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Abstract. Let G be a connected graph. A set S C V(G) is convexr 2-dominating if S is both
convex and 2-dominating. The minimum cardinality among all convex 2-dominating sets in G,
denoted by 7Yacon(G), is called the convex 2-domination number of G. In this paper, we initiate
the study of convex 2- domination in graphs. We show that any two positive integers a and b with
6 < a < b are, respectively, realizable as the convex domination number and convex 2-domination
number of some connected graph. Furthermore, we characterize the convex 2-dominating sets in
the join, corona, lexicographic product, and Cartesian product of two graphs and determine the
corresponding convex 2-domination number of each of these graphs.
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1. Introduction

Domination is one of the well-studied concepts in Graph Theory. Variations of domina-
tion as well as concepts related to it have been introduced and explored in various aspects
and in several graphs (including those graphs resulting from binary operations). Two of
its variants utilized the concepts of geodetic and convex sets. For studies that involve
these concepts one may consider [5], [4], [9], and [22]. For some variations of domination,
one may refer to [3], [10], [13], [20], [23] and [25].

Recently, motivated by some historical and theoretical applications, Roman and Italian
domination concepts have also been studied (see [1], [2], [11], [12], [14], [16], [18], [21], [26],
[27], and [28]).
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One can readily observe that a variant of the domination concept is usually obtained
by combining a domination concept with other graph-theoretic concepts. For example,
convex domination is simply the combination of the standard domination and the notion
of convexity in graphs (see [8], [17], and [24]). In this paper, the concept of convex 2-
domination will be introduced and investigated. This new concept is a combination of
convexity and 2-domination. As used to model a protection strategy problem in a given
network, every vertex (location) which is not in a 2-dominating set will be considered
unsafe (as it contains no guard). Hence, the elements of a 2-dominating set are the ones
considered safe locations in the network and each location contains a guard. To defend
or secure a given network, every unsafe location must be adjacent to at least two safe
locations. This ensures that when an unsafe location is attacked, a location is within the
vicinity of the guards from these safe locations. The convexity property attached to the
concept guarantees that every location in any shortest path connecting two safe locations
is also safe. This newly defined concept is useful when studying a variation of Italian
domination, in particular, convex Italian domination [19].

2. Terminologies and Notations

For a connected graph G = (V(G), E(G) and vertices v and v of G, any shortest
path joining u and v is called a u-v geodesic. The length of a u-v geodesic is the distance
between v and v. This distance is denoted by dg(u,v). The set I[u,v] consists of vertices
u and v and those lying on any u-v geodesic. Here, Ig(u,v) = Iglu,v] \ {u,v}.

The set Ng(u) is called the open neighborhood of u, i.e., Ng(u) consists of all v € V(G)
such that uv € E(G). The closed neighborhood of u is the set Ng[u] = Ng(u) U {u}. If
S C V(G), then Ng(S) = UyesNg(v) and Ng[S] = N(S) U S. The degree of a vertex
v, denoted by degq(v), is given by degg(v) = |N(v)|. A vertex of degree 1 is called an
end-vertex or a leaf. If v is a leaf and w € Ng(v), then w is called a support vertex. A
vertex v is an extreme or simplicial vertex in G if Ng(v) induces a complete subgraph of
G, that is, Ext(G) = {v € V(G) : Ng(v) induces a complete subgraph of G}. We denote
by L(G), S(G), and Ext(G) the sets containing the leaves, the support, and the extreme
vertices, respectively, of graph G.

A set S C V(G) is non-connecting in G if for every two vertices z,y € V(G) \ S with
dg(x,y) = 2, it holds that Ng(z) N Ng(y) NS = @.

A set S C V(G) is independent if dg(x,y) # 1 for every pair of distinct vertices
x,y € S. The set Znd(G) denotes the set of all vertices v of G such that Ng(v) is an
independent subset of V(G). Clearly, £L(G) C Znd(G).

A set S C V(G) is said to be dominating (resp. 2-dominating) in G if N[S] = V(G)
(resp. |Ng(v)NS| > 2 for every v € V(G) \ S). The smallest cardinality of a dominating
(resp. 2-dominating) set S is called the domination number (resp. 2-domination number)
of G and is denoted by v(G) (resp. ¥2(G)). Any dominating (resp. 2-dominating) set with
cardinality 7(G) (resp. 72(G)) is called a 7-set (resp. y2-set) in G. If {v} is a dominating
set in G, then we call v a dominating vertex in G.

