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Abstract. Let G be a connected graph. A function f : V(G) — {0,1,2} is a convex Roman
dominating function (or CvRDF) if every vertex u for which f(u) = 0 is adjacent to at least one
vertex v for which f(v) = 2 and V; U V3 is convex. The weight of a convex Roman dominating
function f, denoted by w&UT(f), is given by wSPE(f) = Zvev(c) f(). The minimum weight of
a CvRDF on G, denoted by yo,r(G), is called the convex Roman domination number of G. In
this paper, we specifically study the concept of convex Roman domination in the corona and edge

corona of graphs, complementary prism, lexicographic product, and Cartesian product of graphs.
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1. Introduction

Roman domination was first introduced by Cockayne, Dreyer and Hedetnieme in [§]
which was inspired by the defense strategy of the Roman emperor Constantine the Great
during the 4th Century AD (see [23] and [24]). After several years, lots of variations on
this concept have been introduced and studied (see [1], [2], [3], [4], [5], [7], [13], [16], [19],
[20], and [22]).

The concept of convex domination in graphs was first introduced by Lemanska in
2004 [18]. Convex domination is a concept in graph theory that combines the notions of
convexity and domination. Studies related on convexity and dominaton in graphs can be
found in [14], [15], [6], [9], [11], [12], and [21]. A subset of vertices in a graph is said to
be a convex dominating set if it is both a convex set and a dominating set, which means
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that every vertex on the shortest path between any two vertices in the set is also in the
set and every vertex in the graph is either in the set or adjacent to a vertex in the set.

The convex Roman domination was introduced and initially investigated in [10] where
properties of convex Roman dominating functions and convex Roman domination number
of some graphs and the join of two graphs have been obtained.

In this present paper, authors continued the study of convex Roman domination, specif-
ically on the corona, edge corona, complementary prism, lexicographic product, and Carte-
sian product of graphs.

Let G be a connected graph. For vertices u and v in G, a u-v geodesic is any shortest
path in G joining u and v. The length of a u-v geodesic is called the distance dg(u,v)
between u and v. For every two vertices u and v of G, the symbol Ig[u,v] is used to
denote the set of vertices lying on any of the u-v geodesics.

The set of neighbors of a vertex u € G, denoted by Ng(u), is called the
open neighborhood of u. The closed neighborhood of u is the set Ng[u] = Ng(u) U {u}.
The degree of a vertex v denoted degi(v) in a graph G is the number of vertices in G that
are adjacent to v. Hence, degg(v) = |N(v)|. The largest degree among the vertices of G
is called the mazimum degree of G and is denoted by A(G). The minimum degree of G is
denoted by §(G). A graph G is connected if every pair of its vertices can be joined by a
path.

A set S C V(G) is said to be a dominating set of a graph G if every vertex v € V(G)
is either an element of S or is adjacent to an element of S. Thus, N[S] = V(G). The
smallest cardinality of a dominating set S is called the domination number of G and is
denoted by v(G). That is v(G) = min{|S| : S is a dominating set of G}. Any dominating
set S of G with |S| = v(G) is called a 7y-set of G.

If S is a clique (the induced graph (S) is complete) and a dominating set, then S
is called a clique dominating set in G. A clique domination number v,(G) of G is the
smallest cardinality of a clique dominating set in G.

A set S C V(Q) is convez if for every two vertices x,y € S, Ig[z,y] € S. The largest
cardinality of a proper convex set in G, denoted by con(G), is called the convezity number
of G. A set S C V(G) is conver dominating if S is both convex and dominating. The
minimum cardinality among all convex dominating sets in G, denoted by ~eon(G) is called
the convex domination number of G. Any convex dominating set S of G with |S| = Yeon (G)
is called a ~v.on-set of G.

A function f : V(G) — {0,1,2} is a Roman dominating function (or just RDF) if
every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2.
The weight of an RDF f is given by wg(f) = ZveV(G) f(v). The Roman domination
number of a graph G, denoted by vg(G), is the minimum weight of an RDF on G. Any
RDF f on G with wg(f) = vr(G) is called a yp-function. If f is an RDF on G and
Vi={veV(Q): f(v) =i} for i € {0,1,2}, then we denote f by f = (Vb, V1, V). In this
case, wi(f) = [Vi| +2/Val.

