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Abstract. A polyomino is a finite set of unit squares joined side by side on the Cartesian plane.
Qureshi introduced an ideal constructed from a polyomino which is called ”polyomino ideal”. In
this paper, we study the binomials arising from Buchberger Algorithm on polyomino ideals. We
also introduce socket wrench polyominoes and study the Grobner bases of the ideal I and some
algebraic properties of K[P].
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1. Introduction

A polyomino is a finite set of unit squares joined side by side on the Cartesian plane.
They are discussed in a lot of papers. Look at: [2, 3] for Combinatorics; [17-19] for its
relation to the tiling problem on the plane; [12] for the relation between polyominoes and
Dyck Words and Motzkin Word; and [41] for statistical physics.

The relation between polyominoes and commutative algebra was introduced by Qureshi,
introducing an ideal constructed from a polyomino which is called polyomino ideal [34].
The polyomino ideal is a generalization of ideals generated by the set of 2-minor of a
matrix. Generally, the ideal of ¢-minors is a central topic in Commutative Algebra and
has some applications in algebraic statistics [33, 40]. There were a lot of research related
to the ideal generated by the set of t—minor of a matrix [22, 27].

Since it was introduced by Qureshi in 2012, many interesting question have arisen
about polyomino ideal. Here are some recent works and related results:
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e The primality of the polyomino ideal is studied in many articles [5, 7, 24-26, 31, 32,
35, 36, 38]. In [24, 25, 36], it is proved that K[P] is a domain if P is simple. In [31],
it is proved that if K[P] is a domain then the polyomino have no zig-zag walks. They
also conjectured that the converse direction is true. Later, it was proved in [5] and
[7] that the conjecture holds for two special classes of non-simple polyominoes, called
closed path and weakly closed paths. Still, a complete classification of polyominoes
with prime polyomino ideal is not known.

e The algebraic properties, like when K[P] is Cohen-Macaulay or Gorenstein, are
known only for some specific polyominoes. In [36] the authors show that if P is
simple then K[P] is a normal Cohen-Macaulay domain, by identifying their quotient
ring with the toric ring of a weakly chordal graph. In [6], the authors show that if P
is a closed path polyomino having no zig-zag walks then K[P] is a Cohen-Macaulay
domain. In [34], Qureshi established that the Cohen-Macaulay property holds for
convex polyominoes and characterized all stack polyominoes P for which K[P] is
Gorenstein. The Gorensteiness is also studied in [1, 8, 10, 16, 35, 37].

e Grobner basis of polyomino ideals are studied in [6, 20, 25, 26, 32, 34].

e The Konig type property is studied for simple thin polyominoes in [21], for closed
path polyominoes in [13], and for grid polyominoes in [14].

e The linearly related polyominoes are studied in [15].
e The Charney-Davis conjecture for simple thin-polyominoes are studied in [29].

e The primary decomposition of polyomino ideals, like closed paths, and more in
general for polyocollections is studied in [9].

e Another challenging problem is to compute the h-polynomial of K[P] in terms of
the rook polynomial of P [8, 16, 28, 30, 35, 37].

An important class of ideals other than the prime ideal is the radical ideal. Radical
ideal plays an important role in Algebraic Geometry, for example the Strong Nullstellen-
satz Theorem [11]. Qureshi gave an example of a non-simple polyomino with non-prime
polyomino ideal [36] that is radical.

The radicality of an ideal can be studied from the Grobner bases of the ideal. If we
can define a monomial order such that every element in the Grébner bases has square-free
initial monomial then the ideal is radical [23, Problem 1.8(b)]. The Grébner bases of an
ideal can be computed by using Buchberger Algorithm [23, Section 1.3].

In this paper, we study some elements arising from Buchberger Algorithm to polyomino
ideals. In the second section, polyominoes and some terminologies related to our study will
be defined. In the third section, we will perform the Buchberger Algorithm in polyomino
ideals. In the fourth sections, we will apply the results from previous sections to a class
of polyominoes that we call socket wrench polyominoes. We prove that for the socket
wrench polyomino P, the ideal Ip has square-free quadratic Grobner bases for a suitable
monomial order. We also study some algebraic properties of the K-algebra K[P| = S/Ip.
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2. Preliminaries

In this section, we will recall the definitions and terminologies about polyomino and
polyomino ideal from [5] and [34]. Consider the set Z? and define the partial order:
(i,7) < (k,?) if and only if i < k and j < /.

(i) Let a,b € Z* with a < b. The set [a,b] = {c¢ € Z* | a < ¢ < b} is called an interval.

(ii) Let a = (i,7) and b = (k,¢). The elements a and b are called the diagonal corners
of the interval [a,b], and the elements (i,¢) and (k,j) are called the antidiagonal
corners of the interval [a, b]. Particularly, the elements (7, j) and (k,¢) are called left
lower corner and the right upper corner, respectively, of the interval [a, b]. Similarly,
the elements (i,¢) and (k,j) are called the left upper corner and the right lower
corner, respectively, of the interval [a, b].

(iii) If b=a+ (1,1) then the interval [a, ] is called a cell.

(iv) The edges of a cell [a,a + (1,1)] are the intervals: [a,a + (1,0)], [a,a + (0,1)],
fa+(0,1),a+ (1, )], and [a+ (1,0),a + (1, 1)]

(v) Let P be a finite collection of cells in Z2. The collection of all vertices of P, denoted
by V(P) is the union of all corners from each cells in P.

(vi) Let a = (i,7),b = (k,£) € Z*. The vertices a and b are called in horizontal position
if j = ¢ and in vertical position if i = k.

(vii) Let P be a finite collection of cells in Z2?. Let C and D be two cells in P. The cells
C and D are called connected if there exists a sequence of cells C = C4,...,Cp, = D
in P such that C; N Cjy1 is an edge of C; for all i =1,2,...,m — 1.

(viii) A finite collection of cells P in Z? is called a polyomino if any two cells in P are
connected.

(ix) A walk from cell C to cell D in Z? is a sequence of cells C: C = C4,...,Cp, = D in
Zg such that C;NCj4q is an edge of C; and Ciyq foralli =1,2,... . m—1. If C; # Cj
for all ¢ # j then C is called a path. A polyomino P is called simple if for any two
cells C and D not belonging to P, there exist a path C : C = C4,...,C,, = D such
that C; ¢ P foralli=1,...,m.