A set S C V(G) is a clique if the graph (S) induced by S is a complete graph. A
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set S C V(G) is clique dominating (resp. clique 2-dominating) if S is both a clique
and dominating (resp. a clique and 2-dominating). The smallest cardinality of a clique
dominating (resp. clique 2-dominating) set in G, denoted by v, (G) (resp. Y2q(G)), is
called the cliqgue domination number (resp. clique 2-domination number) of G. Any clique
dominating (resp. clique 2-dominating) set in G with cardinality v (G) (resp. v2q(G))
is called a 7. -set (resp. 7oq-set) in G. We note that not every connected graph admits
a clique dominating set (for example, P, and C,, where n > 5, do not admit a clique
dominating set).

A set S C V(G) is convez if for every two vertices z,y € S, it holds that Ig(z,y) C S.
A set S C V(G) is conver dominating (resp. convex 2-dominating) if S is both convex and
dominating (resp. 2-dominating). The minimum cardinality among all convex dominating
(convex 2-dominating) sets in G, denoted by Yeon(G) (resp. Yacon(G), is called the convex
domination number (resp. conver 2-domination number) of G. Any convex dominating
(resp. convex 2-dominating) set in G with cardinality Yeon(G) (resp. Y2con(G)) is called a
Yeon-S€t (resp. Yacon-set) in G.

3. Results
Proposition 1. Let G be any connected graph on n vertices. Then

max{Yeon (&), 12(G)} < Y2con(G) < 1.
Moreover,
(1) v2con(G) =1 if and only if G = K;.
(17) Y2con(G) = 2 if and only if G = Ko or G = Ko+ H for some graph H of order n—2.

Proof. The definition of the convex 2-dominating set implies that
max{Yeon(G), 12(G)} < Y2con(G). Since V(G) is convex 2-dominating, the given upper
bound follows.

(i) Clearly, vocon(K1) = 1. Suppose Yacon(G) = 1, say S = {v} is a vyacon-set of G.
If G # K, then there exists w € V(G)\S. Since |S| = 1, |[Ng(w)N S| < 1, a
contradiction. Thus, G = K.

(i7) Suppose Yacon(G) = 2 and suppose G # Ka. Let S = {x,y} be a yacon-set in G.
Since S is convex, zy € F(G). Let H = (V(G)\S). Since S is a 2-dominating set,
z € Ng(x) N Ng(y) for all z € V(H). Hence, G = (S)+ H = Ky + H.
For the converse, suppose that G = K. Then v9.0,(G) = 2. Next, suppose that

G = Ky + H for some graph H. Then D = V(K3) is a convex 2-dominating set in
G. Hence, y2con(G) = |D| = 2. O

Proposition 2. Let G be a connected graph and let S be a convexr 2-dominating set in G.
Then each of the following holds:
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(1) S(G)UZInd(G) C S.
(13) If v € V(G)\ S, then (Ng(v)NS) is a non-trivial complete graph.
Proof.

(i) Let p € Ind(G). If p € V(G) \ S, then there exist s,t € SN Ng(p) because S is a
2-dominating set. This is not possible since st ¢ E(G) and S is convex. Therefore,
p € S, showing that Znd(G) C S. Next, let w € S(G) and let z € L(G) N Ng(w).
Since z € S and S is convex, there exists no u € S\ {z} such that vw € E(G). This
forces w € S. Since w was arbitrarily chosen, S(G) C S.

(17) Let v € V(G)\S. Since S is 2-dominating, |[Ng(v) N S| > 2. Let z,y € Ng(v) NS
with x # y. Since v € V(G)\S and S is convex, zy € E(G). Thus, (Ng(v)NS) is a
(non-trivial) complete subgraph of G. O

Corollary 1. Let G be a connected non-trivial graph. If vyocon(G) = 2, then v(G) = 1.

Observe that since v(P3) = 1 and Y2con(Ps) = 3, the converse of Corollary 1 is not
true.

