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Abstract. In this note, we provide a new criterion of polynomials’s irreducibility over Fq[X],
where F, is a finite field.
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1. Introduction

A polynomial is reducible over a given field if it can be expressed as a product of
lower degree polynomials with coefficients in the same field. Otherwise, it is called to be
irreducible.

We are interested in determining if a particular polynomial is irreducible or not. As a
result, a simple test or criterion for obtaining this information is desirable.

Unfortunately, no such criterion that applies to all classes of polynomials has yet been
developed; nonetheless, a number of tests, or irreducibility criteria, have been discovered
so far that provide useful information for some specific classes of polynomials.

This article focuses on irreducible polynomials with coefficients in F,[X], where over
F, is a finite field.

A. Chandoul et al. [2], proved a widely accepted irreducibility criterion, which states
that:

Theorem 1. If A(Y) = Y%+ X\g_1 Y9 L 4.4+ Ny be a polynomial with \; €q[X], M #0
and deg A\g—1 > deg \;, for each i # d — 1. Then A is irreducible over 4[X].

This result was the starting point for many researches and the exploration of new
criterions, see [1, 3]. For older results, see [4, 5]. In this note, we provide a new criterion
of polynomials’s irreducibility over F,[X].
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2. Preliminaries

Let F, be the finite field and denote by F,[X] the ring of polynomials with coefficients
in F, and by Fy(X) the quotient field of F,[X]. Let F,((X~1)) be the field of Laurent
formal power series defined as follows:

F, (X)) ={ Z an X", an, € Fy and ng €}.

n>ng
+o00 0
For w = Z an X" € F (X)), we define the integer part [w] of w by [w] = Z an X"
n=ng n=ng
+o0
if ng <0 and [w] = 0 if ng > 0, the fractional part of w by {w} = w — [w] = Z an X"
n =1
We have a non-archimedean absolute value | - | on Fy((X 1)), namely, for any element
w € Fy((X~1)) having the form
+o0
w = Z an X" (an € Fy),
n=ng
we define |w| = e ™ if w # 0, where ng is the smallest index verifying a,, # 0, and

|w| = 0 if w = 0. We know that F,((X~!)) is complete and locally compact with respect
to the metric defined by this absolute value.

We denote by F,((X1)) an algebraic closure of Fg((X ~1)). We note that the absolute
value has a unique extension to Fy((X1)). To denote this extended absolute value, we
also use the symbol | - |.

3. Main results
Theorem 2. Let IF, be a finite field of caracteristic p, n > 2 and let
PY)=AY + A, VS L4 A, oY 2 4.+ A1Y + Ag

be a polynomial over Fy[X], such that AsAs_1Ag # 0, As and As_1 has a same irreducible
factor B, with lem(As—1, B) = B™ (As—1 = B™as_1) and lem(As, B) = B" (A; = B™ay).
If
(s —1)(degAs — mdeg B) + M
degB
with M = max(degAi), then P is irreducible over F,[X].
i1#£s

n > ms -+

Proof. Suppose that P(Y) = Q(Y)H(Y'), where Q, H € F,[X][Y]. let
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Q(Y)= QY7 + Qj—1Y "+ Qj2Y 2 + -+ Q1Y + Qo
and H(Y)= HpY* + Hp_ Y1 4 H, Y2 ... 4+ H\Y + H,

where j + k = s, Q]Hk = As, QoHp = Ap and A1 = Qij—l + Hijfl. Let
B = lem(Qj, B), (Qj = Bg;), then B"~¢ = lem(Hy, B) (Hy = B™ %h;) and we must
have m > d.

Consider the factorisation of P and @ in F,((X~1)), we have

P(Y)=As(Y —wi) - (Y — wy)
and Q(Y)=Q;(Y —w1) - (Y —wj)

where w; € Fo((X—1)), forall ¢ :=1,--- ,n.
Consider, now, the nonarchimedean absolute value, and set a real number o > 0 such
that
|As| > e* max |Ai]

i#£s
then, using the viete theorem, we have
| Ao | Ao| 1
oo — PR — < < —,
wr - ws| = fen] - feos] |As]  e*max |Ai] e
iF£S
thus, for any j :=1,--- ,n, we must have |w;| < —als
So that, we get
On the other hand, we have
,wl...w.\:’QO _ | D 1
TolQil Bl | T [B™ asl

To reach a contraduction, it is still necessary to chose a such that
1 1
> — .
[B™| |ag| — edo/s

It can be sufficient to choose « such that

|B™| |as| < e®/*.

Or, equivalently

a > smdeg B + s(deg As — ndeg B).
A conceivable value for « is smdeg B + s(deg A; — ndeg B), which leads to a contra-

—1)(degAs — mdeg B) + M
(s — 1)(deg mdeg B) + where M = max(degAi), what was to

diction if n > ms +
degB i#s

be proved.
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