(x) Let P be a polyomino and (i,7), (k,¢) € V(P) such that i < k and j < £. The
interval [(Z, ), (k, £)] is called an inner interval of P if any cell [(r,s), (r + 1,5+ 1)]
is an element in P forall i <r <k —1land j<s</¢-—1.

(xi) Let P be a polyomino. The interval [(4, j), (k, )] with i < k is called in a horizontal
edge interval of P if the interval [(¢,7), (¢ + 1,j)] are edges of cells of P for all
C=vi,...,k=1. It [(i—1,7),(4,7)] and [(k,7), (k,j)] are not edges af cells if P then
the interval [(4, ), (k, j)] is called a mazimal horizontal edge interval of P. We define
the wvertical edge interval and the mazimal vertical edge interval similarly.
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(xii) Let P be a polyomino and K be a field. Define the polynomial ring S over K with
variables z;; for all (i,j) € V(P). Each inner interval [(7, j), (k, )] in P is associated
to xijTre — xypTr; € S, that is called the inner 2-minor of P. The set of all inner
2-minors of P is denoted by Ss.

(xiii) Let P be a polyomino. The ideal Ip C S generated by S is called the polyomino
ideal of P and K[P] = S/Ip the coordinate ring of P.

(xiv) Let J C S be a binomial ideal and f = f* — f~ be a binomial in J. The binomial
f is called redundant if it can be expressed as a linear combination of binomials in
J od lower degree. The binomal f is called irredundant if it is not redundant. We
also denote by Vf+ the set of vertices v such that z, divides f* and by Vf_ the set
of vertices v such that xz, divides f~.

3. Buchberger Algorithm in Polyomino Ideal

Let P be a polyomino. We define an ordering in the set V(P) in the following way:
(i,7) <p (k,?) if and only if

e j<lor
e )=/and i < k.

By this ordering, all the vertices in a polyomino with n vertices can be labelled with
positive integer 1,2,...,n from left to right, starting from the vertices with the lowest
ordinate to the vertices with the highest ordinate. Below is an example of such labelling.

21

16

11

1 2 3 4 5
Figure 1: Labelling the Set V(P).

By this labelling, the polynomial ring associated to the polyomino ideal is S = K[z, ..., zy,].
We use the lexicographic monomial order with xy > x9 > --- > x,. For the sake of sim-
plicity, the elements x, € R will be written with a. We define the degree of monomials
z{tag? . afr with YO a;. We also define the interval determined by {a,b} as the in-
terval with diagonal corners {a,b} or antidiagonal corners {a,b}. Now, we are ready to
perform the Buchberger Algorithm. Since Sy consists of inner 2-minors then the polyno-

mial obtained by the Buchberger Algorithm in each step is again a binomial consisting of
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two monomials of the same degree. The degree of this binomial is defined as the degree of
both monomials.

3.1. Binomials of Degree Three

The result in this subsection can also be derived from [34, Theorem 4.1] and [32,
Proposition 3.2]. We start the Buchberger Algorithm by computing the S-polynomial
S(F,G) for every F,G € Sy. The S-polynomial S(F,G) is defined by

lem(ing (£),in<(G))  lem(ine (F),in<(G))
cr - inc(F) cg - inc(G)

S(F,Q) =

where in.(F') (resp. in<(F)) denotes the initial monomial of F' (resp. G) with respect to
< and cp (resp. c¢g) denotes the coefficient of in. (F') (resp. in<(G)) in F' (resp. G).

e If the initial monomial of F' and G are relatively prime then S(F,G) is reduced to
Zero.

o If the greatest common divisor of their initial monomials is a monomial of degree
two then F' = G and S(F,G) = 0.

o If the greatest common divisor of their initial monomials is a monomial of degree
one then S(F,G) is a binomial of degree three.

We will compute S(F,G) in the last possibility and find the condition for the S-
polynomial to be not reduced to zero. Consider the case when F' and G have common
factor in their non-initial monomials (reader may see [6, Remark 1] for more general result).
So, let ' = ab — pq and G = ac — pr with initial monomials ab and ac, respectively. Note
that S(F, G) = p(br — c¢q) and the interval determined by {b, 7} is an inner interval. We
conclude that S(F, @) is reduced to zero.

Now we assume that F' and G have no common factor in their non-initial monomial.
Let F' and G be the inner 2-minors associated to inner intervals [a, b] and [c, d], respectively.
Without losing of generality, assume that a <p ¢. Write F' = ab — pq and G = ¢d — rs
with p <p ¢ and r <p s. We conclude that a <p d. We consider three cases.

(i) If @ = ¢ then S(F,G) = brs — dpq.

Consider the location of vertex d, there are 4 cases to discuss (see the figure below).

s d s d
q
- b q b q b q b
S s d
]
a r p a r p a p T a P r

Figure 2: Case a = c.
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For the first three cases, the interval determined by {d, ¢} is an inner interval. Since
s,d are in horizontal position and s, g are in vertical position, then there is a vertex
y such that the inner interval determined by {¢,d} is the inner interval determined
by {s,y}. By checking all possible configurations (see the figure below), we see that
the inner interval determined by {b,r} is the inner interval determined by {p,y}.

S d S d
q Yy b

q Y b q b Y
s d
a r p a r ] a p r

Figure 3: The first three cases.

Note that
S(F,G) = brs —dpq = (br — py)s + p(ys — dq).
Therefore, S(F, G) is reduced to zero.

q b
d
s Y
!
a p r

Figure 4: The fourth case.

For the fourth case, the interval determined by {d,p} is an inner interval (see the
figure above). Similarly, there is a vertex y such that the inner interval determined
by {p,d} is the inner interval determine by {r,y}. Note that

S(F,G) =brs —dpg = (bs — qy)r + q(ry — dp).
Therefore, S(F, G) is reduced to zero.
If a # c and b = d then S(F,G) = ars — cpq

q S b
Yy I r
c
a p

Figure 5: Case a # c and b = d.

Note that there exists a vertex y such that ¢, c are the antidiagonal corners of the
inner interval determined by {q, c}. Since

S(F,G) = (ar — py)s + p(ys — cq)

we conclude that S(F, G) is reduced to zero.
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z S d

a p Y
Figure 6: Case a # c and b # d.
(iii) If @ # c and b # d then b = ¢ and S(F,G) = ars — dpq.

