EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
Vol. 16, No. 4, 2023, 2025-2034
ISSN  1307-5543 — ejpam.com
Published by New York Business Global

Approximation of BV space-defined functionals
containing piecewise integrands with L' condition
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Abstract. We prove an approximation result for a class of functionals G(u) = [, ¢(x, Du) defined
on BV (Q) where ¢(-, Du) € L' (), Q C RY bounded, ¢(x,p) convex, radially symmetric and of

the form (x,p) flpl<p
o g(z,p if [p| <
o(x,p) = { U(x)|p| + k(z) if [p| > 6.

We show for each uw € BV (2) N LP (), 1 < p < oo, there exist uy € WH1 (Q) N C> (Q) N LP (Q)
so that G(ux) — G(u). Approximation theorems in BV are used to prove existence results for the
strong solution to the time flow u; = div (V,p(z, Du)) in L'((0,00); BV (Q) N LP (2)), typically
with additional boundary condition or penalty term in u to ensure uniqueness. The functions in this
work are not covered by previous approximation theorems since for fixed p we have ¢(z,p) € L ()
which do not in general hold for assumptions on ¢ in earlier work.
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1. Introduction

In this work, we present some approximation results for functionals

Glu) == /Q o(z, Du) (1)

defined for u € BV (Q) with bounded, open Q C RY with the following assumptions on
©:
(1) ¢ : Q2 x RV = R, where ¢(z,p) is convex in p, that is

@(x, A1p1 + Aap2) < M (z,p1) + A2 (7, p2)
for each z € R,p1,p2 € RV, 0 < A, Ao <1, Aj + Ao =1,
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(2) p(x,p) = @(z, |p|) for all p, and for k € L' () is of the form

| g(z,p) if [p] < B
pla.p) = { b(@)lpl + k(z) i |p| > B

(3) ¢ is a Carathéodory function, with o(-,p) € L' (Q) for each p.
From (3), ¢ is of linear growth in the p variable with

lim #(z,p) = 1(x).
pl—o0  |p|
We note that p(x,p) is continuous in p since real valued convex functions are con-
tinuous. The main result of this paper is the extension of the approximation theorems
presented in, [2], [5], and [8] to include certain cases where o(-,p) € L' (Q2) for a class of
integrands ¢ with the above assumptions (1)-(3). We note that functionals of the form (1)
defined on BV have many applications to elasticity and image processing problems (see
e.g. the early works of [9], [12], [14], [19]).
We recall the classic approximation theorem in [8] where it is proved that for each
u € BV (Q), Q ¢ RY bounded, there exists a sequence {uy} ¢ Wt (Q) N C>®(Q) so
that up — win L' (Q) and [, |Vug|dz — [ |Dul. We recall u € BV (Q) if and only if
u € L1 (Q) and

/|Du| sup {—/udivgf)dm} < 00,
Pe{CE° (AURN),|p(z)|<1 all z€Q} Q

and with [|lul| gy () == llullp1 ) + Jo | Du|. In this case we have [, |Du| := [, |Vu|dz +
Jo |D?ul for the measures Vudz << LV and D*u L LV, and where D*u = 0 if and only
if ue WHH(Q). As W (Q) is not dense in BV (Q2) we can not have [, [Vuy — Du| — 0.
See [7] for a detailed discussion.

As a model for image restoration, the authors in [5] consider

Dy (u) :/ng(:c,Du)—i—;\/Q(u—uo)?dx—i-

/ lu — h|dHN !
o0

for A > 0 constant, ug € L*> (€2), and where
q(z <R
P19 Ip|
90(1'717) = ! x
{ p| — % lp| > 5

for constant 5 >0, g€ L* (), 1 < a < g(z) < 2. Here u and h are defined on 0% in the
sense of trace ([7]). The solution to

in @ 2
LCoin n(u) (2)
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is then the restored version of the corrupted image ug. In order to prove the existence
of the weak solution of the corresponding time flow for (2), the authors show for each
u € BV (Q) there is a sequence u, € H' (Q) N C*> () where

up — win L*(Q) and
p(ur) — Pu(u).

