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Abstract. This paper deals on the valuation of European call option price in a stochastic environ-
ment by employing three factors which are the stochastic model of the asset value, the stochastic
interest rate and the transaction cost. We specify that our underlying asset and the stochastic in-
terest rate, particularly Hull-White model, follows a fractional Brownian Motion governed by Hurst
parameter H. We used the hedging and replicating technique to established the zero-coupon bond
on the European option. Finally, we give a closed-form formula of the European call option price.
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1. Introduction

The study of option pricing can be traced back to the seminal papers of Black and
Scholes[1] and Merton[2]. The Black-Scholes-Merton(BSM) model is a known mathemat-
ical model to evaluate the price of the option that utilizes five inputs namely as: the asset
price, the strike price, the risk-free interest rates, time of expiration and the volatility.
The initial equation of the BSM model was published in 1973 on the paper “The Pricing
of Options and Corporate Liabilities” in Journal of Political Economy. By this model,
Black, Scholes and Merton received a Nobel prize in Economics in 1997.

However, there are several drawbacks of the BSM model such as the assumptions that
the interest rate and the volatility rate are constant over the period of the contract does
not fit the actual scenario of the market, transaction cost may not be avoided, and the
evolution of the asset price does not always obey a standard Brownian motion(H = 1/2)
for which Nualart[3] noted that for some stock process, the Hurst exponent H may not
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be exactly 1/2 but greater than or equal to 1/2. Hence, the standard Brownian Motion
where H = 1/2 may not be a fitting stochastic process for some stock processes.

In this paper, we assumed that both the asset value and the interest rate follows the
fractional Brownian Motion. We specify that the asset value X (t) follows

dX (t) = r(t) X (t)dt + ox X (t)dBH () (1)
and the interest rate r(t) follows the fractional Hull-White model
dr(t) = [0(t) — ar(t)|dt + o,dBI(t) (2)

where ox is the volatility of the asset price, o, is the volatility of the interest rate, and
BH ig a fractional Brownian motion with Hurst parameter H.
With the transaction cost

Cost = cX (t)|v(t)] (3)

where ¢ is a fixed proportion of the trading amount for the asset agreed between both
parties, and v(t) is the number of assets sold or bought, we formulate a European option
price model on par with the BSM model.

For simplicity, we assumed that the volatilities for both the asset price and the interest
rate are constant, no dividend and coupon payments, and we limit our analysis to European
options only.

2. Model Formulation

This section presents our assumptions for the computations of the option price. The
following assumptions are made:

1. Asset Price Model
The asset price X (t) follows a fractional Brownian motion given by

dX(t) = r(t)X (t)dt + ox X (t)dBE (t) (4)

where r(t) is the total expected rate of return, ox is the volatility of the price and
Bf(t) is a fractional Brownian Motion with Hurst parameter H.

2. Interest Rate model
The risk-free interest rate r(t) follows a fractional Hull-White model given by

dr(t) = [0(t) — ar(t)]dt + o,.dBL (1) (5)

where 6(t) is a deterministic function of time, a is constant, o, is the volatility of the
interest rate which is assumed to be constant and B (¢) is a fractional Brownian
Motion with Hurst parameter H.

Under the fractional Brownian motion, the correlation coefficient between Bf(t)
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and B2 (t) for t > 0 is given by
Cov(B{(t), B! (t)) = p(dt)*". (6)

Moreover, the following properties are applied to the fractional Brownian Motion:

EldB" (1)) = 0, (7)
E[dtdBH (t)] = 0, (8)
EldB{ (t)dBj (t)] = pdt*", (9)
E[(dB"(t )) ] = (dt)*", (10)
E[(dt)?] = (11)

Lemma 1. The zero-coupon bond model with the terminal condition P(r,t;T) =1
can derive the following formula

P(T,t;T) _ e—rB(t,T)—A(t,T)’ (12)
with
B(,T) =+ [1 _ T ﬂ

T
/ 0(u)B(u, T)du + dtZH [/ azBQ(u,T)du]
t

where o, is the volatility of the interest rate, 0(t) is a deterministic function of time,
and a is a constant assumed to be nonzero.