Note that ars is the initial monomial of S(F,G) and this monomial can only be
divided by initial monomials ar or as from an inner 2-minor. This is the only case
when [a,r] or [a, s] is an inner interval. If [a,r] is an inner interval then

S(F,G) = (ar — qy)s + q(ys — pd)

with y is the antidiagonal corner other than ¢ from the inner interval [a,r|. If [a, s]
is an inner interval then

S(F,G) = (as — p2)r + p(zr — ¢d)
with z is the antidiagonal corner other than p from the inner interval [a, s|.

From the observation above, we conclude the following theorem.

Theorem 1. Let F' and G be the inner 2-minors associated to inner interval [a,b] and
[c, d], respectively, with a <p c. The binomial S(F,G) is not reduced to zero by all inner
2-minors if and only if

e b=rc and

e the interval determined by {a,r} for all v that is an antidiagonal corner of [c,d)] is
not an inner interval.

Definition 1. Let P be a polyomino. Define S3 to be the set of all binomials aiazas —
asagag such that

® a;,a;11 are in vertical position fori=1,3,5

® a;,a;+1 are in horizontal position for i = 2,4,6 (with a7 = a1)

® a1 <pas <paz<payg anday <p ag <p a5 <p a4

e both intervals determined by {a1,a3} and {a1,as} are not inner intervals

e the interval determined by {ay,b} and {b,a4} are inner interval with b is the inter-
section of the segments asas and asag.

Note that there are no elements in S3 whose initial monomial is divisible by the initial
monomial of an inner 2-minor. Therefore, we conclude that Ss is the set of all binomials
of degree three arising from Buchberger Algorithm in the polyomino ideal with respect to
the given monomial order <p.
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as Qay

|:| : every cell is contained in the polyomino

ag b as

|:| : some cells are not in the polyomino

ay ae

Figure 7: Binomials in Ss.

3.2. Binomials of Degree Four

Now, we have the set S U S3. We want to compute S(F,G) for F' € S3,G € Sy or
F,G € S3. For the case ' € S3 and G € S5, note that if F' = ajazas — asaqas € S3 then
the pairs (a1, as), (a1, as), and (a3, as) are not pair of diagonal corners of an inner interval,
thus we only need to consider the case when the greatest common divisor of their initial
monomials has degree one. For the case both F,G € S35, we will consider the case when
the greatest common divisor of their initial monomials is a monomial of degree two.

3.2.1. The Case F € S3 and G € 5
Let F' = abc — def and G = pq — rs, with |[{a,b,c} N{p,q}| =1 as illustrated below.

c €

a p r

Figure 8: The Binomials F' and G.

Recall that the intervals determined by {a, b} and {c,d} are not inner intervals. First,
we observe the case if F' and G also have common monomial divisor on their non-initial
monomials. We show that S(F,G) can be reduced to zero. From the structure of F' and
G, the possible cases are:

(i) a=pand d=s;
(i) a=pand f =r;

(iii) b=p and e = s;
)

(iv) b=gq and d = s;
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(v) e=pande=r;
(vi) c=qand r = f.

The first two cases can occur simultaneously. In that case, we notice that g is the
intersection of the segments cf and bd. Notice that S(F,G) = df (bc — ge) is reduced to
zero since bc — ge € S3. Now, we examine all the cases separately.

(i) If a = p and d = s then S(F,G) = d(ber — efq).

e If a < r < f then consider the interval determined by {r,c}. If it is an inner
interval then ber — efq is reduced to zero by similar argument in section 3.1
(case (iii)). If it is not an inner interval, since the interval determined by {r, b}
is not an inner interval, then ber — efq € S3 and it is reduced to zero.

C e

a r f

Figure 9: Casea=p,d=sanda<r < f.

e If a < f <r,let z be the intersections of segments cf and bd, then
ber — efq = (—€)(qf — 2r) + (~r)(ez — be)

is reduced to zero.

a o

Figure 10: Case a=p, d=sand a < f < r.

(ii) The case a = p and f = r is similar with the first case.

(iii) If b = p and e = s then S(F,G) = e(acr — dfq). Note the the interval determined
by {a,r} and the interval determined by {a,c} are not inner intervals. Therefore
acr — dfq € S3 and S(F, G) is reduced to zero.
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(iv) If b = g and d = s then S(F,G) = d(acr — pef). Since the interval determined by
{a, b} is not inner interval then a < p < d and the interval determined by {a,r} is
not an inner interval. Therefore acr — pef € S3 and S(F,G) is reduced to zero.

(v) The case ¢ = p and e = r is similar with the case (iii).
(vi) The case ¢ = g and r = f is similar with the case (iv).

Now, we can assume that F' and G have no common monomial divisor in their non-
initial monomials. We consider every possibility of {a,b,c} N {p, q}.

(i) If ¢ = ¢ then S(F,G) = abrs — pdef. Note that 7, ¢, f are in vertical position.
Consider the vertex r.

If b <p r then the interval determined by {p,e} is an inner interval with s as one
of the antidiagonal corner. Let y be the other antidiagonal corner. It is clear that
y, b, e are in vertical position and b <p y <p e. Therefore,

S(F,G) = (abr — dfy)s + df (ys — pe).

The binomial abr — dfy is reduced to zero by So or an element of S3. Hence, S(F, G)
is reduced to zero.

s C e s c e

P ] p = Y
d b d b
a J a J

s ¢ e s ¢ e
d b d b
p r
a y f a vy f
D &—er

Figure 12: Case g =cand r <p b.
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If » <p b then the interval determined by {p, f} is an inner interval. Let y be the
vertex such that the interval determined by {y,r} is the inner interval determined
by {p, f}. It is clear that a,y, f are in horizontal position and a <p y <p f since
the interval determined by {a, ¢} is not an inner interval. Therefore

S(F,G) = (abs — dey)r + de(yr — pf)
and is reduced to zero of the previous arguments.

(ii) If ¢ = b then S(F,G) = acrs — pdef. Let u be the intersection of the segments cf
and db. Consider the vertex s.

If w <p s then [p, €] is an inner interval with r as one of the antidiagonal corner. Let
y be the other antidiagonal corner. Therefore,

S(F,G) = (acs — dy f)r + df (yr — pe)

and is reduced to zero.

a a ]

D oe—orT

Figure 13: Case ¢ =b and u <p s.