Other approximation results are proved in [2] (Lemma 6.2) assuming lower semicon-
tinuity or continuity in the x variable and in [3] for integrand g(z,p) with a continuity
condition in z which in general will not be satisfied in our case for ¢(-, p) € L' (£2). We also
refer the reader to [15] for lower semicontinuity and approximation theorems of functionals
Jo f(z,Du), u € BV (), using the work of Reshetnyak; and, for example, in [1] for the
relaxation in BV () with respect to the L' norm for functionals [, f(z,u, Vu) dz defined
on Wht (Q; Sd_l) for Q ¢ RY open and bounded and S9! the unit sphere in R%. How-
ever the integrands f(z,p) and f(x, z,p) are always assumed to be lower semicontinuous
or continuous on Q x RY or © x R x RV respectively for these cases.

Importantly, we note that the approximation Lemma 6.2 in [2] is used to prove existence
results there for the solution to the time dependent problem

= divVpg(z, Du) in (0,00) x Q

( x) = h(z) on (0,00) x 02
u(0, ) = ug(x) for z € Q

via the strong solution using the theory of semigroups in L?, which corresponds to the
stationary problem

i P
ueBVI(Islzl)%B(Q) e (1),

with

P (u) := /Qg(x,Du) + /6<1> \h — u|g®(z, v(z)) dHN L,

for given boundary data h. Here ¢ is continuous on Q x RY, convex and continuously
differentiable in the second variable p, and

¢°(z,p) := lim tg(z,p/t).
t—0t

Appropriately defined solutions of the above time flow in L' using similar semigroup
methods are also proved there.

2. Main Results

As stated in the Introduction, we prove an approximation result for a class of function-
als [, o(x, Du) by [o @z, Vug), up € WH(Q) N C*> (Q) where ¢(z, p) satisfies (1)-(3)
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and with an additional structure condition on g. Here we will use, from [6], the conjugate
function ¢* for given g:
9" (z,q) == sup {q-p —g(z,p)}.
pERN

If g is convex in p, then it is easy to show that g* is convex in ¢g. Also if g is additionally
continuous in p, then for a.e. x, there holds g(x,p) = g**(x, p) for all p € RN (see [6],[4]).

We will need the following lemma which is Proposition 1, from [17], which for the
convenience of the reader we restate here.

In the sequel we define

V= {¢ € Ci(QRY) 1 |¢(z)| < 1p(z) for all z € Q} )
Lemma 1. Assume ¢ satisfies the conditions (1)-(3) above:

| g(z,p) if [p| < B
#lz.p) = { Y(@)lpl + k(@) if pl > 8,

with ¢ € C(Q)NL>®(Q), ¥ >0, k(z,u) € L' (Q) for each u € L' (Q). Also assume for
some G
o(x,p) = G(r1(x), ...,ri(x),p) for all p
where ( ) if ol
g1\z1, .-, 2K, P pr Sﬂ
G(21,y .oy 2K, D) = :
erd) ={ i i P G

and where for each |p| < B, g1 is C in the variable z = (z1...,2x) € U C RE U open,
ri € LY (Q) each i, (r1(x),...,mx(x)) €U a.e. x, and |(V,91)(z,p)| < C, C independent of
(z,p). Note that ri(x) = (z) and hence z > 0.

