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Abstract. Core distributions of Maximum Entropy Theory of Ecology (METE) are the Spatial
Structure Function (SSF) and the Ecosystem Structure Function (ESF). SSF is a by-species predic-
tion of the clustering of individuals over space. ESF is a kind of container function that describes
the probability space of how abundances are assigned to species and how metabolic energy is parti-
tioned over individuals in a community. In this study, these core functions of METE are generalized
by deriving the corresponding functions in the Tsallis g-entropy. Derivation used the method of
Lagrange multipliers. The generalized SSF and ESF are expressed in terms of the g-exponential
function. Numerical examples are provided to illustrate the generalized SSF.
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1. Introduction

Maximum entropy framework has been utilized to construct ecological models, thus
providing support to emerging ecological relationships at a broader scale [4, 10]. Maximum
entropy models maximize information content from biological system while satisfying rel-
evant constraints which are primarily composed of bioclimatic and biophysical variables.
These models have extensive applications in biodiversity conservation and ecosystem man-
agement of a particular species [6, 8].

Mathematical rigor of MaxFEnt models enhances the accuracy and reliability of predic-
tions, thereby supporting ecologists in making informed choices in designing conservation
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strategies for a particular species [12]. For instance, the model may provide inputs in
understanding species niche differentiation and species interactions [11], construction of
food web structures [2] and establishing trophic relationships [13].

Maximum Entropy Theory of Ecology (METE) is a theoretical framework of macroe-
cology that makes a variety of realistic ecological predictions about how species richness,
abundance of species, metabolic rate distributions, and spatial aggregation of species in-
terrelate in a given region. Underlying mathematics of METE relies on MaxEnt: the
maximization of information entropy. Primary equations that regularly occur in the max-
imization as presented in [1] are the given in (1.1)-(1.3).

The general expression for K constraints on the mean values of the variables fi(n),
where n follows the distribution p(n), is expressed as

n=N
S film)p(n) = (fi)- (1)
n=1

Additional constraint provides for the normalization of the probability distributions, ex-

pressed as
n=N

S i) = 1. (2)
n=1
To maximize Shannon information entropy subject to the above constraints, the tools
of variational calculus and the method of undetermined Langrange multipliers will be
employed. The function F' to be maximized is an expression that incorporates the measure
of Shannon information entropy and the constraints. That is,

Nmaz Nmag Nmaa
F=— % pmhpm) —r| > pm)—=1|=x| S fepm)—(5]. ©
n=Npmin n=Nmin n=Npmin

On the other hand, the g-logarithm function introduced in [14] is given by

|

lnqazzli, (g€ R,z >0) (4)

-9

and the g-exponential function is given by

1
— Tq. i _
exp, = 1+ (1-qz)e, if 1+ (1—-q)z>0, (5)
0, otherwise

The functions exp, = and In, z converge to expx and logx as ¢ — 1, respectively and the
following relations are true,

expy(z +y + (1 — g)zy) = exp, ¥ expy ¥, (6)

Ingzy =Ingz +Ingy + (1 — q) Ingzlng y. (7)
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A new approach of handling the Lagrange multipliers involved in the extremization
process leading to Tsallis’ statistical operator was presented in [9]. To understand this
new approach, the following discussion taken from [9] is provided.

The Tsallis” generalized entropy will be defined as follows,

w
= pilngpi, (8)
i=1
where k = k(q) tends to the Boltzmann constant kp in the limit ¢ — 1 [14] subject to the

constraints

o
% = ((O)))q; (10)

where the p; is the probability assigned to the microscopic configuration i (i = 1,2,...,w)

and the Oj(i) denote the n relevant observables whose generalized expectation values ((O;))q
are a priori known.

Following the generalization in [3], the second generalized Tsallis’ entropy that will be
used is defined by

S w
? = Z 'Ing p;. (11)
The method of Lagrange multipliers requires to maximize the function
S w
_ =4 -
Pedon(Ee) e (S

The new approach replaces (12) by

F= % — (pr - 1) =370 > PO — ((0)), (13)
=1

j=1 =1

(@)
;UOsz
z lpz

- <<Oj>>q> : (12)

which will yield the same p; and the relation of the Lagrange multipliers A\; and «; is given
by

w
Ni=ai )y pl (14)
i=1

The core distributions of METE are the Spatial Structure Function (SSF) and the
Ecosystem Structure Function (ESF). The SSF is a by-species prediction of the clustering
of individuals over space. The ESF is a kind of “container function” that describes the
probability space of how abundances are assigned to species and how metabolic energy
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is partitioned over individuals in a community.These core functions of the MaxEnt were
derived in [1] using the Shannon entropy. A phase space entropy model of ecosystems was
developed in [7] and ecosystem equilibria was specified by conservation of biomass and
total metabolic energy. A new proof of the theorems on the maximum entropy principle
in Tsallis statistics without using the Lagrange multipliers method was presented in [3].
Analysis of the climate fluctuations in past deuterium records corresponding to the last
glacial period was done in [5] using nonadditive entropy on which nonextensive statistical
mechanics is based.