If s <p u then the interval determined by {p,d} is an inner interval.

C e C e
d s b s d b
Yy r r
p py
a J a J

Figure 14: Case ¢ = b and s <p u.

Let y be a vertex such that the interval determined by {p,d} is the interval deter-
mined by {y, s}. Note that a,y,d are in vertical position and a <p y <p d since the
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interval determined by {a,b} is not an inner interval. Therefore
S(F,G) = (arc —yef)s+ ef(ys — pd)
and is reduced to zero.

(iii) If ¢ = a then S(F,G) = bers — pdef. Let u be the intersection of the segments cf
and bd. Note that

S(F,G) = (—rs)(ue — be) + (—e)(pdf — usr)

and therefore is reduced to zero.

p r
Figure 15: Case g = a.

(iv) If p = a then S(F,G) = bers — gdef. Consider the vertex r which is in horizontal
position with a and f.

If a <p r <p f then the interval determined by {q,d} is an inner interval and it is
an interval determined by {s,y} for some vertex y. Therefore,

S(F,G) = (ber — efy)s + ef(ys — qd)

is reduced to zero.

c e c e
s g
o
d Y b
S ¢—ed b d y
a T | a r

Figure 16: Case a <p r <p f.

If a <p f <p r then the interval determined by {q, f} is an inner interval and it is
an interval determined by {r,y} for some vertex y. Note that

S(F,G) = (bes — dey)r + ed(ry — fq)
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is reduced to zero if a <p s <p d. If a <p d <p s, note that y <p ¢ since [a, ] is
not an inner interval. The binomial bcs — dey is not in S3. But

bes — dey = (be — ez)s + (—e)(dy — s2)

with z is the intersections of the segments cf and bd. So, S(F, G) is reduced to zero.

c e c e
S Y q
z b d
d
S Y q b
a fr a r

Figure 17: Case a <p f <p r.

(v) If p = b then S(F,G) = acrs — qdef. Note that the vertices b, e, s are in vertical
position. Consider the vertex s.

If e <p s then there is a vertex y such that the inner interval [e, ¢] has s,y as the
antidiagonal corners. Therefore,

S(F,G) = (arc — dyf)s + (—df ) (qe — ys)

is reduced to zero.

a

Figure 18: Case p=>band e <p s.

If s <p e, note that there is no inner 2-minor whose initial monomial divides the ini-
tial monomial of S(F, G), which is acrs. Hence the binomials whose initial monomial
may divide acrs are the elements of S3. From Theorem 1, the only initial monomials
of the element in S3 that may divide acrs are ars, acr, or asc. Let x,y,z be the

vertices such that ars — xdq, acr — dyf, asc — efz are the corresponding binomials,
respectively.



Y. Y. Hamonangan, I. Muchtadi-Alamsyah / Eur. J. Pure Appl. Math, 17 (4) (2024), 2621-2650 2634

c e vy

a T

Figure 19: Case p="b and s <p e.

e The binomial ars — xdq is not in Ss since [a, b] is not an inner interval.

e The binomial acr —dyf is contained in Sj if and only if the interval determined
by {q,e} is an inner interval. If the interval is an inner interval then

S(F,G) = (acr — dyf)s + df (ys — qe)

is reduced to zero.

e The binomial asc—efz is contained in S3 if and only if the interval determined
by {q,d} is an inner interval. If the interval is an inner interval then

S(F,G) = (asc —efz)r + ef(zr — qd).
is reduced to zero.

(vi) If p = c then S(F,G) = abrs — gdef. Note that the vertices e, c,r are in horizontal
position. Consider the vertex r.

If e <p r then there exists a vertex y such that the inner interval [e, ¢] has r,y as
the antidiagonal corners. Therefore,

S(F,G) = (abs — dy f)r 4 (—df)(qe — yr)

is reduced to zero.

a

Figure 20: Case p=cand e <p r.
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If r <p e, note that there is no inner 2-minor whose initial monomial divides the ini-
tial monomial of S(F, G), which is abrs. Hence the binomials whose initial monomial
may divide abrs are the elements of S3. From Theorem 1, the only initial monomials
of the element in Ss that may divide abrs are ars,abr, or abs. Let z,y,z be the
vertices such that ars — qx f, abr — dey, abs — df z be the corresponding binomials,

respectively.
s 9 =z
T C
r e
d
b
a f Yy

Figure 21: Casep=cand r <p e.

e The binomial ars — gz f is not in S3 since [a, ¢] is not an inner interval.

e The binomial abr — dey is contained in S3 if and only if the interval determined
by {q, f} is an inner interval. If the interval is an inner interval then

S(F,G) = (abr — dey)s + de(ys — fq)
is reduced to zero.

e The binomial abs — df z is contained in S5 if and only if the interval determined
by {q,e} is an inner interval. If the interval is an inner interval then

S(F,G) = (abs — df 2)r + df (zr — eq)

is reduced to zero.

We summarize our discussion above to the following theorem.

Theorem 2. Let F = ajasas — asagag be the element in S3 as in Definition 1 and
G = pq — rs be the element in So associated to the inner interval [p,q] with lower-right
and upper-left corners r and s, respectively, then S(F,G) is not reduced to zero by Sy U S
if and only if one of the following statement holds:

e p = ag, as > s and both intervals determined by {q,a2} and {q,as} are not inner
intervals

e p = as, ag > r and both intervals determined by {q,as} and {q,as} are not inner
intervals.
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s q

as a4

=
Il

as

Gy

as T as as

a ay
ag ae

I:I : every cell is contained in the polyomino

I:I : some cells are not in the polyomino

Figure 22: Binomial in Theorem 2.

3.2.2. The Case F € S; and G € S;3

Let F' = A1 Ay As — B1 B9 B3 and G = ajazas — b1bobs with initial monomials A1 A5 A3z and
aiasagz, respectively. We assume that Ay <p A <p A3z, B1 <p By <p Bs, a1 <p as <p
as, by <p by <p b3, and |[{A1, A2, A3} N {a1,as,as}| = 2. We consider every possibility of
{Al, AQ, Ag} N {al, as, ag}

(i) If {A1, A2, A3} N {ay, a2, a3} = {A1, A2}
This case is only possible if A} = a; and As € {az,a3}.

o If A2 = a then B2 = b2 and
S(F, G) = (—Bg)(a3BlB3 - Agblbg).