Then for all uw € BV (Q) we have

6w = [ v Vaydat [ vl (3)
- sup{—/Qudiv(;ﬁ—kgo*(x,gé(:c))dx}.

oeV

If in addition 02 is Lipschitz, w € BV (), then we have the continuous trace operator
T: BV (Q) — LY0Q,HN"Y) ([7]). Thus if h € BV (),

_ s . N-1
gh(u)_/ﬂgp(x,vu)dw/ﬂw(x)yp u+/aQ u— bl dH (@)
= sup {—/udiwzﬁ—i—go*(a:,qﬁ(m))dx—i—/ qﬁﬁhd?—[Nl}.
{#€C (ARN ):[p|<ip(x) } & 09

Furthermore, both G and Gy, are lower semicontinuous in L.
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Before we state the proof, we note that the lower semicontinuity of G and G, in L! is
not covered the results in [10], [11], [13] since we only assume (-, p) € L' () for each p
and hence the condition that

lim  tp(Z,p/t) exists

T—x,t—00

as stated there may not hold if (-, p) is only assumed to be in L' (2). Also see [18] for
more general results for lower semicontinuity.

For an example of an integrand ¢ satisfying the conditions of Lemma 1, consider the
following G with o € L' (Q), § > 0:

6(u) = [ ol D)

with

@.p) P(x)y/a?(x) + 6+ [p[? . if [p| < 8
Z, = a(x :

PEPIZ A (@] + () 2 i o] > 6.
We now state the approximation theorem.

Theorem 1. Let G and Gy, be as defined in Lemma 1 with ¢ satisfying the same conditions.
Then for each u € BV (Q)NL" (), 1 < r < oo there exist a sequence ux, € Wht ()N
C>®(Q)NL"(Q) with

G(ur) — G(u) and
up — win L™ (Q).

In addition, if O is Lipschitz and h € L'(09) we have for each u € BV (Q) a sequence
ur, € WHL( Q)N C>® (Q) N L™ (Q) with

Gn(ue) — Gn(u),
up — win L"(Q), and
Tu, = Tu

where Tw is the trace operator for w € BV ().

Proof. We follow [8] taking into account the extra ¢* term.
Fix € > 0 and construct an open covering {4;} of Q where A; = Q;1 1 — Q; 1, A1 = Qs
where
Qp ={z € Q:dist(z,00) > 1/(m+k)}, k=0,1,2,...

and with m so large that

/ Y(x)|Du| < e and (5)
Q—Qp
- < e (6)
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Now construct a sequence {u.} so that

Z Ne; * u¢z

where 7 is the usual mollifier on RY, {¢;} is a partition of unity subordinate to {A;}, and
the ¢; are chosen to that the four conditions all hold:

1. eachg; <e,i>1

2. [o e, * (ud) — ugy|” dw < €27

3. fq Ine * (uV i) —uVey| do < e27"

4. support Ne; * (u¢l) C Qz+2 - 9172

Summing over all ¢ gives

e =l o <3 [ e (w0) ] de < <
Q — Ja

giving u. — u in L' (). Hence by L' lower semicontinuity in Lemma 1

/Q o(z, Du) < lim inf /Q oz, Du). (1)

e—0

First we note that |(¢1n:, * ¢)(x)| < ¢(x) + w(e1) where the modulus of continuity w of
¢ satisfies w(e1) — 0 as g1 — 0, and that for ¢.(x,p) := ¢(x,p) + ¢|p|, for each ¢ > 0,
satisfies the same assumptions on . Hence for each u € BV ()

sup {— / udivg + @i (x, p(x)) dm} (8)
lp(x)|<tp(z)+c Q

= /@(az,Vu) +C|Vu|da:+/(¢(33)+C)d‘DSU|-
Q Q

Now let ¢ € CH(;RY) with |¢(z)| < ¥(z) each x, then
—/ uedivg + ¢y (2, 6(2)) doe = (Z—/(ﬁsi * (Uqﬁi))diwdw) (9)
Q i—1 Q
~ | e bla) da (10)
— /Q udiv(pinz, * @) dx — / Po(en) (@ ) dx — Z/ udiv(¢ine, * ¢) dx
+; /Q d(ne, * (UV ;) — uVey;) dz

= [ wdio(orne, x 6) + el x 6)da = S [ udivGun, ) d
Q i=2 7/
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+ /Q ey (271ey *0) = ey (2 6(2)) da o= T+ I+ IIT + IV,

2025-2034

e, k 1—Vld
+;/ﬂ¢(m (V) — uVey) da

By Lemma 3 in [16] we have from the Lipschitz property of @Z)(al)

v

. ey * - :JE ’ d
< [ ey s+ 8) = e (@00 da
< ﬂ/ﬂ\nmw—wdx.