A Roman dominating function f = (Vp, V1, V2) on G is a convex Roman dominating
function (or CvRDF) if V; U V4 is convex. The weight of a convex Roman dominating
function f = (Vp, Vi, Va) on G is given by w&UE(f) = |Vi| + 2|V5|. The minimum weight
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of a CvRDF on G, denoted by vour(G), is called the conver Roman domination number
of G. Any CvRDF f on G with wg'“R(f) = vowr(G) is called a your-function.

2. Known Results

The following results are useful in this study.

Proposition 1. [10] Let n be a positive integer. Then

1, n=1
Yowr(Pn) =42, n=23
n, n>4.

Proposition 2. [10] Let G be a non-trivial connected graph and let f = (Vp, Vi, V2) be a
Yowr-function on G. Then the following hold:

(i) If [Vp| = 0, then |Va| = 0.
(1) If |[Vp| = 1, then |Va| = 1.
(zit) |Vi1| = 0 if and only if V5 is a yeon-set in G

Theorem 1. [15] Let G be a connected graph and K,, the complete graph of order m.
Then a proper subset C' = S1U Sy of V(G + K,,), where S1 C V(G) and Sy C V(K,,), is
conver in G+ Ky, if and only if either

(1) Sy induces a complete subgraph of G, or
(17) S1=V(G)\ S and Sz = V(Kp,) for some non-connecting set S in G.

Theorem 2. [14] Let G be a connected graph and K,, the complete graph of order n > 2.
A subset C = |J,cg({x} xT}), where S C V(G) and T, C V(H), is a convex set in G[Kp,]
if and only if S is a conver set in G and T, = V (K,) for each x € S =I(S)N S.

Theorem 3. [15] Let G and H be connected non-complete graphs. A subset C =
Uzes{z} x Ty) of V(G[H]) is a conver set in G[H] if and only if S is a clique set
in G and T, is a clique in H for each x € S.

Theorem 4. [17] Let G and H be connected non-complete graphs. A subset C' = |J cg({z}x
T.) of V(G[H]) is a conver dominating set in G[H| if and only if S is a clique dominating
set in G and T is a clique in H for each x € S.

Theorem 5. [15] Let G and H be two connected graphs. A set C € V(GOH) is a convex
set in GUH if and only if C = Cg x Cg, where Cg and Cyg are conver sets in G and H
respectively.

Theorem 6. [17] Let G and H be connected graphs. A subset C of V(GOH) is a convex
dominating set in GUH if and only if C = C1 x Cy and one of the following conditions
holds:
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(i) C1 is a conver dominating set in G and Co = V(H), or
(1) Cy is a convexr dominating set in H and Cy =V (G).

Theorem 7. [10] Let G be a connected graph on n vertices. Then each of the the following
statements holds.

(7) vowr(G) = 1 if and only if G = K;

(71) yewr(G) =2 if and only if G = Ky or G = K1 + H for some graph H

Corollary 1. [10] For any connected graph G of order n, you,r(G) = 2 if and only if
G # K; and v(G) = 1.

Proposition 3. [10] There exists no connected graph G with yo,r(G) = 3.

Proposition 4. [10] For any connected graph G of order n,
1< 'YCon(G) < 'YCUR(G) < min{n, 2700n(G)}-

3. Results

Let G and H be connected graphs. The corona of G and H is the graph G o H
obtained by taking one copy of G and |V (G)| copies of H, and then joining the ith vertex
of G to every vertices of the ith copy of H. For convenience, we write H” to denote the
copy of H joined to v and write H” +v = H" + (v).

Let G be a graph. A non-empty subset S of V(G) is a non-connecting set in G
if it satisfies the following condition: For every pair of vertices u,v € V(G) \ S with
dg(u,v) = 2, we have Ng(u) N Ng(v) NS = &. A non-connecting set with minimum
cardinality is called a minimum non-connecting set.

Let f = (Vp, V1, V2) be a CvRDF on G o H. For each v € V(G), let Sy =V, NV (H")
where k£ =0, 1, 2.

Theorem 8. Let G be a non-trivial connected graph and let H be any graphs. Then
f=Wo,V1,V2) is a CoRDF on G o H if and only if each of the following conditions hold:

(i) onV(G) =2

(13) For each v € Vo N V(G), S7 U SY induces a complete subgraph of H" or
V(H")\ (S7USY) is a non-connecting set in H".