3. Transaction cost
Transaction cost is a fixed proportion ¢, depending on the individual investor, of the
trading amount for the asset. We have

Cost = cX (t)|v(t)]

where v(t) is the number of shares of the sold or bought at the price X;. Specifically,
v(t) > 0 indicates a bought share while v(t) < 0 indicates a sold shares.

4. Portfolio
The portfolio is revised at time dt, where dt is a small time step from ¢ to t + dt.

5. Expected return of the portfolio
The expected return of the portfolio II(¢) satisfies the equality

E[dII(t)] = r(t)II(t)dt (13)

where 7(t) is the interest rate.
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From these assumptions, we can now begin to price the zero-coupon bond of the fractional
Hull-White which we will use to come up an option price.

Theorem 1. Under the fractional Hull-White Interest Rate Model, the zero-coupon bond
price P(r(t),t;T) obeys the following equation:

o +[6(t) —ar(t) — dmr]a + §W(Jr) (dt) —rP=0.

where r(t) is the interest rate under Hull-White model, 6(t) is a deterministic function
of time, a is constant, Y is the market price of the risk with volatility o and o, is the
volatility of the interest rate which is assumed to be constant.

Proof: The equation can be attained by constructing a deterministic hedged portfolio that
employs two coupon bonds P (t), P»(t), that is,

TI(t) = Py(t) — APy(t) (14)

with different maturity 77 and 75 respectively. We long one share of bond P (¢) and short
A shares of P,(t). Taking the derivative of Equation (14), we have

dIL(t) = dPy(t) — AdPy(t). (15)

Applying Ito’s Lemma to the price function P(r(t),¢; T'), the right-hand side of the equality
in Equation 15 becomes,

oP, oP 10°P, 2/ 12
A+ 100) —ar(t) o =dt + 5 (16(t) — ar(t)]*(dt)
+2[0(t) — ar(t)]ordtdBy’ + (0,)*(dBy')?) + UrWde - AUT—ar dB;
opr, 0Py 1 32P2 2 2
- A(atdt +[0(8) —ar(t)] 5 ~dt + 55 ([H(t) — ar(t)]"(dt)

+ 2[0(t) — ar(t))o,dtdB + (o,)*(dBE )2>>

To eliminate the risk, take

oP, 0P,
A=—/—2= 1
or' or’ (16)
such that % # 0. Thus,
P, oP; 2/ 3,02
s dt + [6(t) ar(t)]—ar dt + [0(t) — ar(t)]*(dt)
O*Py H 210°P1 o
+100) - ar(t)o, 2 BanaBy + (0,22 20 amf)

aP, OP,\ 0P OPy (9P, 0P,
N < ar ! m) g At~ 100 —ar()] 57 <8r / w)dt
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10?P, (0P, 0P, 5 1o

35 (B2 oo~ artoan
0?Py, (0P /6P2

"or2 \ or’ or

2l OPP, (0P 0P o
(o) 5% \ar /ar ) (452"

— [0(t) — ar(t)]o > dtdBY

By non-arbitrage principle,

oP, opP ,10%P,
o T [0(t) — W(t)]ﬁ + (o7) 2 02

- 0(t) — ar(t)] =2 + (0,)2= 222 (dt —rPy(t)] .
(G52 ) [ + 60 - ar 52 4 (023 S = et

(dt)*H=1 — P (t)

This is one equation in two unknowns. However, the left-hand side is a function of T3
and the right-hand side is a function of 75. The only way for this equality to be possible
is for both side to be independent of the maturity date. Thus dropping the subscripts of
P and introducing the market price of the risk v, we have

G+ [00t) — ar(®)3F + (0,)*5 55 (A2 —rP(t)
o7 = Yo
or

Simplifying this, the equation in the theorem can be arrived. O

Theorem 2. If the number of assets traded during the time interval [t,dt] is v, then

Bl = | 2" <(§;¥)20§X2<t>

1
0%V 0%V \°
0X2 OroX

9°v \?
+ <87‘8X> 02 +2poxo. X (t)

where V(t) is the option price, X (t) is the market price of the asset at time t, r(t) is
the interest rate that follows the fractional Hull-White model with Hurst parameter H,
ox s the volatility of the asset price, o, is the volatility of the interest rate and p is the
correlation coefficient between the interest rate and the asset price.