In this paper, core functions of METE are generalized by deriving the corresponding
functions in the Tsallis g-entropy given in (8) and (11). The ecological state variables
introduced in [1] namely, A, H, N, and E, representing respectively, total area, total
number of species, total abundance and total metabolic energy of an ecological system
will be used in the discussion below.

2. Generalization of Spatial Structure Function

Spatial Structure Function (SSF) also called ”Pi Distribution” [1], is defined as the
probability that n individuals of a species are found in a cell area A if it has ng individuals
in the total area Ay under consideration. The variables involved in the function are A and
n which is the abundance of a single species at the total spatial scale.

Theorem 2.1. The generalized Spatial Structure Function (SSF), denoted by I1(n,q), is
given by
expy(a1(n — pg))

II(n,q) = .
) Yol expg(ar(n — pg))

(15)

Proof. The generalization of the Spatial Structure Function is obtained using the
Tsallis’ g-entropy (11) subject to the normalization constraint which is given by

> T(n) =1, (16)

and the second constraint comes from the measurement of the average value of the per-
species abundance which is given by

Soney nll(n)

= fig- 17
SN Ty (1)

The function to be maximized is

S N N
F = ?q +ap <Z II(n) — 1) + ay <Z TI(n)?(n — Mq)> , (18)
n=0

n=0
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where ag and a; are the Lagrange multipliers. Taking the derivative of F' with respect to
II(n) and setting it equal to 0,

0=—1—ql(n)?  In, TI(n) + ag + a1(n — pg)ql(n)??

q q _
0=-1-— Tq +Oé0 + <1q + a1(n — Mg)(]) H(n)q 1.

Solving for II(n),

1

_(— ) — Qar(n — 1)} T
1) = (1=t ) O+ 0= el = )

1

(=g ewertn ) (19

Applying the normalization constraint will give
q ™ 1
—_ 14+ (1 - — T-¢ =1. 20
(agm) 0+ 0 gn =) (20)
Let

No
Z,= Zequ(al(n — fiq))- (21)
n=1
Now, with II(n) being a function of ¢, we can write II(n) = II(n, ¢q). Hence,

g = P21

3. Generalization of Ecosystem Structure Function

Ecosystem Structure Function (ESF) denoted by R(n,e€) is a joint probability distri-
bution, with R(n, €)de by definition being the probability that a randomly selected species
has abundance n, and that a randomly selected individual from any species with abun-
dance n has metabolic requirement in the interval ¢, € + de. The normalization constraint
is given by

N E
Z/ 1R(n,e)de =1. (22)
n=1"¢

The additional constraints are aggregated measures of variables n and ne. With fi(n) = n,
and fa(n)e = ne, the corresponding means of the data sets are respectively,

(fi) =i (oo = B8 (23)
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These give the pair of constraints,

N E

N
7; /5:1 nR(n,e)de = I (24)
N E E
nz:l /621 neR(n,e)de = T (25)

Theorem 3.1. The generalized Ecosystem Structure Function (ESF) R(n,e,q) is given

by
expg (a1(n — pg1) + aa(ne — pg2))

N _ 1
Y=t [(expg up)?™0 — (expgur)*~7]

where u = o1 (n — pg1) + ao(ne — pg2), up = u(e = E), ug = u(e = 1).

R(na € Q) = Oé2(2 - Q)

(26)

Proof. The generalization for the Ecosystem Structure Function is obtained using (11).
Following [9], the normalization constraint (22) will be kept while the constraints (24) and
(25) will be replaced respectively, by

S L nRI(n,e)de

n=1 Je=1
= , 27
ZnNleq(nve) ot ( )
N E
_1 | _,neRY(n,e)de
et e nellmde (28)

Sonei Ri(n, e)

where R%(n,e) = [R(n,€)]?. The function to be maximized is

N E

N E
S,
F = ?q + ag Z/ R(n,e)de — 1| + Z/ Ri(n, ﬁ)dﬁ(n—ﬂq,l)]
n=17=1 n=1"¢=1
N E
taz |3 [ RUn,e)de(ne - m)] - (29)
n—1 e=1

Taking the derivative of F' with respect to R := R(n,€),

N E

oF R-9_1 N B
= _ 1 =12 -
N 2/6:1( +qR 4 )de—i—aoZ/_ de

n=1

N E
+a Z/ q(n — pg1) R (n, €)de | + as
n=1"e=1

N | E
— =1 (n, €)de| .
;::1/6:1 a(ne = pg2) B (n, €)d (30)

Setting (30) equal to zero and solve for R(n,€),

0=- (1 + %q - &Rq_l) +ag +a1q(n — pg1)RT + asq(ne — pgp) R
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q q -
L 1—gq o= (1 —q +aq(n — pq) +0‘2‘I(n€_ﬂq,2)> R*!

