >t 2> YJ(gv <(b)) \% YJ(ga C(C»

for some b,c € X and t € I\ {0,1}. Hence b,c € £(¢)! and bx* c ¢ £(¢)!, which is a
contradiction. Therefore Y;(e,((z *a)) < Yj(e,((x)) VY;(e,((a)) for all z,a € X, which
shows that ( is a Yj-fuzzy subalgebra of (X, *, 0).

Definition 1. A fuzzy set ( in X is called a Y5 -fuzzy ideal if it satisfies:
(Vo € X)(Ys(e,¢(0) < Yy(e. ¢(2))), (14)
(Vz,a € X)(Y(e,((2)) < Yy(e, ((z*a) VY(e ((a))) (15)

wy

Example 1. Let X = {0,1,2,a,b} be a set with the binary operation “«” given by Table
1.

Table 1: Cayley table for the binary operation “x”

RN = O ¥
SR N OO
QR NO O
Q Q O O O
N O SR QR
SO Q @ |
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Then (X, %, 0) is a BCI-algebra (see [2]). Define a fuzzy set  in X as follows:

0.68 if y=0,
0.61 if y=1,
¢(: X —=[0,1], y—< 046 if y=2,
0.54 if y=a,
0.46 if y = b.

It is routine to verify that ¢ is a Y -fuzzy ideal of (X, *, 0) for all € € (0,1).
Proposition 3. Every Yj-fuzzy ideal ¢ of (X, *, 0) satisfies:
(Vz,a € X)(z <x a = Yj(e,((2)) < Y(e, ((a))). (16)
(Vz,a,y € X)(zxa<xy = Yy ((2) <Y ((a) V(e ((y)) (17)

Proof. Let ¢ be a Yj-fuzzy ideal of (X, *, 0) and let z,a € X be such that  <x a.
Then x x a = 0, and so

by (14) and (15). Thus (16) is valid. Let z,a,y € X be such that x * a <x y. Then

Yi(e,¢(x *a)) <Yi(e, C((x*a) xy) VYi(e ((y)
= YJ(S’ C(O)) N YJ(57 C(y))
= YJ(&C(?/)),

and thus Y;(e,((x)) < Yi(e,{(x x a)) V Yy(e,{(a)) < Yi(e,¢(y)) V Ys(e,¢(a)). This

completes the proof.

Corollary 1. If ¢ is a fuzzy ideal of (X, *, 0), then its Y7 -fuzzy set €(¢) satisfies:
(Vz,a € X)(x <x a = &(¢)(z) <e({)(a)).
(Vz,a,y € X)(zxa<xy = e()(zx) <e(()(a) Ve(Q)(y)):

Theorem 2. In a BCK-algebra (X, *, 0), every Y7-fuzzy ideal is a Yj-fuzzy subalgebra
for all e € (0,1).

Proof. Let ¢ be a Yj-fuzzy ideal of a BCK-algebra (X, %, 0) for all ¢ € (0,1). The
combination of (5) and (16) induces Y;(e,{(z *a)) < Y;(e,((x)), and so

Yi(e,((xx a)) <Yi(e,((x) <Yi(e, C(zxa)) VY ((a))
< Yj(e,¢(x) vV Y(e,((a)).
Therefore ( is a Yj-fuzzy subalgebra of (X, *, 0).

In a BCI-algebra, Theorem 2 may not be true as seen in the following example.
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Example 2. Let (X, *, 0) be a BCI-algebra and (Z,—,0) the adjoint BCI-algebra of the
additive group (Z,+,0) of integers. Then (Y,®,(0,0)) is a BCI-algebra (see [2]) where
Y =X X 7Z and ® is a binary operation in 'Y given as follows:

(V(z,a), (y,b) € Y)((z,a) ® (y,0) = (z xy,a —b)).
Define a fuzzy set ¢ in'Y as follows:

0.87 if ¢=(0,0),
¢(:Y —[0,1], c—< 0.73 if c€ X x Np,
0.42 otherwise

wher Ng is the set of all nonnegative integes. It is routine to verify that ¢ is a Y5-fuzzy
ideal of (Y,®,(0,0)) for e = 0.61. We can observe that

Y;(e,¢((0,3) @ (0,7))) = ¥;(0.61,¢(0, —4))
= (1-0.61) A (1—0.42) = 0.39

and

Yi(e,€(0,3)) VY (e,¢(0,7))
= (1= 0.61) A (1L —0.73)) v ((1 — 0.61) A (1 — 0.73)) = 0.27.