Without loss of generality, we may assume B; <p by (for the possibility By = by,
we have the interval determined by {As, b3} is an inner interval and hence
S(F,G) = BaB1(Asbs — a3 Bs3) is reduced to zero).
— If b3 = B3 then
S(F, G) = (—BQBg)(agBl — Agbl)
is reduced to zero since Asbs — a3 B3 is an inner 2-minor.
— If By < b3 (see Figure 23 in the left side) then agB;Bs — Asbibs € S
since the interval determined by {b1, Bs} and the interval determined by
{As, a3}, both are not inner intervals. Therefore S(F, G) is reduced to zero.

— If B3 < b3 (see Figure 23 in the right side), note that the interval determined
by {as, B3} is an inner interval and is the same with the interval determined
by {bs,y} for some vertex y. Therefore,

S(F, G) = (—ngg)(Bly — Agbl) + (—BQBl)(ang — bgy)

is reduced to zero.
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Az Y B
Ag Y B3 3 3
a3 ¢—y b3
BZ A2 B2

Az

A B b A Bi by

Figure 23: Case A1 = a1 and A3 = as.

e If Ay = a3 then
S(F, G) = A3b1b2b3 - CLQBlBQBg

has initial monomial as BBy Bs.

A3 BZS Y

B 2 AQ bS

bo i

az

A1 B] bl
Figure 24: Case A; = a; and Az = as.
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Note that there is no inner 2-minor whose initial monomial divides as BBy Bs.
Moreover, the binomials in S3 whose initial monomial divides a9 B1 B2 B3 are
the binomial with initial monomial a3B;Bs. This can only happen when the
interval determined by {Bs, b3} is an inner interval and the binomial in S5 that
satisfies the property is aaB1Bs — biyz where z is a vertex such that [Ay, 2]
is the inner interval determined by {b2, B1}. Therefore, S(F,G) is reduced to

Zero since
S(F, G) = —Bg(agBlBg — blyz) + bl(A3b2b3 — Bgyz)

and Asbobs — Boyz is an element in S3.

(ii) If {A1, Ag, A3} N{a1,a2,a3} = {A1, Az}. This case is only possible if 4] = a; and

A3 c {az, a3}.

For the case A3z = ag, since S(F,G) = —S(G, F) then it is similar with the case
A; = a1 and As = a3. We conclude that S(F,G) is reduced to zero if and only if

the interval determined by {Bs, b3} is an inner interval.

For the case A3 = a3, we have B; = b1 and

S(F, G) = Bl (Agbgbg - angBg).
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By similar argument with the case A1 = a1 and Ay = ag, we may assume B3 <p b3
and we have three subcases
e If by = By then S(F, G) is reduced to zero since A2bs —ag Bs is an inner 2-minor.
o If By < by then S(F,G) is reduced to zero since agBa B3 — Agbabs € S3.

e If by < By, notice that the interval determined by {Bs, a2} is an inner interval
that is the same with [y, b3] for some vertex y. Therefore, S(F,G) is reduced
to zero since we can write

S(F, G) = B1b3(A2b2 — Bgy) + B1Bg(b3y — ang).

As  Bs by A; B by
b2 y I
BQ A2 32 as
by Az
Yy a2
A1 Bl Al Bl

Figure 25: Case A1 = a1 and Az = as.

(111) If {Al,AQ,Ag} N {al,a2,a3} == {AQ,A;;} then A2 = a and A3 = as. Thus, Bg = b3
and
S(F, G) == Bg(Alblbg - CLlBlBg).

As B3 A3 Bs
b2 B2 b2 BQ
A
ai I by 2 Az
Y B
A1 Bl Al !
ai Yy b1

Figure 26: Case Az = a2 and Az = as.
Similarly, we may assume by <p Bs, and this implies that [a1, Bs] is an inner interval

having {b2,y} as the antidiagonal corners for some vertex y. Therefore, S(F,G) is
reduced to zero since

S(F,G) = —B1Bs(a1By — bay) + Bsba(A1b1 — By).

We summarize this discussion with the following theorem.
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Theorem 3. Let F' = A1 AyA3 — B1 B3B3 and G = ajasas — bi1bobs with initial monomials
A1A2A3 and ajagag, respectively, in Ss with A1 <p As <p Az, B1 <p By <p Bs,
a1 <p ag <p asz, by <p ba <p b3, and |{A1,A2,A3} N {al,ag,ag}\ = 2. The binomial
S(F, Q) is not reduced to zero by Sy U Ss if and only if

o A =a,

e the interval determined by {Bs,bs} is not inner interval, and

e A3 =as or Ay = a3 holds.

As B3
AQ = as
B2 bd
bg ag
A1 = ax Bl b1

as b3
b B:
2 Ag = ay 3
B2 AQ
A1 = ay b1 Bl

I:I : every cell is contained in the polyomino

I:I : some cells are not in the polyomino

Figure 27: Binomials in Theorem 3.

Note that there are no elements in S5US3 whose initial monomial divides the binomials
S(F, G) discussed in Theorem 2 and 3. We conclude that all binomials of degree four from
the Buchberger Algorithm is of the form ajasasas — b1babsbs with a1 <p as <p ag <p ag,
b1 <p by <p b3 <p b4, and initial monomial aiasazas, and can be illustrated in the

following figure.
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by Gy

as bg

Qy b4

as

bg b2 a2

b2 a2

ay

by ai by
I:I : every cell is contained in the polyomino

|:I : some cells are not in the polyomino

Figure 28: Binomials in Theorem 2 and Theorem 3.

4. The Socket Wrench Polyominoes

Consider the following polyomino constructed from 8 unit squares forming a 3 x 3
square without the unit square in the center and continued by adding n unit squares to
the left of the unit square on the leftmost cell on the middle row. We call this polyomino
a socket wrench polyomino, because it looks like the socket wrenches used by mechanics
to tighten or loosen nuts and bolts. We use for this polyomino the same labelling with
reference to Section 3.

13+2n 14+2n 1542n 164 2n

9+ n 9+ 2n 10 H2n 11+ 2n [12 4+ 2n
5 54+ n 6+n T7-Hn 8+n
1 2 3 4

Figure 29: A Socket Wrench Polyomino with n Additional Unit Squares.