Proof: Suppose v is the number of asset traded during the time interval [t,dt]. At the
short time ¢, the number of assets hold is given by

ov

A= gx

X,r,t). (17)
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After the time step dt, the number of assets held is

8V

Since the time step dt is assumed to be so small, we have
dX ~ ox X (t)dBH(t) (19)
and
dr ~ o,dB. (20)
The number of assets traded v during the time interval [t, ¢ 4 dt] given by
0*V o0*V

v=—oxX(t)dB{(t) + OX

5 o dBY (1) (21)

with mean

E[v] = 0, (22)

and variance

2V \? 2V \?
0?V 0*V

If we let the variance of v to be 32, then we have E[v?] = % Since v is normally
distributed, the probability density function of v is given as

F) = e (23)

Hence, we have

400 1 —(v)?
= ] e 267 dv
L. 57

By letting u = 2(522’ we have dv =

EJlo] :\/Zwt)’f

#261“. Substituting we have
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o’V 9%V

2V \*

oroX

O

Theorem 3. Using the Hull-White Interest rate model and with transaction cost in a
fractional Brownian Motion, the value of the option is modeled as:

%Z + ;g;a%((xu))?(dt)wl + ;‘Zgaf(dt)wl + g;rX(t)
+ OV X 0o + Do) - ar(t) — v
—rV(t) +cX(t) \/Z(dt)ﬂ X <§i¥>2 o3 X2(t) + (8?3?()2 o2
+2anU"X(t)22;a?~2;(F =0.

where V (t) is the option price, X (t) is the market value of the asset at time t, r(t) is the
interest rate, ox 1is the volatility of the asset, o, is the volatility of the interest rate, c is
fized proportion of the trading amount for the asset agreed by both parties, and H 1is the
Hurst parameter.

Proof: Let V(t) =V (t, X (t),r(t)) be the option price. Define the portfolio
I(t) = V(t) — A1 X (t) — AgP(2)

where Aj, Ay are the respective shares of the asset price X (¢) and the zero-coupon bond
P(t).
The value of the change of portfolio at time [t, ¢ + dt] with transaction cost is now

dII(t) = V(t) — A1dX(t) — DodP(t) + clo(t)| X (1),
Taking the expectation we have
E[dII(t)] = E [V (t)] — E[A1dX ()] — E[A2dP ()] + cX (1)E [Ju(t)]] .
By non-arbitrage principle,

E[V(t)] — E[AdX (t)] — E[AdP ()] — rV (£)dt + AyrX (t)dt
+ AgrP(t)dt + cX ()E [Ju(t)]] = 0

To eliminate the risk, take

ov
Ay = X (24)
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and ov 0P
Hence,
E + iﬁaX(X(t)) (dt) + 5@0} (dt) + aiXTX(t)
o0*V of—1 . OV
+ marUXX(t)P(t)(dt) + E[e(t) —ar(t) — Yoy
—rV(t) + cX(O)E[|v(t)]] = 0.
Employing the transaction cost, we have can derived the equation in the theorem. O
3. The Model

Theorem 4. Based on the price model in Theorem 3 under a fractional Brownian motion,
the closed form formula for the European call option price is given by

Vo(X,r,t) = XN(d1) — KP(r,t,T)N(dz) (26)
where
di=do+ M
X
o DEpeE M
2 N
T 2 2 2
04 =0 +05B°+2poxo.B
1 0P
B=——
P or

M = Z/tT [;(ds)zHlaA2 +c(ds)H1\/?] ds
Z/tT [;(dS)QHlé'Q + c(ds)Hl\/zé'] ds

Proof: Theorem 3 can be solved by the transformation of independent variables

N

X

P(r,t;T) (27)

y:

and a new unknown function denoted as

N V(X,rt)

Vi(yt) = PrtT) (28)
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We have the following computations,

oV _ 0P LoV 0PV
ot ot ot Yot oy

ov. .~ 0P OP VvV

o or Yoror

v v

X oy’

PV Va?zﬂ oV &°P a?v 1 <8P>2
or? or? 8y or? 8y2 P\or) "’
o?V 9%V 1 0P

arox ~ Vo2 Por’

PV 1%V

0X2 P oy?’