Hence Y;(£,¢((0,3) ® (0,7))) % Y;(£,¢(0,3)) V Yy(e,¢(0,7)) for e = 0.61, which shows
that ¢ is not a Yj-fuzzy subalgebra of (Y,®,(0,0)).

The following example shows that there exists ¢ € (0,1) such that a Yj-fuzzy subal-
gebra may not be a Y7-fuzzy ideal.

“y,

Example 3. (i) Let X = {0, b1,b2,b3} be a set with a binary operation “«” given by Table
2.

Table 2: Cayley table for the binary operation “x”

* 0 b1 ba bs
0 0 0 0 0
b1 b1 0 0 b1
bo ba b1 0 ba
bs b3 bs bs 0

Then X is a BCK-algebra (see [11]). A fuzzy set ( in X defined by

0.63 if z=0,
| 0.54 if x= b,
C:X =01, 4 g9 if o= b,

0.49 if z = by
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is a Y5 -fuzzy subalgebra of (X, *, 0) for e = 0.52. But it is not a Y -fuzzy ideal of (X, *,
0) for e = 0.52 since

Y (e, C(by)) = Y;(0.52,0.42) = (1 — 0.52) A (1 — 0.42)
= 0.48 £ 0.46 = (1 — 0.52) A (1 — 0.54)
= ((1—0.52) A (1 — 0.54)) V ((1 — 0.52) A (1 — 0.54))
= ¥5(0.52,¢(b1)) v Y5(0.52,¢(b1))
=Y (e,((ba xb1)) VYs(e, ((b1)).

(ii) Consider the BCI-algebra (X, %, 0) in Ezample 1 and let ¢ be a fuzzy set in X
given as follows:

0.78 if y =0,
0.54 if y=1,
C: X —=[0,1], y—<{ 037 if y=2,
0.65 if y=a,
0.37 if y=0b.

Then ¢ is a Yj-fuzzy subalgebra of (X, x, 0) for e =0.49. We can observe that
Y(e,((1)) = Y;(0.49,0.54) = (1 — 0.49) A (1 — 0.54) = 0.46
and

Yi(e.¢(1xa)) VY;(e,C(a) = Yi(e,¢(a) VYi(e C(a))
= Y;(e,¢(a)) = Y7(0.49,0.65) = (1 — 0.49) A (1 — 0.65) = 0.35.

Hence Yy(2,((1)) £ Yy(e,{(1xa)) VY;(e,{(a)), and therefore ¢ is not a Y§-fuzzy ideal of
(X, %, 0) fore =0.49.

Theorem 3. Let ¢ be a fuzzy set in X. If ((x) < € for all x € X, then ( is a Yj-fuzzy
ideal of (X, %, 0).

Proof. Let ¢ be a fuzzy set in X that satisfies ((x) < e for all z € X. Then 1 — ¢ <
1 —((x) for all z € X. Hence

Yi(,¢00) =(1-e)A(1-C0)=1-e=00—-e) A1 —-¢(x) =Y, ((x))
for all x € X. Also, we have
Yi(e,¢(x) =1—e=Y;(e,((xxa)) V(e ((a))

for all ,a € X. Therefore ( is a Yj-fuzzy ideal of (X, *, 0).