(t3i) For each v € ViNV(QG) such that S{ # V(H"), S§ # @, S§ € Ng»(S3), and S7U S
induces a complete subgraph of H” or V(H") \ (S USY) is a non-connecting set in
H" and

Proof. Let f = (Vp,V1,Va) be a CvRDF of G o H. Since V; UV, is a dominating set of
GoH,
Vio+ H)N(WViUW,) #@ (1)
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for each v € V(G). Suppose that there exists v € Vo N V(G). Then (1) implies that
ST U Sy #@. Pick w e V(G) \ {v}. If we VjUVs, then the convexity of V; U Vs implies
that v € Igom [z,w] C V1 UV, for all z € S} U SY. Suppose that w € Vp. Then by (1),
SPUSY # @, and w,v € Igom [a,b] C V1 UV, for all a € SYUSY and b € S1"USY. In
any case, we get a contradiction. Thus, V) N V(G) = &, showing that (i) holds.

Next, let v € Vo N V(G). By Theorem 1, convexity of V; U V; implies that S} U SY
induces a complete subgraph of H or V(H") \ (S} U SY) is a non-connecting set in H".
Hence, (i7) holds. Suppose v € Vi NV(G) such that S{ # V(H"). Then Sy # @ and
Sy € Ny (S3) because f is an RDF on G o H. Again, by Theorem 1, S7 U S§ induces
a complete subgraph of H" or V(H") \ (S} U SY) is a non-connecting set in H", showing
that (4i7) holds.

Conversely, suppose that (i), (i) and (éi) hold. Let z € Vi. By (i), = € S§ for
some v € V(G). If v € Vi, then © € Ngop(v). Suppose v € Vi. By (iii), S5 # @ and
x € Ngor (SY). Thus f = (Vo, V1, V2) is an RDF on G o H. Now, let p,q € V1 UV, and let
v,w € V(G) such that p € V(v + H") and ¢ € V(w + H"). Consider the following cases.
Case 1. v = w.

If p=vorq= v, then Igomlp,q] = {p,q} € V1 UV, Suppose p,q € V(H"). If
duv(p,q) = 1, then Igon([p, gl = {p,q} € V1 U Va. If dyo(p,q) = 2, then

Icon[p, q] = {p,q,v} U (Nge(p) N Npo(q)) € STUS; U{v} C ViUV,

since V(H") \ (57 U SY) is a non-connecting set in H” (by (iz) and (¢i7)). If dg»(p,q) > 2,
then Igopm[p, q] = {p,q,v} C V1 U Va.

Case 2. v # w.

Consider the following subcases.

Subcase 1. p =v and ¢ = w.

Then V(G) C V4 U Vs by (7). Since every p-q geodesic in G o H is a p-q geodesic in G, it
follows that Igom[p,q] = Ia[p,q] € (V1 U V3).

Subcase 2. p=wv and ¢ € V(H") (or ¢ =w and p € V(H")).
Then Igon[p, q] = Ig[v, w] U {q} C (V1 U V).

Subcase 3. p € V(H") and ¢ € V(HY).
Then IGOH[ 7Q] = IG[an] U {p7 q} CViuvs.
Therefore, V1 U Vs is a convex set in G o H. Accordingly, f is a CvRDF on Go H. [

Corollary 2. Let G be a non-trivial connected graph of order n and let H be any graph.
Then
Your(G o H) = 2n.

Proof. Let V3 = V(G), Vj = Uy V(H"), and V{ = &. By Theorem 8,
g = (V§,V{,V3) is a CvRDF on Go H. Thus, your(GoH) < w&'E(g) = |V{|+2|V4| = 2n.

Next, let f = (Vo, V1, V2) be a yoyg-function on G o H. Let V;* = V1 N V(G) and
Vot = VoNV(G) and let |Vi*| = k. Then |V5| =n —k. Let D = {v € Vj*: S} # @}. Then
S§ # @ for all v € V1 \ D by (7). Hence,

Your(Go H) = w&lR(f)
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= V1| + 2|V

= k+ > ISt+2 |-k + > s3]

veEV(G) veEV(G)
= 2n—k+ Y IS7+2 > |83
veV(G) VeV (G)
> 2n—k+ > |S{I+2 ) S5
veD veVI\D
> 2n—k+ |D|+2|V4| — 2|D|
= 2n+k—|D|
> 2n.
This proves the desired equality. O

Given graphs G and H we write H" to denote that copy of H that is being joined
with the end vertices of the edge uwv € E(G) in the edge corona G o H. If H = {z}, then
we write V(H") = {z""}.

Recall that for subsets A and B of V(G), we have dg(A, B) = min{dg(a,b) : a €
A and b € B}.