2031

We now in addition to 1-4 choose €1 so that le [Ney % ¢ — ¢ dx < e. The since |ne, x ¢| <

|4, we then have

v

<

IN

ﬁ/ﬂ!nm*qﬁ—éldaf

€1 - €1 - d
o meno—oldrss [ o olds

Be+ 28 ||¢|le — 0 as e — 0.

Also, we have as in [8]

Now

Again from Lemma 3 in

i

IN

IN

IN

I11,II - 0ase—0.

/ udiv(pine, * ¢) + ¢, 51)($ Ney * @) dx

/ Ud“) ¢177£1 * ¢) + SDL,_; (e1) (.CC ¢1T781 * ¢)

e

( ¢1 Neq * ¢)

(pw 51 (x 7751 * d))

[16] we have for the last line

= ‘/Q ‘PZ(EI)(% P11, * ) — 90:,(51)(%7751 * ¢) dw

ﬁ/ﬂwmglwnawww

5[ 1ol volds

2p

Q-0

e, * @] dx

28|[¥llo €
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since ¢1 =1 on 4.
Therefore n — 0 as ¢ — 0.
Thus from (8)

= - /Q wdiv( D11y % 8) + @y (@ G171y *0) d+ 7
< [ (V) + i) Valdo+ [ (6(0) +w(e) D]+
Q Q
= /go(x,Du)+/w(el)]Vu|dx+w(£1)/ d|D*ul +n,
Q Q Q

keeping in mind that the last three terms approach 0 as ¢ — 0. Thus we have from (9)
and for each ¢ with |¢p(z)| < ¥(z),

- / uedivg + (2, 6(x)) da
Q
<T+IT+IIT+1V + / ™ (2, 6(2)) dz — @, ) (2, $(2))| d
Q

I IV 4 /Q 0" (2, 6(2)) — (p(, 6(x)) + w(er)| b)) da

ST+ I+ 11T+ IV + w(e) |1 9

S/(p(:c,Du)—i—/w(sl)]Vu\ dw—l—w(al)/ d|D*u| +n
Q Q Q
HIT+TIT+ 1V 4+ w(en)|Y]|so 9]

The second inequality follows from the note before (8), the assumption |¢(x)| < ¢ (z), and
Lemma 2 in [16]. Thus we have

_/Quedivqb—i-ﬂp*(xa¢(x>)dx = /

@(m,Du)%—/cu(eﬁ\Vu!da:
Q Q

+e(en) / dl D]+ (11)
Q
VLT 4 TIT 4 IV + w(en) [l |9

Taking the supremum over all such ¢ with |¢(x)| < ¢(x) in (11), and then letting ¢ — 0
we have

limsup—/@(m,Dug)de/np(a:,Du).
e—0 Q Q

Combining with (7) gives the result. The second part of the theorem is proved as in the
first case and as in [5] for the boundary term.

Combining Lemma 1 and Theorem 1 we have the following extension of Theorem 6.4
in [2].
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Theorem 2. Let ¢ satisfy the conditions of Lemma 1 and Theorem 1, then

inf
u€BV(Q), u=h on 00

inf = inf ,vcz:eWMQ}, d
ueg%/(ﬂ)g(u) in {/ng(m u)dz :u (Q) ¢, an

Gn(u) = inf {/ o(x, Vu)dz :u € WH(Q) and u=h on 89} .
Q

In addition, G, G, is the greatest L' (Q)-lower semicontinuous functional on BV (Q) sat-
isfying G(u) < [qo(z,Vu)dz, and Gy(u) < [q@(z,Vu)dr for all u € WHH(Q) and
u € WHY(Q) with u = h on 0Q respectively.
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