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Abstract. Our main purpose is to introduce the notion of weakly quasi (71, 72)-continuous multi-
functions. Furthermore, several characterizations of weakly quasi (71, 72 )-continuous multifunctions
are established.
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1. Introduction

The concept of quasi continuous functions was introduced by Marcus [28]. Popa [33]
introduced and investigated the notion of almost quasi continuous functions. Neubrun-
novad [29] showed that quasi continuity is equivalent to semi-continuity due to Levine
[27]. Popa and Stan [36] introduced and studied the notion of weakly quasi continu-
ous functions. Weak quasi continuity is implied by quasi continuity and weak conti-
nuity [26] which are independent of each other. It is shown in [30] that weak quasi
continuity is equivalent to weak semi-continuity due to Arya and Bhamini [1] and Kar
and Bhattacharyya [24]. Duangphui et al. [23] introduced and investigated the no-
tion of weakly (i, z/)("™™-continuous functions. Moreover, some characterizations of al-
most (A, p)-continuous functions, strongly #(A,p)-continuous functions, almost strongly
0(A, p)-continuous functions, #(A, p)-continuous functions, weakly (A, b)-continuous func-
tions, f(x)-precontinuous functions, *-continuous functions, #-.#-continuous functions, al-
most (g, m)-continuous functions, (A, sp)-continuous functions, dp(A, s)-continuous func-
tions, (A, p(x))-continuous functions, pairwise weakly M-continuous functions, (71,72)-
continuous functions, almost (71, 72)-continuous functions and weakly (71, 72)-continuous
functions were presented in [38], [40], [12], [37], [18], [11], [10], [6], [3], [43], [39], [9], [4],
[19], [17] and [13], respectively.
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The concept of almost quasi continuous multifunctions was introduced by Popa and
Noiri [35]. Noiri and Popa [31] introduced and studied the notion of weakly quasi contin-
uous multifunctions. Several characterizations of weakly quasi continuous multifunctions
have been obtained in [35]. Popa and Noiri [34] introduced and investigated the concepts
of upper and lower #-quasi continuous multifunctions. In particular, some characteriza-
tions of upper and lower #-quasi continuous multifunctions were established in [32]. In [8],
the present author introduced and studied the concepts of almost quasi x-continuous mul-
tifunctions and weakly quasi *-continuous multifunctions. Laprom et al. [25] introduced
and investigated the notion of almost (71, T2)-continuous multifunctions. Viriyapong and
Boonpok [42] introduced and studied the concept of weakly (71, 72)a-continuous multifunc-
tions. Furthermore, several characterizations of weakly (71, 72)d-semicontinuous multifunc-
tions, almost weakly (71, 72)-continuous multifunctions, almost weakly *-continuous mul-
tifunctions, weakly *-continuous multifunctions, weakly a-x-continuous multifunctions,
weakly ¢*-continuous multifunctions, weakly quasi (A, sp)-continuous multifunctions, weakly
(A, sp)-continuous multifunctions and weakly (71, m2)-continuous multifunctions were in-
vestigated in [7], [21], [20], [5], [15], [14], [44], [16] and [41], respectively. In this paper, we
introduce the concept of weakly quasi (71, 72)-continuous multifunctions. Moreover, some
characterizations of weakly quasi (71, 72)-continuous multifunctions are discussed.

2. Preliminaries

Throughout the present paper, spaces (X, 71,72) and (Y, 01,02) (or simply X and
Y') always mean bitopological spaces on which no separation axioms are assumed unless
explicitly stated. Let A be a subset of a bitopological space (X, 71, 72). The closure of A
and the interior of A with respect to 7; are denoted by 7;-Cl(A) and 7;-Int(A), respectively,
for i = 1,2. A subset A of a bitopological space (X, 71, 72) is called 7 72-closed [22] if
A = 11-Cl(19-C1(A)). The complement of a 717m5-closed set is called 7172-open. Let A be
a subset of a bitopological space (X, 71, 72). The intersection of all 7179-closed sets of X
containing A is called the 71 72-closure [22] of A and is denoted by 7179-CIl(A). The union
of all 71 75-open sets of X contained in A is called the 7 mo-interior [22] of A and is denoted
by T172-Int(A).