Proposition 3. Let G be a connected graph of order n > 2. If vocon(G) = n, then
Ext(G) \ L(G) = @. Moreover, if V(G) = S(G) UZnd(G), then vyacon(G) = n.

Proof. Suppose that Yacon(G) = n. Suppose there exists v € Ext(G) \ L(G). Then
INg(v)| > 2. Let S = V(G)\{v}. Then S is a convex 2-dominating set in G. Hence,
Y2con(G) < |S| = n — 1, a contradiction. Thus, Ezt(G) \ L(G) = @.

The remaining part follows from Proposition 2. O

Corollary 2. Let G be a connected graph of order n. Then each of the following holds.

1, n=1
2, n>2.

(Z) 72con(Kn) = {

(13) vYacon(Ppn) = mn, for alln > 1.

2, n=3
n, n>4.

(Z”) 72con(cn) = {

(iv) Y2con(K1n) =n+1, for alln > 1.

Proposition 4. Let G = Ky, pny,..n, be the complete k-partite graph with
2<n; <ng <---<nyg, where k > 2. Then

ni+ng ifk=2

t2eon(G) = {3 if k> 3.
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Proof. Let Sy, Sy, - - ., Sn, be the partite sets in G. Suppose first that k£ = 2. Suppose
further that D # V(G), say v € V(G) \ D. We may assume that v € S,,. Since D is
2-dominating, there exist a,b € S,,, N Ng(v). This, however, implies that D is not convex,
a contradiction. Thus, D = V(G), showing that yacon(G) = n1 + na.

Next, suppose that k > 3. Since G is non-trivial and G # K2 + H for any graph H,
Y2con(G) > 3 by Proposition 1. Pick any v; € Sy, for i = 1,2,3 and let S = {v1, v2,v3}.
Then (S) is complete. Hence, S is a convex set in G. Clearly, S is also a 2-dominating
set. Therefore, ya2con(G) = |S| = 3. O

Theorem 1. [15] For a cycle C,, on n > 6 vertices, Yeon(Cp) = n.

Theorem 2. Let a and b be positive integers such that 6 < a < b. Then there exists a
connected graph G such that Yeon(G) = a and Yacon(G) = b.

Proof. Consider the following cases:
Case 1: a =b.
Let G = C,. Then Yeon(G) = a = Y2con(G), by Theorem 1 and Corollary 2(iii).
Case 2: a < b.
Let m = b — a. Consider the graph G in Figure 1. Let S be a 7qpn-set in G. Since S is
a convex dominating set, v, € S. By Observation 1, {v1,v2,...,v4—1} € S. Since S is a

Yeon-s€t in G, S = {v1,v2,...,v,}. Hence, veon(G) = |S| = a. Next, let D be a vacon-set
in G. Since Znd(G) = V(G), Y2con(G) = |D| = |V(G)| = a + m = b by Proposition 3.

D) Tm—1

Figure 1: A graph G with vcon(G) = a and Y2con(G) = b

This proves the assertion. ]

The join of two graphs G and H, denoted by G + H, is the graph with
V(G+H)=V(G)UV(H) and E(G+H) = E(G)UE(H)U{uw :u € V(G) and v € V(G)},
where “U” refers to a disjoint union of sets.

Theorem 3. Let G and H be non-complete graphs. Then S C V(G + H) is a convex
2-dominating set in G + H if and only if one of the following holds:
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(1) S=V(G+H).
(13) S is a clique 2-dominating set in G.
(791) S is a clique 2-dominating set in H.
)

(iv) S = Sg U Sy where @ # Sg C V(G) and @ # Sy C V(H) satisfy any of the
following:

(a) Sg and Sy are cliques in G and H, respectively, where |Sg| > 2 and |Sg| > 2.
(
(

(d) |Sg| =1 and Sg is a clique dominating set in G with |Sg| > 2.

)
b) Sg and Sy are dominating sets in G and H, respectively, with |Sqg| = |SH| = 1.
)

¢) |Sal =1 and Sy is a clique dominating set in H with |Sg| > 2.