Let ¢ be a fuzzy set in X. If there exists z € X that satisfies ((z) > ¢, then ¢ may not
be a Yj-fuzzy ideal of (X, *, 0) as shown in the example below.
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[{3R)

Table 3: Cayley table for the binary operation * x

* 0 b1 ba b3 by
0 0 0 0 0 0
b1 b1 0 0 0 b1
bo by b1 0 0 bo
b3 bs b1 b1 0 b3
by by by by by 0

Example 4. Let X = {0,b1,bs,b3,bs} be a set with a binary operation “«” given by Table
3.
Then (X, , 0) is a BCK-algebra and so a BCI-algebra (see [11]). Consider a fuzzy set ¢

i X given as follows:

0.93 if y=0,
0.46 if y=by,
¢: X —=[0,1], y—< 077 if y=bo,
0.58 if y = b3,
0.35 if y = by

If € :=0.53, then Y;(e,((0)) <Yj(e,((z)) for allz € X. But

Yy (e, C(by % b)) V Yy(e, C(bs)) = Y;(0.53,0.93) V Y;(0.53,0.58)
= 0.07V 0.42 = 0.42 < 0.47 = Yy (&, C(b1)).

Hence ¢ is not a Yj-fuzzy ideal of (X, *, 0) for e = 0.53.
Theorem 4. Every fuzzy ideal of (X, , 0) is a Y7 -fuzzy ideal of (X, *, 0) for alle € (0,1).

Proof. Let ¢ be a fuzzy ideal of (X, *, 0) and let € € (0,1). Then ¢¢(0) < (¢(x) and
C“(x) < C%(xxa)V(a) for all z,a € X. Hence

Yi(e,¢(0)) = (1 =) A¢H(0) < (1 —e) AC%(z) = Y (e, ()

and

(“(zxa) V(¢ (a))
=((1=g)A¢(zxa))V((1—e)A¢(a))
) VY;(e, ((a))

for all ,a € X. Therefore ( is a Yj-fuzzy ideal of (X, , 0) for all € € (0,1).
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Theorem 5. If ¢ is a Yj-fuzzy ideal of (X, x, 0) for some nonconstant factor € € (0,1),
then it is a fuzzy ideal of (X, %, 0).

Proof. Assume that ¢ is a Yj-fuzzy ideal of (X, %, 0) for some nonconstant factor
€ (0,1). Then

(1=2)A(1=¢(0) =Y;(e,¢(0) < Yi(e,¢(x) = (1 —e) A1 =(¢(2))

for all z € X. Hence 1 — ((0) < 1 —({(z), and so ((0) > ((z) for all z € X. For every
z,a € X, we have

(L=e) A1 = (@) =Yi(e,C(2) <Y, C(z*a) VYi(e ((a)
=((1=e)A(1=((x*a))V(L—-e)A(l-((a)))
=1 -e) A (1 =¢(@*a))V(1-C((a)).

It follows that 1— ((z) < (1 — ((z xa) V (1 - ((a))) = 1— (¢(& % @) A ¢(@). Thus
C(x) > ¢(x *a) A((a). Therefore ( is a fuzzy ideal of (X, 0)

Theorem 6. A fuzzy set ¢ in X is a Yj-fuzzy ideal of (X, *, 0) if and only if the nonempty
Y-level set (¢)t of €(¢) is an ideal of (X, x, 0) for all t € T\ {0,1}

Proof. Assume that ¢ is a Yj-fuzzy ideal of (X, %, 0) and let t € I\ {0,1} be such
that e(¢)! # 0. If 0 ¢ £(¢)t, then Y;(s,((0)) > t > Y;(e,((b)) for some b € X, which
contradicts (14). Hence 0 ¢ £(¢)!. Let x,y € X be such that z x y € £(¢)! and y € £(¢)".
Then Yj(e,((z*y)) <t and Y;(e,((y)) < t. It follows from (15) that

Yi(e,((x)) <Yi(e, C(zxy)) VYile, C(y)) <t

Hence z € £(¢)?, which shows that £(¢)! is an ideal of (X, *, 0).