Lemma 1. [22] Let A and B be subsets of a bitopological space (X, 11, 72). For the T172-
closure, the following properties hold:

(1) A C 1yma-Cl(A) and Timo-Cl(rima- CIA)) = Ty72-CI(A).
(2) If AC B, then 13- CI(A) C m175-CI(B).

(3) T179-Cl(A) is T172-closed.

(1) A is ria-closed if and only if A = 175-CI(A).

(5) T17a-CU(X — A) = X — ry73-Int( A).
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A subset A of a bitopological space (X, 71, 72) is called (71, 72)r-open [42] (resp. (11, T2)s-
open [7], (11, 72)p-open 7], (11, T2)B-open [7], a(T1, T2)-open [45]) if A = T72-Int(1172-C1(A))
(resp. A C 11o-Cl(1172-Int(A)), A C 1y7o-Int(7172-C1(A4)), A C 7 70-Cl(1172-Int (11 72-CL(A))),
A C 1ymo-Int(7172-Cl(7172-Int(A)))). The complement of a (71, 72)r-open (resp. (71,72)s-
open, (71, 7T2)p-open, (11,72)B-open, «(ti,72)-open) set is called (71, 72)r-closed (resp.
(11, 2)s-closed, (11, 72)p-closed, (11,72)[-closed, a(T1,T2)-closed). Let A be a subset of
a bitopological space (X, 71, 72). The intersection of all (71, 72)s-closed sets of X contain-
ing A is called the (71, 72)s-closure [7] of A and is denoted by (71, 72)-sCl(A). The union
of all (71, m)s-open sets of X contained in A is called the (71, 72)s-interior [7] of A and is
denoted by (71, 72)-sInt(A).

Lemma 2. For a subset A of a bitopological space (X, T1,72), the following properties
hold:

(1) (7’1,7‘2)—501(/1) = TlTQ—]nt(TlTQ—Cl(A)) UA [21];
(2) (Tl,Tg)-SInt(A) = TlTQ-Ol(TlTQ-Int(A)) NA.

Let A be a subset of a bitopological space (X,71,72). A point z € X is called a
(11, T2)0-cluster point [42] of A if 117-Cl(U) N A # 0 for every 7y72-open set U containing
x. The set of all (11, 72)0-cluster points of A is called the (71, 72)8-closure [42] of A and
is denoted by (71, 72)0-Cl(A). A subset A of a bitopological space (X, 71, 72) is said to be
(11, 72)0-closed [42] if (11, 72)0-Cl(A) = A. The complement of a (71, 72)6-closed set is said
to be (11, 72)0-open. The union of all (71, 72)0-open sets of X contained in A is called the
(11, T2)0-interior [42] of A and is denoted by (71, 72)0-Int(A).

Lemma 3. [42] For a subset A of a bitopological space (X, 11,72), the following properties
hold:

(1) If A is ime-open in X, then T172-Cl(A) = (11, 72)0-Cl(A).
(2) (11,72)0-Cl(A) is Ti2-closed in X.

By a multifunction F' : X — Y, we mean a point-to-set correspondence from X into
Y, and we always assume that F(z) # ) for all z € X. For a multifunction F : X — Y,
following [2] we shall denote the upper and lower inverse of a set B of Y by F*(B) and
F~(B), respectively, that is, FT(B) = {x € X | F(z) C B} and

F~(B)={ze X |F(z)NB %0}

In particular, F~(y) = {x € X | y € F(z)} for each point y € Y. For each A C X,
F(A) = UgeaF(z). Let Z(X) be the collection of all nonempty subsets of X. For any
71 T9-open set V of a bitopological space (X, 11, 72), we denote VT = {B € 2(X) | BCV}
and V- = {Be 2(X) | BNV #0}.
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3. Weakly quasi (71, 72)-continuous multifunctions

In this section, we introduce the concept of weakly quasi (71, 72)-continuous multifunc-
tions. Moreover, some characterizations of weakly quasi (71, 72)-continuous multifunctions
are discussed.