Proof. Suppose S is a convex 2-dominating set in G+ H where S # V(G+ H). Suppose
first that S C V(G). Since S is a convex 2-dominating set in G + H, S must be a clique
2-dominating set in G. Similarly, if S C V/(H), S is a clique 2-dominating set in H. Hence,
(74) or (iii) holds. Next, suppose that S¢ = SNV(G) # @ and Sy = SNV (H) # .
Since S is convex and G and H are non-complete, Sg and Sy are cliques in G and H,
respectively. If |Sg| > 2 and |Sg| > 2, then (a) holds. Suppose |Sg| =1 and |Sy| = 1.
Since S is 2-dominating in G + H, it follows that Sg and Sy are dominating sets in G
and H, respectively, showing that (b) holds. Suppose |Sg| = 1 and |Sy| > 2. Since
Sy # V(H) (otherwise S = V(G + H)) and S is convex 2-dominating in G+ H, Sy is a
clique dominating set in H. Hence, (c¢) holds. Similarly, (d) holds if |Sg| > 2 and |Sg| = 1.

The converse is clear. O

Corollary 3. Let G and H be non-complete graphs such that v(G) = v(H) = 1. Then
Yocon (G + H) = 2.

Lemma 1. Let G be a non-trivial connected graph. If G admits a clique 2-dominating
set, then 1+ %Z(G) < ’VQCZ(G)'

Proof. Let D be a ya¢-set in G. Then, clearly, |D| > 2. Let v € D and set D* = D\{v}.
If |D| = 2, then |D*| = 1 and D* is a dominating set in G. Suppose |D| > 3 Let
z € V(G)\ D*. If z € D, then zw € E(G) for every w € D*. Suppose z € V(G) \ D.
Since D is 2-dominating, |[Ng(z) N D| > 2. It follows that |[Ng(z) N D*| > 1, showing that
D* is a clique dominating set in G. Thus, v,(G) < |D*| = v2q(G) — 1. This proves the
assertion. t

The next result follows from Theorem 3 and Lemma 1.
Corollary 4. Let G and H be non-complete graphs such that v(G) # 1 and v(H) # 1.

(i) If G and H both admit a clique 2-dominating set (a clique dominating set), then

Yocon (G + H) = min{1 + v4(G), 1 + va(H),4}.
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(13) If G admits a clique dominating set but H does not, then

Yacon (G + H) = min{1 + v,(G), 4}.
(ii1) If G and H are disconnected graphs, then

a4 if E(G) # @ and E(H) # &
’7200n(G+H) - {|V(G+H)‘ ZfE(G) = or E(H) = d.

Theorem 4. Let G be a non-complete graph and let n be a positive integer. A subset
S C V(K, + G) is convex 2-dominating in K, + G if and only if one of the following
holds:

(1) S CV(Ky) and |S| > 2.
(13) S is a clique 2-dominating set in G.

(7i1) S = Sg U S, where & # Sg C V(G) and & # S, C V(K,) satisfies any of the
following:

(a) Sp =V(K,) and V(G) \ Sg is a non-connecting set in G, where, in addition,
Sqa is dominating if n = 1.

(b) Sp # V(K,,) with |S,| =1 and Sg is a clique dominating set in G.

(¢) Sp # V(K,) with |S,| > 2 and S is a clique in G.

Proof. Suppose S is a convex 2-dominating set in K, + G. If S C V(K,), then
|S| > 2, showing that (i) holds. Suppose that S C V(G). Since G is non-complete and
S is convex and 2-dominating in G + H, S is a clique dominating set in G. Hence, (i)
holds. Next, suppose S¢ = V(G) NS # @ and S, = V(K,) NS # @. Suppose first
that S, = V(K,,). Let p,q € Sg such that dg(p,q) = 2. Since S is convex in K, + G,
Ia(p,q) = Ik, +c(p,q) \ V(Kyn) C Ik, +c(p,q) € S. It follows that I¢(p,q) C Sg. Hence,
Na(p) N Ng(q) N (V(G) \ Sg) = @. This shows that V(G) \ S¢ is a non-connecting set
in G. If n = 1, then S is a dominating set because S is a 2-dominating set in K,, + G.
Thus, (a) holds. Now suppose that S, # V(K,). Since S is convex, Sg is a clique in G.

Moreover, since S is 2-dominating in K,, + G, Sg is a dominating set in G if |S,| = 1.
This shows that (b) or (¢) holds.
The converse is easy. d

The next result is immediate from Theorem 4.