Theorem 4. Let P be a socket wrench polyomino then the polyomino ideal I'p is a radical.

Proof. We claim that according to this labelling and lexicographic order, the ideal Ip
has So U S3 as the Grobner bases. Since the initial monomial of every element in Sy U S5
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is square-free then we have the result.
By Theorem 1, every element of S5 is one of the following forms:

® TiT1142nT1442n — LitdnT1542nT64n, 0 <1 < 4+ n

® TiT1249nT1442n — Titd+nT164+2nT64n, 0 <1 < 4+n

® T;T1142nT1342n — Litd4nT1542nT54n, 0 <1 <4 +n

® T;T1242nT1342n — LitdinT16+2nT54n, 0 <1 <4 +n

To complete our claim, we observe the following.

(i)
(i)

(iii)

S(F,G) with F,G € 53 is either reduced to zero or contained in Ss.

Suppose there are F' € S3 and G € Sy such that S(F, G) is not reduced to zero. Write
F = aiasas — asagag as in Definition 1 and G = pg — rs. Here, a1 <p ag <p as,
ag <p ay <p aq, p <p q, and r <p s. From the structure of elements in S3, we have
a; € [5,4+n], a3 € {11 +2n,12 4 2n}, and a5 € {13 + 2n,14 4+ 2n}. By Theorem
2, we have p = a3 or p = as. Suppose p = as, then [p,¢| can not be an inner
interval. Therefore p = a3. Since [p, q] is an inner interval, then p = a3 = 11 + 2n
and ¢ = 16 + 2n. But then s = a4 = 15 + 2n, contradiction with a4 > s.

Suppose there are F,G € S3 such that S(F,G) is not reduced to zero. By the
definition of Ss, since the non-initial monomial of a binomial in S5 is completely
determined by its initial monomial then we can eliminate the cases when the initial
monomials of F, G are relatively prime or equal.

(a) If the greatest common divisor of their initial monomial is a monomial of degree
two, we will have a similar argument as in the previous case but using Theorem
3 that it will come to a contradiction.

b) If the greatest common divisor of their initial monomial is a monomial of degree
g g
one, by our classifications above, we need to consider several cases of S(F,G).

L4 S(xix11+2nx14+2n_Jf'i+4+nl‘15+2n$6+n7 le'12+2nx14+2n_xj+4+nx16+2nx6+n))
5<i<j<4+n.
The above expression is equal to

TiZ1142nLj+44+nL1642nL6+n — Li+44+nL154+2nL6+nLjL12+42n
= $6+n1‘11+2n3316+2n($i$j+4+n - 1Ui+4+n$j)

+264nTitatnTi(T1142nT1642n — T154+2nT12+42n)

and is reduced to zero.

® S(TiT1142n 14420~ Tit+ 44+nT154+2nT6+n> TjT114+20T13+20 — Tj+4+nT15+2nT54n),
<1< <4 +n.
The above expression is equal to

TiX1442nLj+4+nT154+2nL54n — LjL13+4+2nLi+d4+nL154+2nL6+n
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= 9615+2n3314+2n365+n($i$j+4+n - $j$i+4+n)
+T1542nTjTitd+4n (T1442nT54n — T64nT13+2n)

and is reduced to zero.

° 5(%’1‘11+2n$14+2n—l‘z'+4+nl‘15+2n$6+n, $i$12+2n$13+2n_$i+4+n$16+2n$5+n)a
5<i1<4+4n.
The above expression is equal to

T1142nL1442nLi+44nL164+2nL5+n — LT1242nL13+4+2nLi+4+nL154+2nL6+n
= xi+4+n$11+2n$16+2n($5+nx14+2n - x6+nx13+2n)

FTi+4+nT64+nT13+2n (x11+2n$16+2n - $12+2n$15+2n)

and is reduced to zero.

o S(TiT1212nT 14420 —Tit44+nT16+2nT6+n> TiT114+2nT13+42n — Titd+nT1542nT54n),
5 <1 <4+n.
The above expression is equal to

L124-2nL144-2nLi+44+nL154+2nL54+n — Li+4+4+nL164+2nL6+nL114+2nL134-2n
= TitanT1242n 215420 (T54nL144+2n — T64nL13+2n)

+ it 44nT64+nT13+2n (T1242n L1542 — T1142nL16+2n)

and is reduced to zero.

b S(xix12+2n$14+2n—$i+4+n9016+2n336+n, $j3312+2n9613+2n—$j+4+n9616+2n935+n)’
5<i<g<4+n.
The above expression is equal to

TiX1442nLj+4+nL164+2nL54+n — Li+d44+nL16+2nL6+nLjL13+2n
= $16+2n9€14+2n$5+n($i$j+4+n - ij$i+4+n)
+$16+2n96j9€z‘+4+n(9614+2n$5+n — T1342n%64n)

and is reduced to zero.

° 5($i9611+2n$13+2n—xz‘+4+n9615+2n$5+n, $j$12+2n$13+2n—$j+4+n3316+2n$5+n),
<1< <4 +n.
The above expression is equal to

TiZ1142nLj+44+nT164+2nL5+n — Li+44+nL154+2nL54+nLjL12+42n
= T51nT11420%1642n(TiTjtd4n — TjTivdtn)
—|—965+n113j95i+4+n($11+2n$16+2n — 1242nT1542n)

and is reduced to zero.

And we are done with the proof.
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Remark 1. Note that we can rotate the socket wrench polyominoes 90°, 180°, and 270°
and get the same conclusion since we also can rotate the labelling and using the same
monomial order.

We also can prove a stronger result by using the similar argument with [5, Section 4].
Theorem 5. Let P be a socket wrench polyomino then the ideal I'p is prime.

Proof. We label P according to Figure 29. Let {V;};c; be the set of maximal vertical
edge intervals of P and {H;}jc; be the set of maximal horizontal edge intervals of P,
where I = {1,2,...,n+4} and J = {1,2,3,4}. Let {v;}ic; and {h;};cs be the set of
variables associated respectively to {V;}icr and {H;};es, respectively. Let w be another
variable different from v; and h;. Let A = {3,4,7+ n,8 4+ n}. Define

a:V(P)— K[{vi,hj,w}:iel, jeJ
rr—>vihjwk

withr e ViNHj, k=0ifr ¢ V(A),and k =1if r € V(A).