Definition 1. A multifunction F : (X, 71,72) — (Y,01,02) is said to be weakly quasi
(71, T2)-continuous at a point x € X if for each oio2-open sets Vi, Vo of Y such that
F(z) € V1+ NV, and each Tim-open set U of X containing x, there exists a nonempty
T172-0pen set G such that G C U, F(G) C 0102-Cl(V1) and o102-Cl(Vo) N F(2) # 0 for
every z € G. A multifunction F : (X,11,72) — (Y,01,02) is said to be weakly quasi
(71, T2)-continuous if F is weakly quasi (11, T2)-continuous at each point of X.

Theorem 1. For a multifunction F : (X, 1,m72) — (Y,01,02), the following properties are
equivalent:

(1) F is weakly quasi (71, 7T2)-continuous;

(2) for each x € X and every o109-open sets Vi, Vo of Y such that F(x) € V" NV, ,
there exists a (11, 12)s-open set of X containing x such that F(U) C o109-Cl(V1) and
0109-Cl(Va) N F(z) # 0 for every z € U;

(5’) Tng—Int(TlTQ—Cl(F_(Ulag—fnt(Kl)) U F+(0102—Int(K2)))) - F_(Kl) U F+(K2) for
every o1oo-closed sets K1, Ko of Y;

(4) FX(Vi)NEF~(V3) C (11, 12)-sInt(F T (0102-Cl(V1))NF~ (0102-Cl(V3))) for every o102-
open sets Vi, Vo of Y;

(5) (11,72)-sC(F~(V1)UFT(V3)) C F~(0102-Cl(V1))UF* (0102-Cl(V3)) for every o102-
open sets Vi, Vo of Y.

Proof. (1) = (2): Let % (x) the family of all 7y72-open sets of X containing z. Let
Vi, V2 be any ojoz-open sets of Y such that F(z) € V;" NV, . For each H € % (z),
there exists a nonempty 7172-open set Gg such that Gy C H, F(Gg) C 0102-Cl(V7) and
0102-Cl(Va) N F(y) # 0 for each y € Gy. Let W = U{Gy | H € % (x)}. Then, W is
Ti7e-open in X, x € mra-Cl(W), F(W) C 0102-C1(V}) and o102-Cl(V2) N F(w) # ) for
every w € W. Put U =W U{x}, then W C U C 1y7o-Cl(W). Thus, U is a (71, 72)s-open
set of X containing x such that F(U) C 0109-Cl(V1) and 0109-Cl(Va) N F(2) # () for every
zeU.

(2) = (4): Let Vi, Vs be any oq02-open sets of Y and x € F* (V) N F~(V5). Then,
F(x) € Vi" NV, and there exists a (71, 72)s-open set U of X containing = such that
F(U) C 0109-Cl(V4) and 0109-Cl(V2) N F(z) # 0 for each z € U. Thus, z € U C
(Tl, TQ)—SInt(FJr(UlJQ—Cl(Vl)) NE~ (Jlag—CI(Vg))) and so

FJF(Vl) N Fi(VQ) - (Tl, TQ)-SInt(F+(0102-Cl(‘/i)) N Fi(O'lo'Q—CI(VQ))).
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(4) = (5): Let V1, V5 be any oj09-open sets of Y. Then by (4), we have
X — (F_ (O’102—CI(V1)) U F+(0102—C1(V2)))

= (X — F_(UlJQ—C](Vl))) N (X — F+(010'2—C1(‘/2)))
= FT(Y — 0109-Cl(V))) N F~ (Y — 0102-Cl(V3))

C (11, 1)-sInt(F T (0109-CL(Y — 0109-C1(V1))) N F~ (0109-Cl(Y — 0102-C1(V2))))
= (11, 72)-sInt(FT (Y — gy09-Int(0109-C1(V1))) N F~ (Y — o109-Int(0102-C1(13))))
C (r1, m2)-sInt(FH(Y = Vi) N F~ (Y — V3))