Corollary 5. Let G be a non-complete graph and let n be a positive integer. Then

1+vg ifn=1

con Kn+G =
con ) {2 ifn>2

where Y = min{|S| : S is a dominating set and V(G)\ S is a non-connecting set in G}.
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Let G and H be connected graphs. The corona of G and H is the graph G o H obtained
by taking one copy of G and |V (G)| copies of H, and then joining the ith vertex of G to
every vertex of the ith copy of H. For convenience, we write H" to denote the copy of H
joined to v and write H” +v = H" + (v).

Remark 1. Let G be a non-trivial connected graph. If S is a clique in G, then V(G)\ S
18 a mon-connecting set.

Theorem 5. Let G be a non-trivial connected graph and let H be any graph. Then S is
a convex 2-dominating set in G o H if and only if S =V (G)U (UveV(G) SqJ) where S, is
dominating and V(H") \ Sy is a non-connecting set in HY for each v € V(G).

Proof. Let S be a convex 2-dominating set in Go H. Let A = SNV(G) and let
Sy = SNV(H") for each v € V(G). Then S = AU (UUGV(G) S’U). Suppose A # V(G).
Then there exists u € V(G) \ A. Since S is a dominating set, S, # @. Since G is a
non-trivial connected graph, (S) is disconnected, a contradiction to the assumption that
S is convex. Hence, A =V(G) and S = V(G)U (UveV(G) 5’1,). Next, let v € V(G). Since
veSand SN[V(HY)U{v}] is a convex 2-dominating set in v + H", S, is a dominating
set, and V(H") \ S, is a non-connecting set in H" by Theorem 4(iii)(a).

Conversely, suppose that S has the given form and satisfies the given property. Then S
is a 2-dominating set in v+ H". By Theorem 4(iii)(a), S,U{v} is a convex 2-dominating set
in v+ H" for each v € V(G). Since G is connected, it follows that ,cy (g (So U {v}) = S
is a convex set in G o H. Hence, S is a convex 2-dominating set in G o H. O

Corollary 6. Let G be a nontrivial connected graph of order m and let H be any graph.
Then

Yocon(G 0 H) =m(1 + ¥p),
where Y = min{|S| : S is a dominating set and V(H)\S is a non-connecting set in H}.

Proof. Let S =V (G)U Sy ) be a yocon-set in G o H. By Theorem 5, 5, is a
veV(G)

dominating set, and V(H") \ S, is a non-connecting set in H”. Thus

Yocon(Go H) = |[S|
= [V(@)|+ Y IS
veV(G)
> m(l—l—l/JH).

Next, let D, be a dominating set in H" such that V(H") \ D, is non-connecting and
|Dy| = ¢ for each v € V(G). Then S* = V(G)U (Uvev(G) Dv) is a convex 2-dominating
set in G o H by Theorem 5. Hence,

72con(GoH) < ‘S*‘



R. J. G. Fortosa et al. / Eur. J. Pure Appl. Math, 17 (3) (2024), 1539-1552 1547

= [V(G)+ > IDi

veV(G)
= m(l + 1/JH)

This proves the desired equality. ]

The Cartesian product G x H of two graphs G and H is the graph with
V(Gx H)=V(G) x V(H) and (u,u')(v,v") € E(G x H) if and only if either uv € F(Q)
and v/ =" or u = v and u'v' € E(H).

The next result obtained by Canoy and Garces characterizes convex sets in the Carte-
sian product of graphs.

Theorem 6. [7] Let G and H be connected graphs. A subset S of V(GOH) is convex if
and only if S = 51 X S, where S; and S are convex sets in G and H, respectively.

Lemma 2. Let G and H be connected graphs. If a subset S = S1 x Sy of V(GOH) is a
2-dominating set in GLH , then S1 and Sy are 2-dominating sets in G and H, respectively.