Conversely, suppose that the nonempty Y-level set £(¢)* of £(¢) is an ideal of (X, *,
0) for all t € I\ {0,1}. If there exists ¢ € X such that Y;(e,((0)) > Y;(e,({(c)), then
Yy(e,¢(0)) > t > Y;(e,((c)) for some t € I\ {0,1}. It follows that ¢ € (¢)!, that
is, €(¢)! # 0. Hence 0 € (¢)!, and so Yjy(e,¢(0)) < ¢, which is a contradiction. Thus
Y;(e,¢(0)) < Yj(e,((x)) for all z € X. Suppose that (15) is not valid. Then

Y(e,¢(x)) >t 2 Yj(e,((x xa)) VYs(e,((a))

for some z,a € X and t € I\ {0,1}. It follows that = x a € £(¢)! and a € £(¢)!, but
z ¢ £(¢)". This is a contradiction, and thus (15) is valid. Therefore ¢ is a Y§-fuzzy ideal
of (X, %, 0).

We provide conditions for Y7-fuzzy subalgebra to be Y;-fuzzy ideal.

Theorem 7. If a Yj-fuzzy subalgebra ¢ of (X, *, 0) satisfies the condition (17), then it
is a Y7-fuzzy ideal of (X, *, 0).

Proof. Let ¢ be a Yj-fuzzy subalgebra ¢ of (X, *, 0) that satisfies the condition (17).
The combination of (III) and (13) induces Y;(e,((0)) < Y;(e,((z)) for all x € X. For
every x,y € X, we have z x (z xy) <x y by (IIT), (1) and (4). It follows from (17) that
Yi(e,¢(x)) < Yj(e,{(xz*y)) VYs(e,((y)) for all z,y € X. Therefore ¢ is a Yj-fuzzy ideal
of (X, %, 0).
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5. Closed Y;-fuzzy ideals in BCI-algebras

In this section, let (X, %, 0) denote a BCl-algebra. We recall that any Y7-fuzzy ideal
may not be a Y7-fuzzy subalgebra in BCl-algebras (cf. Example 2). This is a motivation
for the definition below.

Definition 2. A Yj-fuzzy ideal { of (X, *, 0) is said to be closed if it is also a Yj-fuzzy
subalgebra of (X, *, 0).

@,

Example 5. Let X = {0,b1,b2,b3,bs} be a set with a binary operation “«” given by Table
4.

“ ”

Table 4: Cayley table for the binary operation “ %

* 0 b1 b2 b3 b4
0 0 0 0 bs bs
b1 b1 0 0 bs bs
bo bo ba 0 ba bs
bs bs bs bs 0 0
by by by bs ba 0

Then (X, %, 0) is a BCI-algebra (see [2]). Let ¢ be a fuzzy set in X given by

0.78 if y=0,
¢: X —[0,1], y—< 0.63 if ye{b1,ba},
0.47 otherwise,

It is routine to check that ¢ is a closed Y5 -fuzzy ideal of (X, *, 0) for e := 0.46.
Theorem 8. A fuzzy set  in X given by

s1 if ye{reX|0<xz},
So otherwise,

¢: X —[0,1], yr—>{

where s1 > sy in (0,1), is a closed Y-fuzzy ideal of (X, *, 0).

Proof. The Y-level set £(¢)! is calculated as follows:

1} if 0<t<1-— sy,
5(€)t: {ajEX’OSXx} if 1—s51<t<1-—s9,
X if 1—sy<t<l1.

Let A:={zx € X |0<x z},and let y,z € A. Then 0 <x y and 0 <x z, i.e., 0xy =0
and 0%z =0. Hence 0% (yx z) = (0xy) % (0% z) = 0 by (III) and (6), and so 0 <x y * z,
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ie., yxz € A. Thus A is a subalgebra of (X, x, 0). It is clear that 0 € A. Let y,z € X be
such that y*x z € A and z € A. Then

0=0x(yx2)=0x*y)*x(0x2)=0xy)«x0=0xy

by (2) and (6). Hence y € A, which shows that A is an ideal of (X, *, 0). Therefore A is
a closed ideal of (X, %, 0). By the combination of Theorems 1 and 6, we conclude that ¢
is a closed Yj-fuzzy ideal of (X, *, 0).