= (71, 72)-sInt((X — F~ (V1)) N (X — F*(V2)))

= (11, 72)-sInt(X — (F~ (V1) U FT(1R)))

= X — (11, 7)-sCl{(F~ (V1) U FT(13))

and hence (71, 72)-sCl(F~ (V1) U F+(V3)) C F~(0102-C1(V1)) U F*(0102-C1(V2)).
(5) = (3): Let K, K3 be any op09-closed sets of Y. By (5) and Lemma 2,

71 72-Int (71 72-Cl(F~ (0109-Int (K1) U F 1 (0102-Int(K3))))

C (11, 72)-sClF~ (0109-Int(K1)) U F T (0109-Int(K3)))

C F~ (0102-Cl(102-Int(K1))) U FH (0102-Cl(o102-Int(K>)))
C F~(0102-Cl(K1)) U F*(0102-Cl(K3))

= F~ (K1) UF(K>).

(3) = (4): Let V1, Vs be any oj02-open sets of Y. By (3) and Lemma 2,

X — (11, m)-sInt(F* (0102-C1(V1)) N F~ (0102-Cl(V2)))

= (11, 72)-sCl(F~ (Y — 0102-C1(V1)) U FT (Y — 0109-Cl(1%)))

C F (0109-Cl(Y — 0109-C1(V1))) U F (0102-CI(Y — 0109-C1(V2)))
= F (Y — o102-Int(0102-C1(V1))) U FT(Y — o109-Int(0102-C1(13)))
CF (Y -WV)UFH (Y — V)

— (X = F*(R) U (X — F~(V3))

=X —(Fr(Vi)nF~(11))

and hence F* (V1) N F~(V3) C (11, 72)-sInt(F*(0102-CL(V})) N F~(0102-C1(V3))).

(4) = (1): Let € X and V4, Va be any a109-open sets of Y such that F(z) € V{F NV, .
By (4), we have F(V1)NF~ (V) C (11, 72)-sInt(F* (c102-C1(V1))NF~ (0102-Cl(V3))). Put
U = (11, 72)-sInt(F T (6109-C1(V1)) N F~(0102-C1(V2))). Then, U is (71, 72)s-open set of X
containing x such that F(U) C 0102-C1(V}) and o102-Cl(V2) N F(z) # 0 for every z € U.
This shows that F' is weakly quasi (71, 72)-continuous.

Theorem 2. For a multifunction F : (X, 11,172) — (Y,01,02), the following properties are
equivalent:
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(1) F is weakly quasi (71, T2)-continuous;
(2)

(11,72)-sCUF~ (o109-Int((01, 02)8-CU(B1))) U F* (0109-Int((01, 02)8-Cl(B3))))
C F~((01,02)0-Cl(B1)) U F*((01, 02)0-Cl( By))

for every subsets By, Bs of Y;
(3)

(11, 72)-8CF~ (0102-Int(0102-Cl(B1))) U F* (0109-Int(0102-Cl(B3))))
- F_((Ul, 02)0-01(31)) U F+((O'1, 0'2)9-01(32))

for every subsets By, Bs of Y;

(4)

(11, 72)-sCUF ™ (0102-Int(c102-Cl(V1))) U Ft (0102-Int(0102-Cl(V3))))
C F~(0102-Cl(V1)) U F* (0109-Cl(V3))

for every o109-open sets Vi, Vo of Y;
(5)

(11, 72)-sCUE~ (o109-Int(c102-Cl(V1))) U Ft (0109-Int(o102-Cl(V2))))
C F~(0102-Cl(V1)) U F* (0109-Cl(V3))

for every (o1, 02)p-open sets Vi, Vo of Y;
(6)
(11,72)-sCUF ™~ (0102-Int(K1)) U F (0102-Int(K>))) C F~ (K1) U FT(K>)
for every (o1, 02)r-closed sets Ky, Ko of Y.