Proof. Suppose that S is a 2-dominating set in GOH and let v € V(G) \ S;. Pick
any p € V(H). Since S is 2-dominating in GOH and (v,p) ¢ S, there exist (u,q), (w,t) €
SNNe¢om((v,p)). This implies that p = g = ¢, u # w, and u,w € SN Ng(v). Thus, S is a
2-dominating set in G. A similar argument can be used to show that S5 is a 2-dominating
set in H. [

Theorem 7. Let G and H be connected graphs. A subset S of V(GOH) is a convex
2-dominating set in GOH if and only if S = S1 X Sy and

(i) S1 is a convex 2-dominating set in G and Sy =V (H), or
(13) Sa is a convexr 2-dominating set in H and S1 = V(G).

Proof. Let S be a convex 2-dominating set in GOH. By Theorem 6, S = S; x 53,
where S7 and Sy are convex sets in G and H, respectively. By Lemma 2, S; and Sy are
2-dominating sets in G and H, respectively. Suppose S; # V(G) and Sy # V(H). Pick
any x € V(G)\ S1 and a € V(H) \ S2. Then (z,d),(z,a) ¢ S for all d € V(H) and
z € V(G). It follows that Neop((z,a)) N (S1 x S2) = @, implying that S; x S is a not
a 2-dominating set in GOH, contrary to our assumption of the set. Hence, S; = V(G) or
Sy = V(H). This shows that (i) or (¢¢) holds.

For the converse, suppose that (i) holds. By Theorem 6, S = S; x Sy is a convex set
in GOH. Let (v,p) € V(GOH) \ S. Then v ¢ S;. Since S; is 2-dominating, there exist
u,w € Sq such that u,w € Ng(v). Consequently, (u,p), (w,p) € Neou((v,p))NS. Hence,
S is a convex 2-dominating set in GOH. The same conclusion is obtained if (i) holds. [

Corollary 7. Let G and H be connected graphs of orders m and n, respectively. Then

’YQCOR(GDH) - min{m’YQcan(H% n72con(G>}-
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Proof. Let S be a yacon-set in GOH. By Theorem 7, S = S1 xV(H) or S = V(G) x Sa,
where S7 is a convex 2-dominating set in G and Ss is a convex 2-dominating set in H.
Thus,

fVQCon(GDH) = |S‘ > min{n’YZcon(G)a mVQcon(H)}-

Next, suppose that S] and S} are yacon-sets in G and H, respectively. Then by Theorem
7,5 =51 xV(H) and S* = V(G) x S} are convex 2-dominating sets in GOH. It follows
that

Y2con(GOH) < min{|S’], [S*|} = min{nvyacon(G), mYacon (H)}.

This proves the desired equality. O

The lexicographic product of two graphs G and H is the graph G[H| with
V(G[H]) = V(G) x V(H) and (u1,u2)(vi,v2) € E(G[H]) if and only if either uyv; € E(G)
or u; = v1 and ugvy € E(H).

Theorem 8. [7] Let G and H be connected non-complete graphs and let C' be a proper
subset of V(G[H]). Then C is convex in G[H] if and only if C' is a clique.

Theorem 9. Let G and H be connected non-complete graphs. A set C = Uzes({x}xT,) C
V(G[H]) is conver 2-dominating if and only if C = V(G[H]) or S and each T, are cliques
in G and H, respectively, and satisfy one of the following conditions:

(i) S is a 2-dominating set in G and

(a) |S| >3 or
(b) for each x € S, T, is dominating in H or |T,)| > 2 when S = {z,y}.

(13) S is a dominating set in G such that

(¢) Ty is 2-dominating in H whenever S = {x} and
(d) for each v € V(G)\ S with |[Ng(v) N S| = 1, it holds that |T,| > 2 for
z€ Ng(v)NS.

Proof. Suppose C' is convex 2-dominating and C' # V(G[H]). By Theorem 8, S and
T, are cliques in G and H, respectively, for each x € S. Suppose S is 2-dominating in
G and let x € S. If |S| > 3, then (¢)(a) holds. Suppose |S| = 2, say S = {z,y} and
suppose that |[T,| = 1. Let p € V(H)\ T, and ¢ € T};. Then (y,q) € C' N Ngi((z,p))-
Since C' is 2-dominating in G[H], there exists (z,t) € (C'\ {(y,q)}) N Ngm)((x,p)). Since
T, = {q}, 2 = v and t € T, N Nu(p). Therefore, T, is a (clique) dominating set in
H, showing that (i)(b) holds. Next, suppose that S is not 2-dominating. Since C is
dominating, it follows that S is a (clique) dominating set in G. Suppose first that |S| = 1,
say S = {z}. Let d € V(H) \ T. Since C is 2-dominating and (z,d) ¢ C, there exist
(v,1), (w, s) € CNNgm)((w,d)). This implies that v = w = r and [, s € T, N Ny(d). Thus,
T, is a (clique) 2-dominating set in H. Finally, let v € V(G) \ S with |[Ng(v) N S| =1,
say Ng(v) NS = {z}. Since C is 2-dominating, |7,| > 2, showing that (i) holds.