Lemma 1. A fuzzy set ( in X is a closed Yj-fuzzy ideal of (X, x, 0) if and only if the
nonempty Y-level set €(¢)t of €(¢) is a closed ideal of (X, *, 0) for allt € T\ {0,1}.

Proof. Assume that ( is a closed Yj-fuzzy ideal of (X, %, 0) and let t € I\ {0,1} be
such that £(¢)! # (. Then £(¢)! is an ideal of (X, , 0) by Theorem 6. Let z € £(¢)¢. Then

(13) (14)
YJ(Ev C(O * l.)) < YJ(Ea C(O)) v YJ(Ea C(x)) < YJ(& C(.%')) <t

and so 0 x z € £(¢)*. Hence ¢(¢)" is a closed ideal of (X, *, 0).

Conversely, suppose that the nonempty Y-level set £(¢)! of £(¢) is a closed ideal of (X,
*, 0) for all t € I\ {0,1}. Then £(¢) is an ideal of (X, %, 0), and thus ¢ is a Y5-fuzzy
ideal of (X, *, 0) by Theorem 6. If ¢ is not a Yj-fuzzy subalgebra of (X, *, 0), then

Yi(e, C(zxa)) > Y;(e,((x)) VYl ((a)

for some z,a € X. Selecting t := Y;(e,{(x)) V Yj(¢,¢(a)) induces z,a € £(¢)' and
x*a ¢ ¢(¢)t, which is a contradiction. Hence

Yi(e, ¢(zxa)) < Yi(e, ¢(2) vV Yile ((a))

for all ,a € X, which shows that ( is a Yj-fuzzy subalgebra of (X, %, 0). Consequently,
¢ is a closed Yj-fuzzy ideal of (X, *, 0).

Theorem 9. A Y;-fuzzy ideal ¢ of (X, , 0) is closed if and only if it satisfies:

(Ve € X)(Y(e, C(0+x)) < Yi(e, ((2))). (18)

Proof. Let ¢ be a closed Yj-fuzzy ideal of (X, %, 0). Then the nonempty Y-level set
e(¢)! of e(¢) is a closed ideal of (X, , 0) for all t € I\ {0,1} by Lemma 1. Then

(13) (14)
V(e C(0x2)) < Yy(e,C(0) VYy(e, ((2)) < Yile, ((2))

for all x € X.
Conversely, let ¢ be a Yj-fuzzy ideal of (X, *, 0) that satisfies the condition (18). Then

Yite. (@) + ) 2 Vo, (w2 + ) W V(e c0 1) S Yole, ()
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for all z,y € X, and so

Yie. (e y) € V(e C((x y) )V Yole, C(a))

<Yy, ((z)) VYs(e,C(y))

for all x,y € X. Hence ( is a closed Yj-fuzzy ideal of (X, *, 0).

Theorem 10. Given an element a € X, let (, be the fuzzy set in X defined by

s1 if ye Xg,

Co: X — [07 1]7 y= { so otherwise,

where s1 > s in (0,1) and Xq :={x € X |axx =a}. Then (, is a closed Y;-fuzzy ideal
of (X, *, 0).
Proof. The Y-level set £(¢,)! is calculated as follows:

0 if 0<t<1-—sq,
e(C)! =< Xo if 1—51<t<1— sy,
X if 1-sy<t<l.

It is clear that 0 € X, by (2). For every x € X,, we have

(111 (4) (I11)

0*x :)(a*a)*x:(a*x)*axezxaa*a—OEXa (19)

Let z,y € X be such that z xy € X, and y € X,. Then
O (zxy)=0and 0xy =0
by (19). It follows that

4)

(axz)*xa = (a*xa)*x

(am ) (

0va 2 (0ra)x(0xy) L0x(@xy) =0,
ie,axx <y a. Since x xy € X, and y € X,, we get
a=ax(zx*xy)=(axy)*x(xxy) <ax*wz.