1—a)(1—gq)
q
Solving for R = R(n,€),

R =14 (1—q){a1(n — pg1) + az(ne — pg2)} -

1

R = (1ot ) T 0 (= (= ) + aslie — 27T (3D

Substitution to (22),

1

N E 1—q 1
nzl/el <1—aoq(1—q)> (L+ (1 —g)(a1(n — pg1) + as(ne — pg2))) 74 de = 1,

which will give

1

q T=q 1
. S = . 32
(1 —ap(l— Q)> SN E:1 exp, (a1 (n — pg1) + az(ne — pg2))de (32)

n=1 Je

Let

N E
Zo=3" [ expyfann —pigs) + aaline - ig2))de. (33)
n=1"¢=

Now, with R(n,€) being a function of ¢, we can write R(n,e) = R(n,¢,q). Hence,
expg (@1 (1 — pig1) + az(ne — pig2))
Zq '

The expression in (34) will be called the ¢-ESF denoted by R(n,¢,q) and Z; given in
(33) is the corresponding partition function. Solving the integral involved in the partition
function,

R(n,e,q) = (34)

E
/ expy (01 (1 — jig1)+n(ne — f1g.2))de
e=1

E
- /1<1 (1= g){an(n — pg1) + aa(ne — pg2)})de
= 71 exp2 4
agn(2—q) (expy

where u = a1(n — pig,1) + aa(ne — pig2), up = u(e = £), uy = u(e = 1). Then

(up) — expy 4(u1)),

[(equ up)? 4 — (exp, u1)2_q] , (35)

and
expy (1 (n — fig1) + az(ne — fig,2))

Snein [(expy up)?~9 — (exp, u1)?~9] '
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4. Examples

In this section, examples are provided to illustrate the generalized SSF.
Example 1. To be able to give an example for (15), the values of ¢, 4, and n must be

specified. Taking g = %, p1 =2 and n =1,2,3, the partition function (21) is
2

3 3 2 a 2
Zq:Zexp1/2(Oll(”—M1/2)) :Z <1+;a1(n—2)> =3+ ( 21) '
n=1

n=1
The probability function (15) becomes

2
expl/Q(oq(n —2)) _ (1 + %al(n — 2))
3+ 3+ %
2 2

T(n,1/2) =

It can be verified that 22:1 II(n,1/2) = 1. To determine a1, impose the second constraint
(17) to yield

3

Znﬂn1/2%: Z Ii(n,1/2)2

l\J

I(n,1/2)7 +11(3,1/2)% =

from which oy = 0. Thus, the desired probability function is the uniform distribution,
1
II(n,1/2) = 3 "= 1,2,3.

Example 2. As a second example for (15), take ¢ = %, posz = 2, n=1,2,3,4,5. The

partition function (21) is
5
Zyyz = Z expy/z(aa(n — 2))
n=1

> 1 3 35
=Z<1+3a1(n—2)> —5+5a1+5a1+27

To determine aq, impose the second constraint (17)

5 5
S nll(n,2/3)5 = Z n,2/3)3,
n=1 n=1
which will yield the equation

45 + 90 + 3503 = 0.
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The two solutions to the preceding equation obtained using Wolfram alpha equation solver
are o = =2(3+v/2), and oy = 2(v/2 — 3). The second value for oy will give the desired
probability function. In particular, for n = 1, 2,3 ,4, 5 the values of the probability
function are:

I1(1,2/3) = 0.527, 1II(1,2/3) = 0.28571, TII(3,2/3) = 0.132,
I1(4,2/3) = 0.048,  TI(5,2/3) = 0.0094.

Remark 4.1. Owing to the complexity of (26) no example will be provided for the gener-
alized ecosystem structure function.

5. Conclusion and Recommendation

This paper has delved into the theoretical framework of METE, specifically focusing on
the development of g-generalizations for its two core functions. METE, or the Maximum
Entropy Theory of Ecology, is a fundamental framework used to understand the structure
and dynamics of ecological systems. By introducing ¢-generalizations, the paper extends
the applicability of METE to systems exhibiting non-trivial behavior, potentially offering
deeper insights into ecological patterns and processes.