The converse is easy. O



R. J. G. Fortosa et al. / Eur. J. Pure Appl. Math, 17 (3) (2024), 1539-1552 1549

Corollary 8. Let G and H be connected two non-complete graphs of orders m and n,
respectively. If G and H do not admit a clique dominating set, then Yacon(G[H]) = mn.

Corollary 9. Let G and H be connected non-complete graphs. Then Yocon(G[H]) = 2 if
and only if v (G) =1 and o (H) =2 or va(H) =1 and v24(G) = 2.

Proof. Suppose Yocon(G[H]) = 2 and let C = {(z,a),(y,b)} be a vyacon-set in G[H].
Then (z,a), (y,b) € E(G[H]) because C is convex. If z = y, then ab € E(H). Hence,
Y1(G) = 1 (z is a dominating vertex of G) and so 7ya4(H) = 2 by Theorem 9(iz)(c).
Suppose x # y. Then {z,y} is a 2-dominating set in G, i.e., y9q(G) = 2. Since
|T:| = |Ty| = 1, T, and T} are clique dominating sets in H by Theorem 9(i)(b). Thus,
’ycl(H) =1.

The converse follows from Theorem 9. O

Corollary 10. Let G and H be connected non-complete graphs. Then yacon(G[H]) = 3 if
and only if one of the following holds:

(1) Y2a(G) = 3.
(ii ’Ycl(G) =1 and ’YQCZ(H) = 3.

(1) Ya(G) = va(H) =1, 72a(G) # 2, and vou(H) # 2.

)
)
(i11) Y2c(G) =2 and y(H) = 2.
)
(v)

’YCZ(H) =2, '7cl(G) =1, and VQCI(H) # 2.

Proof. Suppose Yocon(G[H]) = 3 and let C' = {(w,p), (u,q), (v,7)} be a Yyacon-set in
G[H]. Then C is a clique by Theorem 8. If u,v, and w are distinct vertices of G, then
Yoc1(G) = 3, showing that (i) holds. If w = u = v, then {p,q,r} is a clique in H. Hence,
Y(G) = 1 (w is a dominating vertex of G) and 72,(H) = 3 by Theorem 9(i:). This
shows that (ii) holds. Suppose now that w = u and v # w. Then @ = {v,w} is a clique
dominating set in G. If @ is 2-dominating, then v, (G) = 2. Since Yocon(G[H]) # 2,
ve(H) # 1. It follows that {p,q} is a yy-set in H, i.e., y4(H) = 2. Hence, (ii7) holds.
Suppose @ is not 2-dominating. Let z € V(G) \ @ such that z ¢ Ng(w) N Ng(v). Since
C' is 2-dominating, this implies that z € Ng(w). It follows that w is a dominating vertex
of G. Thus, v74(G) = 1. By Corollary 9, vo.(H) # 2. Suppose v4(H) =1 (p or g is a
dominating vertex of H). Since Yacon(G[H]) # 2, 720 (G) # 2. Therefore, (iv) holds. If
Yei(H) # 1, then v, (H) = 2, showing that (v) holds.