Hence a x x = a, i.e., ¢ € X,. This shows that X, is a closed ideal of (X, %, 0). Thus we
know that the nonempty Y-level set £((,)! is a closed ideal of (X, *, 0) for all t € I'\ {0, 1}.
Therefore (, is a closed Yj-fuzzy ideal of (X, *, 0) by Lemma 1.

We explore the conditions under which a Y7-fuzzy subalgebra becomes a Y7-fuzzy
ideal.

Theorem 11. In a p-semisimple BCI-algebra (X, *, 0), every Yj-fuzzy subalgebra is a
Y5 -fuzzy ideal.
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Proof. Let ¢ be a Yj-fuzzy subalgebra of a p-semisimple BCI-algebra (X, *, 0), and let
t € I\ {0,1} be such that £(¢)! # 0. Then £(¢)! is a subalgebra of (X, *, 0) by Theorem
1. Tt is clear that 0 € £(¢)!. Let z,y € X be such that x xy € £(¢)! and y € £(¢)*. Then
0xy €e(¢) and (zxy) * (0*y) € e(¢)’. On the other hand, we have

(zxy)« (05 y) ke D ((zry)«2) = (0% y)

—
Nl

D (wxa)ry)* (0%y)
0y« 0xy) F 0,

that is, (x xy) x (0 xy) <x x. Since (X, *, 0) is p-semisimple, = is a minimal element of
X. Tt follows that x = (x * y) x (0 x y) € £(¢)!. Hence £(¢) is an ideal of (X, *, 0), and
therefore ( is a Yj-fuzzy ideal of (X, %, 0) by Theorem 6.

Corollary 2. If a BCI-algebra (X, %, 0) satisfies:
(Vz,y e X)(zx(0xy) =y* (0xx))
or
Vze X)(0xz=0 = z=0),

then every Y5 -fuzzy subalgebra is a Y5 -fuzzy ideal.

Acknowledgements

This paper was supported by the research fund in Chinju National University of Edu-
cation, 2022.

References

[1] S. M. Hong and Y. B. Jun. Anti fuzzy ideals in BCK-algebras . Kyungpook Math. J.,
38:145-150, 1998.

[2] Y. S. Huang. BCI-algebra. Science Press, Beijing, China, 2006.
[3] K. Iséki. On BCl-algebras. Math. Japon., 23:1-26, 1978.

[4] K. Iséki and S. Tanaka. An introduction to the theory of BC K-algebras. Math.
Japon., 23:1-26, 1978.

[5] C. Jana, T. Senapati, and M. Pal. (&€, € Vq)-intuitionistic fuzzy BCI-subalgebras of
a BCl-algebra. J. Intell. Fuzzy Systems, 31:613-621, 2016.

[6] Y. B. Jun. A new form of fuzzy set and its application in BCK-algebras and BCI-
algebras. Ann. Fuzzy Math. Inform., in press.



REFERENCES 2024

[7] Y. B. Jun. Fuzzy subalgebras of type («, ) in BCK/BCl-algebras. Kyungpook Math.
J., 47:403-410, 2007.

[8] Y. B. Jun. Lukasiewicz fuzzy subalgebras in BCK-algebras and BCl-algebras. Ann.
Fuzzy Math. Inform., 23(2):213-223, 2022.

9] Y. B. Jun and S. Z. Song. Falling fuzzy quasi-associative ideals of BCI-algebras.
Filomat, 26(4):649-656, 2012.

[10] Y. B. Jun and X. L. Xin. Complex fuzzy sets with application in BCK/BCI-algebras.
Bulletin of the Section of Logic, 48(3):173-185, 2019.

[11] J. Meng and Y. B. Jun. BCK-algebra. Kyungmoonsa Co., Seoul, Korea, 1994.

[12] P. M. Puand Y. M. Liu. Fuzzy topology I, Neighborhood structure of a fuzzy pointand
Moore-Smith convergence. J. Math. Anal. Appl., 76:571-599, 1980.

[13] O. G. Xi. Fuzzy BCK-algebras. Math. Japon., 36:935-942, 1991.

[14] L. A. Zadeh. Fuzzy sets. Inform. Control, 8(3):338-353, 1965.