Consider the following surjective ring homomorphism

¢: Kz, :r € V(P)] = Kla(v) : v e V(P)]
xr — a(r)

The toric ideal Jp is the kernel of ¢. We will prove that Ip = Jp.

We start by proving Ip C Jp. Let f = 2,24 — 2,25 be a generator of Ip that associated
to the inner interval [p, ¢|. We may assume that p,r and g, s, respectively, are on the same
maximal vertical edge interval. Then, p, s and ¢, r, respectively, are on the same maximal
horizontal edge interval. If [p,q] N A = () then f € Jp. Consider the case [p,q] N A # 0.
If [p,q] = A then f € Jp. If [p,q] # A, by the construction of P, then either s,q or p, s
must be two vertices of A. In the first case, p,r are not the vertices of A. In the second
case, r,q are not the vertices of A. In both cases, we conclude that f € Jp.

Now, it remains to prove that Jp C Ip. We will prove this by showing that every
binomial of degree two in Jp belongs to Ip and every irredundant binomial in Jp is of
degree two (or for some cases, it is in Ip).

For the first part, let f = x,74 — 2,25 be a binomial in Jp. If p, ¢ are in horizontal or
vertical position, since ¢(f) = 0 then we can easily argue that {p,q} = {r,s} and f =0 ¢
Ip. We consider the case p,q are the diagonal corners of an interval (the case p, q are the
antidiagonal corners can be done similarly). Let v, and h, be the variables associated to
the maximal vertical and horizontal edge intervals that contain p, respectively. We define
Vg, Ur, Vg, Ny, By, s similarly. We will prove that r, s are the antidiagonal corners of [p, q]
and argue that f € Ip. We divide into three cases:

e If p,qg € A. Since ¢(zp74) = vyvghph,w? then w? divides ¢(x,x5). Thus, r,s € A. If
r =porr =q then {r,s} = {p,q} and f = 0 € Ip. Therefore r is an antidiagonal
corner of [p,q]. If ¢(x,) = vphqw then ¢(xs) = vshpw and s is also an antidiagoal
corner of [p, g]. The same conclusion for ¢(z,) = vyh,w. Clearly, [p,q] = [3,n+ 8] is
an inner interval and thus f € Ip.
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o If exactly one of p, g belongs to A. We consider the case p € A. By the construction
of P, we have p € {3,7+n} and g € {12+ 2n,16 + 2n}. Since w divides ¢(x;) then
re€ Aorsée A We may assume that r € A. If r = p then s =g and f =0 € Ip.
If p,r are not in horizontal position then H, contains an edge of A but H, # H,
and H, does not contain any edge of A. Therefore h, divides ¢(x,xs) but does
not divide ¢(zpz,), a contradiction. Now, p,r are in horizontal position. By the
construction of P, we conclude that r, ¢ are in vertical position. Thus, ¢(zs) = vphy
and therefore r, s are the antidiagonal corners of [p,q|. Since p € {3,7 + n} and
q € {124 2n,16 + 2n} then [p,q| is an inner interval and thus f € Ip. The case
q € A is also true by symmetry.

e If both p, ¢ do not belong to A. Similarly, we have that f = 0 € Ip or r,s are the
antidiagonal corners of [p, q]. Let P’ be a polyomino obtained by removing the cells
that has common vertices with A. Note that P’ is a simple polyomino. Let ¢’ be the
restriction of ¢ on Kz, : a € V(P)\A] and Jp be the kernel of ¢'. Note that f € Jp
By [36, Theorem 2.2], we have that Ipr = Jpr. Therefore f € Jpr = Ipr C Ip.

For the second part, let f be an irredundant binomial in Jp. Clearly, f has degree at
least two. Suppose that f has degree at least three and choose f with the least degree.
Suppose that every variable of f is in K[z, : a € V(P)\A]. Define P’ as the previous
case then f is a binomial in Jp: and f is irredundant in Jp/. Since Ipr = Jps then f is
an irredundant binomial in Ip which means that f must be a binomial of degree two, a
contradiction. Now, suppose that z,, is a variable of f with vy € A. Write f = ft — f~.
We may assume that x,, divides f*. If z,, divides f~ then f = x,, (9" — g~). Since
Jp is prime then g = g™ — g— € Jp. If the degree of g is at least three then g must be
irredundant. But, this contradict the choice of f. If the degree of g is two then by the
previous part, we conclude that g € Ip and f = z,,9 € Ip. Now, suppose that x,, does
not divide f~. We may assume that no z, divides both f* and f~ for v € A. Since
w divides ¢(f7) and ¢(f*) = ¢(f~) then there exists v € A such that z,, divides f~.
Let V,, and H,, be the maximal vertical and horizontal edge intervals, respectively, that
contain v1. Since vy, divides ¢(fT) and ¢(f) = ¢(f~) then there exists vy € V;, such
that z,, divides f~. Similarly, there exists v5 € H,, such that Loy, divides f~. Define Vi
and Hv'l similarly. We also get that there exists vo € Vyll and vy € va such that both z,,
and z,, divide f*. Consider the following cases:

e If v; and v| are on the same horizontal edge interval of P. By the construction of P
then the interval determined by vy, vs is an inner interval. By [5, Lemma 2.2] with
three vertices vy, v9 € VfJr dan v] € Vf_, we get a contradiction.

e If v; and v} are on the same vertical edge interval of P. Similarly we get a contra-
diction by [5, Lemma 2.2] and three vertices v, vs € VfJr dan v} € V.

e If v; and v} are the diagonal corners of [3,8 + n]. We may assume that v; = 3
and vj = 8 + n. Consider v§. If v = 4 then vy € {12 4 2n,16 + 2n} and we get
a contradiction by [5, Lemma 2.2] and three vertices vy, ve € VfJr dan vz € V.
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Therefore vy # 4. In particular, v4 is not the antidiagonal corner of [3,8 + n]. With
the similar arguments, we conclude that v} is not the antidiagonal corner of [3,8+n].
Looking at the construction of P, we see that the vertices vy, v}, vh, vs lie on P as
the following figure:

v

h /
Uy

/
Vg (%] 4

Figure 30: lllustration for vy, v}, v5, v} on P.