In the context of this study, the ¢-generalizations were elucidated with regards to
the Spatial structure function, which plays a crucial role in characterizing the spatial
distribution of species within an ecosystem. Through illustrative examples, the paper
provided sample probability functions for the ¢-Spatial structure function, showcasing
how these generalized formulations can be applied in practical scenarios.

However, a notable gap exists in the paper’s treatment of the g-ecosystem structure
function. Despite the detailed exploration of the g-Spatial structure function, no corre-
sponding example was provided for the g-ecosystem structure function. This omission
leaves a significant aspect of METE unaddressed, limiting the comprehensiveness of the
study. Furthermore, the paper did not extend its analysis to encompass physical appli-
cations of the derived generalized functions. While theoretical developments are valu-
able, their utility often lies in their practical applicability. By demonstrating how these
g-generalizations can be applied to real-world ecological data or modeling scenarios, re-
searchers can validate their effectiveness and enhance their relevance to ecological studies.

In light of these considerations, it is recommended that future research endeavors
focus on bridging these gaps. Specifically, efforts should be directed towards exploring
sample probability functions for the g-ecosystem structure function, thereby completing
the theoretical framework. Additionally, researchers should actively seek out opportunities
to apply these generalized functions in physical contexts, such as ecological modeling or
data analysis. By doing so, we can advance our understanding of METE and its relevance
to the study and management of ecological systems.



REFERENCES 1683

Acknowledgements

The authors would also like to thank Cebu Normal University (CNU) for funding this

research project through the Office for Research, Development and Publication (RDP).

1]

References

A. Brummer and E. Newman. Derivations of the core functions of the maximum
entropy theory of ecology. Entropy, 21:712, 2019.

T. Clegg, M. Ali, and A.P. Beckerman. The impact of intraspecific variation on food
web structure. Ecology, 99(12):2712-2720, 2018.

S. Furuichi. On the maximum entropy principle and the minimization of the fisher
information in tsallis statistics. arXiv, 1001.1383v1, 2010.

W.M. Getz, C.R. Marshall, C.J. Carlson, L. Giuggioli, S.J. Ryan, S.S. RomaA-+ach,
C. Boettiger, S.D. Chamberlain, L. Larsen, P. DaOdorico, and D.O. Sullivan. Making
ecological models adequate. Ecology letters, 21(2):153-166, 2018.

J. Gonzalez, E. de Faria, M.P. Albuquerque, and M.P. Albuquerque. Nonadditive
tsallis entropy applied to earth’s climate. Physica A, 390:587-594., 2011.

J. Harte and E.A. Newman. Maximum information entropy: a foundation for ecolog-
ical theory. Trends in ecology and evolution, 29(7):384-389, 2014.

A. Kirwan Jr. Quantum and ecosystem entropies. FEntropy, 10:58-70, 2008.

E. Kaky, V. Nolan, A. Alatawi, and F. Gilbert. A comparison between ensemble
and maxent species distribution modelling approaches for conservation: A case study
with egyptian medicinal plants. Fcological Informatics, 60:101150., 2020.

S. Martinez, F. Nicolas, and A. Plastino. Tsallis’ entropy maximization procedure
revisited. arXiv:physics, 0003098v2, 2000.

A. De Martino and D. De Martino. An introduction to the maximum entropy ap-
proach and its application to inference problems in biology. Heliyon, 4(4):1, 2018.

E.J. Rodriguez-Rodriguez, J.F. Beltran, M. Tejedo, A.G. Nicieza, D. Llusia, R. Mar-
quez, and P. Aragon. Niche models at inter-and intraspecific levels reveal hierarchical
niche differentiation in midwife toads. Scientific Reports, 10(1):10942, 2020.

H.R. Sofaer, C.S. Jarnevich, I.S. Pearse, R.L. Smyth, S. Auer, G.L. Cook, T.C. Ed-
wards Jr, G.F. Guala, T.G. Howard, J.T. Morisette, and H. Hamilton. Development
and delivery of species distribution models to inform decision-making. BioScience,
69(7):544-557., 2019.



REFERENCES 1684

[13] A.M. Trainor, O.J. Schmitz, J.S. Ivan, and T.M. Shenk. Enhancing species distribu-
tion modeling by characterizing predatoraprey interactions. FEcological Applications,
24(1):204-216, 2014.

[14] C. Tsallis. Possible generalization of boltzmann-gibbs statistics. Journal of Statistical
Physics, 52(1-2):479-487, 1999.