Proof. (1) = (2): Let Bj, Bz be any subsets of Y. Since (01,02)0-Cl(B;) and
(01,02)0-Cl(B3) are o109-closed in Y, by Theorem 1

T17o-Int (71 79-CL(F~ (01 09-Int((01, 02)0-C1(B1))) U F ¥ (0109-Int((01, 02)0-Cl(B2)))))
C F~((01,02)0-Cl(By)) U F*((01, 02)8-Cl(By))

and by Lemma 2, we have

(11, 72)-sCI(F~ (0109-Int((01, 02)0-C1(By))) U F+(0102—Int((01, 02)0-Cl(B3))))
- Fi((al, Ug)@—Cl(Bl)) U F+((01, UQ)Q—CI(BQ)).
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(2) = (3): This is obvious since o102-Cl(B) C (01, 02)0-Cl(B) for every subset B of
Y.

(3) = (4): This is obvious since 0109-Cl(V) = (01, 02)0-Cl(V) for every oj02-open set
VofY.

(4) = (5): Let V1, Vs be any (01, 02)p-open sets of Y. Then, we have

Vi C o109-Int(0109-CL(V;))

and 0109-Cl(V;) = 0109-Cl(0102-Int(0102-CL(V;))) for i = 1,2. Now, put
G; = o109-Int(0102-C1(V})),

then G; is o109-open in Y and 0109-Cl(G;) = 0102-C1(V;). Thus, by (4),

(11, 72)-sCl(F~ (0109-Int(0109-C1(V1))) U F T (0109-Int (01 02-C1(13))))
C F~ (0102-C1(V1)) U FT(0109-C1(V2)).

(5) = (6): Let Ky, K5 be any (o1,02)r-closed sets of Y. Since o109-Int(K;) and
o109-Int(K3) are (o1, 02)p-open in Y, by (5), we have

(7'17 72)'SCI(F7 (010'2—IH'D(K1)) U F+<0102—Int(K2)))
= (11, 72)-sCUF~ (102-Int(0109-Cl(0102-Int(K71)))) U F* (0109-Int (01 09-Cl(0109-Int(K?)))))
C (0102—C1(0102—Int(K1))) U F+(0102—01(0102—Int(K2)))

e
F~ (K1) U F*(K>).

(6) = (1): Let V1, V5 be any oj09-open sets of Y. Then, o109-Cl(V7) and o102-Cl(V3)
are (01, 09)r-closed in Y. Thus by (6),

(71,72)-sCI(F~ (V1) U F*(V3))
(11, 72)-sCl(F~ (0109-Int(o102-C1(V7))) U F+(Ulag—lnt(alag—CI(Vg))))

-
- Fi(O'lO'Q-Cl(‘/l)) U F+(010'2—CI(V2)).

It follows from Theorem 1 that F' is weakly quasi (71, 72)-continuous.

Theorem 3. For a multifunction F : (X, 11,72) — (Y, 01,02), the following properties are
equivalent:

(1) F is weakly quasi (71, 7T2)-continuous;
(2)

(11,72)-sCUF~ (0102-Int(0102-Cl(V1))) U F* (0109-Int(0102-Cl(V2))))
C F~(0102-Cl(V1)) U F*(0102-Cl(V3))

for every (o1, 092)B-open sets Vi, Vo of Y;
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(3)
(11, 72)-sCYF~ (o102-Int(c102-Cl(V1))) U Ft (0102-Int(0102-Cl(V2))))
C F~(0102-Cl(V1)) U FT(0102-Cl(V3))
for every (o1, 02)s-open sets Vi, Vo of Y;

(4)

(11, 72)-sCUF ™ (0102-Int(0102-Cl(V1))) U F* (0102-Int(0102-Cl(V2))))
C F (0102-Cl(V1)) U F+(UIU2'CZ(V2))

for every (o1, 02)p-open sets Vi, Vs of Y.

Proof. (1) = (2): Let V4,V, be any (01, 02)8-open sets of Y. Then, we have V; C
0'102—01(0'1UQ—Int(O'lo'g—Cl(V;))) and hence UlUg—CI(VZ‘) = 0'1UQ—CI(Ulag—Int(0’10’2—01(%)))
for i = 1,2. Since 0109-C1(V}) and o1092-Cl(V3) are (o1, 09)r-closed sets, by Theorem 2

(11, 72)-sCl(F~ (o102-Int(0102-C1(V1))) U F T (0102-Int(0102-C1(V2))))
- F_(O'lo'g-CI(Vl)) U F+(O'102—C1(‘/2)).