Substituting these equations gives,

oV

12
FIRRE

L a2y

1 [0P\? 2 0P
2 2
o | |7X T P (ar) ()" = B gr oroxelt )]
9%V 1 [0P\?
2 H-1 2 2
+cy \[(dt) a7 X [aX+P2 <ar> o

1\ (oP\]"?
e (5) (50)] -0

Taking another transformation by letting

z=Iny.
Hence we have, X R
ov. vl
Zr Y- 29
dy 0z vy (29)

and
O’V (1\* [V oV
o2 \y 022 0z |

Furthermore, let B = P% and 62 = UX + 02B2 + 2poxo,B.

Therefore, we have
AV |1, oy 1o H“\F PV v\
2(dt) o+ c(dt) - X 9.2 9, | =

ot
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Finally we take the following transformation. Let V(z,t) = u(n,7), where n = z + a(t)
and 7 = y(t). At the expiry date T" of the contract, a(T) = y(t) = 0. So we have the
following calculations,

ov o o
A A
o = a0+ SE (0 (30)
and .
v Ou
- _ZF 31
0z  On’ (31)
9%V 9%
- = 2
022 0on? (32)
We let 1
o (t) = 5(cht)%’*lé2 + e(dt)T=1/(2/m)6
and .
A (t) = — 5(olt)QH—l(}Q + c(dt)H_lx/(2/7r)6} .
Substituting these, we have
ou 0 ' / 62[1 o
Lo (t) + ZE (=t )| == — == = 0.
Sal(t) + S (-a() + ()| 5 -
Hence, this can be reduced further to
o 0*pu
2_ZP_) 33
or  On? (33)
with the initial condition
p(n,T) = ("= K)*. (34)
The solution for this equation is
L[ ()e--07%/ar
un7) = 5= [ mlope d (3)
Now for e — K > 0,
E>InkK. (36)

Hence, the integration domain can be equivalently [—oo,In K]. Hence, we can write the
solution as

1 +oo 2
- £ K)e— =87 /47
U /M{ (e Je d§

__1 /+Oo e~ (= /Arge BRE Ke~=8%/47 g¢
27T Jlu K 27T S Kk
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Let £ = n+ V27w, then we can have

R Sl
VT
and
dé = V21dw.
Therefore,
,T) = ——e™T Toe%d —K/ e 2.
p(n, 7) o . s .

This can be written as

pu(n,7) = "N (di) — KN (dy)

where
n—InK+ 27

V2T
n—InK
Vor

1 d ;1C2
N(dl):%r/ e2>d¢
\% —00

-1 2

I
N(dQ) = \/ﬂ/ 67“) dw.

By inverse change of variables, the formula in the theorem can be derived.

dy =

dy =

and

2309

(37)

(38)

(42)

(43)

O

Corollary 5. Without the transaction cost and under a fractional Brownian motion, the

closed form formula for the European call option price Vo (X, r,t) is given by

Vo(X,r,t) = X(t)N(d1) — KP(r,t,T)N(d2)

/ T
dy = dy + &2/ (ds)?H
t

~ T
d In % — %0’2 \f;& (dS)QH
2 = )

/52 ftT(ds)QH
02 = 0% + 03B + 2pox 02 B,
1 0P
P or’

where

B =

(44)
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4. Conclusion and Recommendations

This paper presents an extension of the BSM model for European call option introduced
by Black, Scholes and Merton by considering a stochastic rate under a fractional Brownian
Motion instead of a constant rate and adding a transaction cost. A closed-form formula for
European call option is derived under risk-neutral measure using replication techniques.
Also, the fractional Brownian motion employs the flexible dependence of the increments
of the evolution of the prices making it more closer to the real world scenario. For further
studies, a similar formula can be derived also that employs stochastic volatilities for both
asset value and interest rate. Moreover, this pricing can be extended further by considering
geometric fractional Brownian Motion.
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