For the converse, suppose first that (i) holds. Let S = {x,y, 2} be a yy4-set in G and
pick any p € V(H). Then C; = {(x,a),(y,a),(z,a)} is a yacon-set of G[H| by Theorem
9 and Corollary 9. Suppose (i) holds, say D = {p,q,t} is a yaq-set in H. Let v be a
dominating vertex in G. Then Cy = {(v, p), (v,q), (v,t)} is a Yacon-set of G[H] by Theorem
9 and Corollary 9. Next, suppose (iii) holds. Let {z,y} be a y3y-set in G and let {k,}
be yg-set in H. Then Cs = {(z, k), (z,1), (y,k)} is a yacon-set of G[H| by Theorem 9 and
Corollary 9. Suppose now that (iv) holds. Let w and p be dominating vertices of G and
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H, respectively. Let u € Ng(w) and s € Ng(p). Let Cy = {(w,p), (w, s), (u,p)}. By
Theorem 9 and Corollary 9, C35 is a 7yacon-set of G[H]|. Lastly, suppose that (v) holds.
Let w be a dominating vertex of G, v € Ng(w), and let R = {a,b} be a vy -set in H.
Then C5 = {(w,a), (w,b), (v,a)} is a Yyacon-set of G[H| by Theorem 9 and Corollary 9.
Accordingly, vacon(G[H]) = 3. O

Corollary 11. Let G and H be connected non-complete graphs such that v4(G) > 2.
Suppose H does not admit a clique dominating set.

(i) If G admits a clique 2-dominating set, then Yacon(G[H]) < min{2v.(G), y2q(G)}-
(74) If G does not admit a clique 2-dominating set, then vocon(G[H]) < 27v4(G).

The bound given in Corollary 11 is sharp. Indeed, vocon (Ps[Pn]) = 4 = 2794(Py) and
'YQCon(CéL[Cn]) =4 = 2’}/0[(04) for all n > 5.

The next result is a rectification of the one obtained by Canoy and Garces in [7].

Theorem 10. [6] Let G be a connected graph and m a positive integer. A set
C =Upes({z} xTy) CV(G[Ky)), where S C V(G) and T,, C V(K,,) for all z € S, is con-
vex in G[Kp,] if and only if S is convex in G and T, = V(K,,) for each x € S = I(S)N S.

Theorem 11. Let G be a non-trivial connected graph and m a positive integer. A set
C = Upes({x}xT,) C V(G[H]), where S C V(G) and T,, C V(K,,) for allx € S, is convex
2-dominating in G[K,] if and only if S is convex 2-dominating in G and T, = V(K,,) for
each x € SO =1(S)NS.

Proof. Suppose C' is convex 2-dominating in G[K,,]. By Theorem 10, S is convex
in G and T, = V(K,;,) for each z € S® = I(S) N S. Let v € V(G) \ S and choose any
p € V(K,,). Since (v,p) ¢ C and C is 2-dominating in G[K,,], there exist two vertices
(w,t),(2,8) € C'N Ngik,, ((v,p)). This implies that w,z € SN Ng(v). Therefore, S is a
2-dominating set in G.

Conversely, suppose that S is convex in G and T, = V(K,,) for each
r € 8% =1I(S)NS. Then C is convex in G[K,,] by Theorem 10. Let (y,d) € V(G[K])\C.
Suppose y € S. Since S is convex 2-dominating, it follows that |S| > 2 and (S) is con-
nected. Let w € S N Ng(y). Pick any ¢ € T, and b € T,  Then
(y,a), (u,b) € CN Ngx,, ((y,d)). Next, suppose that y ¢ S. Since S is 2-dominating
in G, there exist distinct vertices v, w € SN Ng(y). Choose any p € T, and g € T,,. Then
(v,p), (w,q) € CN Ngx,,|((y,d)). Thus, C is a 2-dominating set in G[K,,]. O

Corollary 12. Let G be a non-trivial connected graph and let m > 2. Then

Yocon (G[Km]) = min{|S| + (m — 1)|S°| : S is a convex 2-dominating set in G}.
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Conclusion

Convex 2-domination has been introduced and initially studied in this paper. It was
shown that every support vertex and every vertex with an independent open neighborhood
belong to every convex 2-dominating set in a connected graph. The convex 2-domination
number of a connected graph is at least equal to its convex domination number. Moreover,
the difference of these two parameters can be made arbitrarily large. Convex 2-domination
has been investigated for the join and corona of two graphs as well as for the lexicographic
and Cartesian products of graphs. For some graphs (especially for some join and lexi-
cographic product of graphs), convex 2-domination is related to clique domination. The
newly defined concept can be studied for other graphs. It is also interesting to determine
the complexity of the convex 2-domination problem.
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