Note that [v4,v]] is an inner interval with 4 as one of the antidiagonal. Let h be the
other antidiagonal. Notice that

[~ /-
f=1f - TpZa | — (%g%g — TpT4).
xvflxvé wvll.%'vé

Since Tyt Tyt — Ty € Ip C Jp then fT — f;ug Ty € Jp. But, both z4 and Ty

x, r
Y1

divide ———zj,24 and z,, divide f*. By [5, Lemma 2.2] and three vertices 4, v}, v;

X X, 1
Y1 Y3

we get fT — = ch ; ~xp2y is redundant and f is also redundant, a contradiction.
Y1 Y3

e We argue similarly for the case vy and v} are the antidiagonal corners of [3,8 + n].

Corollary 1. Let P be a socket wrench polyomino then K[P] is a normal Cohen-Macaulay
domain.

Proof. By the previous theorem, we have Ip is a toric ideal and has square-free
quadratic Grobner bases for the suitable monomial order. By a theorem of Sturmfels [23,
Corollary 4.26] we conclude that K[P] is normal and by a theorem of Hochster [4, Theorem
6.3.5] we have that K[P] is Cohen-Macaulay. Therefore K[P] is a normal Cohen-Macaulay
domain.

Next we compute the h-polynomial of socket wrench polyominoes and prove that K[P]
is Gorenstein if and only if there is no unit square that we add in the definition of the
socket wrench polyominoes. We refer the definition of (£,C)-polyomino in [8]. The socket
wrench polyominoes are (£, C)-polyominoes by the following figure

Here, we take symmetry to the definition of (£, C)-polyomino so it is suitable to the
socket wrench. The results in [8] do not change. We also can rotate the socket wrench
polyominoes by 180° to see that the socket wrench polyominoes are (£, C)-polyominoes.

We recall some terminologies from [8] and [37].

(i) For a polyimino P, the rook number r(P) is the maximum number of non-attacking
rooks that can be placed in P.
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a2 do

Figure 31: Socket wrench polyominoes are (L, C)-polyominoes.

(ii) For a polyomino P, denote by r; the number of ways to placed k rook in P in
non-attacking position, conventionally ro = 1.

(iii) The polyomino P is thin if it does not contain square tetromino.

(iv) Let P be a simple thin polyomino. A cell C' of P is single if there exists a unique
maximal inner interval of P containing C. If any maximal inner interval of P has
exactly one single cell, we say that P has the S-property.

We also use some terminologies from [5] and [31].

(i) Let P be a polyomino. A sequence of distinct inner interval W : I, ..., I; of P such
that v;, z; are diagonal (resp. antidiagonal) corners and w;,v;4+; are antidiagonal
(resp. diagonal) corners of I;, for i = 1,..., ¢, is a zig-zag walk of P, if

(a) Lni= {Ul = Ug_H} and I; N 141 = {Uz'—f—l} fore=1,2,...,0—1;

(b) v; and v;41 are on the same edge interval of P, for i =1,... /.

(c) for any i,j € {1,...,¢}, with i # j, does not exist an inner interval J of P such
that z,z; € J.

(ii) A polyomino is called closed path if P is a sequence of cells Ay, Ag, ..., Ay, Apt1,
n > 5 such that

(a) +17

(b) A N A;+1 is a common edge, for i = 1,2,...,n;

(c) A; # Ajforalli#jandi,je{1,2,. },

(d) Forallie{1,2,...,n} and for allggé{z— 2,i—1,4,i+ 1,7+ 2} then V(4;) N
V(A;) = 0, where A_1 = An_1, Ao = An, Apir = A1, Angs = As.

In [31, Corollary 3.6], the authors prove that if there exists a zig-zag walk in P then
the ideal Ip is not prime. For socket wrench polyominoes, since Ip is prime then P has
no zig-zag walk. Now, we are ready to prove the next theorem.

Theorem 6. Let P be a socket wrench polyomino with n additional unit squares. Then:
(i) the h-polynomial of K[P] is

hip)(t) = 14 (n 4 8)t + (Tn + 16)t* + (11n + 8)¢* + (3n + 1)¢*
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(ii) reg(K[P]) = 4;
(111) K[P] is Gorenstein if and only if n = 0.

Proof. Since P is a (L, C)-polyomino and C is a simple and thin polyomino then by [8,
Theorem 5.2], we obtain that

r(P)
hK[p] (t) = Z T‘ktk
k=0

and reg(K[P]) = r(P). Note that r(P) = 4 since the first, the second and the third row
can not contain more than one rook, two rooks, one rook, respectively, and we can place
four rooks like illustrated in the figure below

=
)¢ =
J={

Figure 32: r(P) = 4.

We also can easily get 11 = n+38, ro = 7n+16, r3 = 11n+8, and r4 = 3n+ 1 by some
counting arguments. Then

hicp(t) = 1+ (n+ 8)t + (Tn + 16)t* + (11n + 8)t* + (3n + 1)¢*

and reg(K[P]) =4, (i) and (ii) are proven.

For (iii), by [39, Theorem 4.2] since 1 # 3n+1 for n > 0 then K[P] is not Gorenstein.
If n =0, then P is a closed path having no zig-zag walks. We notice that the single cells
of P are the four cells in the middle of the first row, the third row, the first column, and
the third column. We also notice that the maximal intervals of P are the four intervals
containing three cells in the first row, the third row, the first column, and the third column.
Each of them only has one single cell, and thus P has the S-property. By [8, theorem 5.7],
we conclude that K[P] is Gorenstein.

5. Conclusion

In this paper, we classify some few-degree binomials that arise from the Buchberger
Algorithm on polyomino ideal. Based on the labelling and the monomial order that were
explained at the beginning of the third section, we obtain that the Buchberger Algorithm
produces binomials of degree three (Theorem 1) and binomials of degree four (Theorem
2 and 3). We also give a class of polyominoes (the socket wrench polyominoes) that has
Grobner bases of degree at most three with respect to the previous labelling and monomial
order, and hence the polyomino ideal is radical. We also study some properties of the
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polyomino ideal Ip of the socket wrench polyominoes. The ideal Ip is prime (Theorem
4). The quotient ring KP is a normal Cohen-Macaulay domain (Corollary 1). The h-
polynomial, regularity, and Goreinsteness are given in Theorem 6. The problem about
Grobner bases and radicality of polyomino ideal are still open.
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