(2) = (3): This is obvious since every (o1, 02)s-open set is (o1, 02)B-open.

(3) = (4): For any (o1,02)p-open set V of Y, 0102-Cl(V) is (o1, 02)r-closed and
2-CL(V) is (01, 092)s-open in Y.

(4) = (1): Let V4,V, be any ojo9-open sets of Y. Then, V) and V, are (o1, 02)p-
preopen in Y. By (4), we have

010

(11, 72)-sCl(F~ (o102-Int(0102-C1(V1))) U F T (0102-Int (01 02-C1(V2))))
- F_(O'lo'g-CI(Vl)) U F+(O'102—Cl(‘/2)).

It follows from Theorem 2 that F' is weakly quasi (71, 72)-continuous.

Theorem 4. For a multifunction F : (X, 1,72) — (Y,01,02), the following properties are
equivalent:

(1) F is weakly quasi (71, T2)-continuous;

(2) TiTo-Int(T172-CU(F~ (V1)U FT(V3))) C F~(0102-Cl(V1)) UFt(0102-Cl(Va)) for every
(01,02)p-open sets Vi,Va of Y;

(3) (7‘1, TQ)-SCZ(Fi(‘/l)UFH»(‘/Q)) C F7(0102-CZ(V1))UF+(0—10'2-01(‘/2)) for every ((71, 02)]?—
open sets Vi, Ve of Y;

(4) F+(V1)QF_(V2) - (Tl, 7'2)—SInt(F+(0102—Cl(V1))ﬂF_ (O’ujg—Cl(Vg))) for every (0'1, O'Q)p—
open sets Vi, Ve of Y.
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Proof. (1) = (2): Let Vi, Vs be any (01, 02)p-open sets of Y. Since F' is weakly quasi
(71, T2)-continuous, by Theorem 2

T 7o-Int (11 70-CL(F~ (V1) U FT(VR)))
C 1 7o-Int(1172-Cl(F~ (o102-Int(0102-C1(V1))) U F T (0109-Int (0102-C1(V3)))))
CF~ (0'102—01(‘/1)) U F+(0102—CI(V2)).

(2) = (3): Let Vi, Va be any (o1, 02)p-open sets of Y. By (2) and Lemma 2, we have

(11, 72)-sCUE~ (V1) U FT(V5)) = (F~ (V1) U F™(V3)) U myo-Int (1 79-CL(F~ (V1) U FT(13)))

= (
C F~(0102-C1(V1)) U F(a109-C1(V3)).
(3) = (4): Let Vi, Va be any (01, 02)p-open sets of Y. Then by (3), we have
X — (11, m)-sInt(F* (0102-C1(V1)) N F~ (0102-Cl(V32)))
= (11, 72)-sCl(X — (F"(0102-Cl(V1)) N F~ (0102-C1(V3))))
= (11, 72)-sCI((X — F"(0102-C1(V1))) U (X — F~ (0102-Cl(13))))
= (11, 72)-sCl(F~ (Y — 0102-C1(V})) U F (Y — 0102-C1(V2)))
C F (0102-ClI(Y — 0109-C1(V}))) U F+(010'2—Cl(y — 0102-Cl(3)))
= (X - F+(0'10'2—111‘5(0'10'2—01(‘/1)))) U (X — Fﬁ(0’10’2—111‘6(010’2—01(‘/2))))
= X — (Ft(0102-Int(0102-C1(V1))) N F~ (0102-Int(0102-Cl(V3))))
C X — (FH(Vi)n F~(V3))

and hence F+(V1) N Fi(VQ) - (7’1, TQ)—SInt(FJr(O'lO'Q—Cl(Vl)) NE~ (010’2—01(V2))).
(4) = (1): Since every ojoz-open set is (o1, 02)p-open, this follows from Theorem 1.
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