Let f = (Vb, V1, V2) be a CVRDF on Go H. For each v € V(G), let S} = ViNV(H™)
and S = Vo NV (H™). Denote V2 = V(G) NV, VA =V (G) NV, and VE = V(G) N Va.

Note that since v(K2 o H) = 1 for any graph H, it follows from Corollary 1 that
’}/CvR(KQ OH) = 2.

Theorem 9. Let G be a non-trivial connected graph such that G # Ky and let H be any
graph. Then f = (Vo,V1,Va2) is a CoRDF on G o H if and only if each of the following
conditions holds.

(i) Hu, v} N (VAUVE)| #0 for each uv € E(G).
(i4) For each pair of distinct edges uwv and zw of G, Ig(z,y) C VA U VZ whenever
z € {u,v} N (VAU VE) and y € {z,w} N (VAUVZ).

(i13) For every pair of distinct edges e and €' of G with S§ U S5 # & and Sf/ U 526/ #+ O,
v,2 € Vé U VG’2 whenever v and z are incident with e and €', respectively, with
dg(v, z) = dg({u, v}, {z,w}).

(iv) For each wv € E(G) such that {u,v} N (V1 UVa) = {v}, it holds that

(a) ST U SYY a clique in H"’ whenever S} U SY' # & and
(b) v € VZ or S¥ £ & and S C Npus (S4Y).

(v) For each wv € E(G) such that {u,v} C (V1 UVa) and S U SYY # V(H™), it holds
that
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(c) V(H")\ (S} U S¥Y) is a non-connecting set in H*" and
(d) {u,v}NVEZ # @ or S§° # @ and S§¥ C Nyuw (S5Y).

Proof. Let u,v € V(G) such that uv € E(G). Then |{u,v}N(VAUVZ)| # 0 because V1 UV3
is convex in G ¢ H and G # K. Thus, (i) holds.

Let uwv and zw be distinct edges of G and let z € {u,v} N (V4 U V2) and
y € {zw}n (VA UVE. Since Vi UV, is convex in G o H, it follows that
Ic(z,y) = Igom(w,y) C V4 U Va. Therefore, I(x,y) C VA U V3, showing that (i) holds.

Let e and ¢ be distinct edges of G with S§ U S5 # @ and 8¢ U S5 # @ and suppose
that v and z are incident with e and €', respectively, with dg (v, 2) = dg({u,v},{z,w}).
Let z € SfUSS and y € Sf/ U SSI. Then Ig[v, z] C Igom|x,y]. Since Vi U V3 is convex,
Icon(z,y] € Vi U Va. Hence, v,z € VA UVZ. This shows that (iii) holds.

Now, let uv € E(G) such that {u,v} N (V4 UVa) = {v}. Since Vj U V4 is convex, (a)
holds. Also, (b) holds since f is a CvRDF on G ¢ H. Thus, (iv) holds.

Next, let wv € E(G) such that {u,v} C (V4 U Va) and S} U S¥ # V(H"). By
Theorem 1, (¢) holds. Since f is CvRDF on G ¢ H, (d) also holds. Hence, (v) holds.

Conversely, assume that (i), (ii), (iii), and (iv) hold. Let x € Vj and let uv € E(G)
such that z € V({u,v} + H"). Consider the following cases:

Case 1. Suppose that x € VGO, say T = u.
Suppose v ¢ V2. Then S4* # @ by (iv)(b). Let p € S¥*. Then p € Vo N Ngon (u).

Case 2. Suppose that x € S5°.
If ueVyorve Vo, then zu € E(Go H) or zv € E(G o H). Suppose u,v ¢ Vo. Then, by
(1v)(b), there exists ¢ € S§¥ N Nywe(x). Hence, ¢ € Vo N Ngom ().

Thus, by Case 1 and Case 2, f = (Vy, V1, V2) is an RDF on G ¢ H.
Next, let z,y € ViU Vs (x # y) and uwv, zw € E(G) such that 2 € V({u,v}+ H") and
y € V({z,w} + H*"). Consider the following cases:

Case 1. uwv = zw.

If + = wand y = v, then Igen[z,y] = {z,y} € V1 UV, Suppose that z,y € SV U
Sy If Hu,v} N (ViU Vo) = 1, then S US4 induces a complete subgraph of H"Y
by (iv)(a). Therefore, Igom|z,y] = {z,y} C Vi U Va. Suppose that [{u,v} N (V4 U
V)| = 2. Clearly, Igop[z,y] € V4 U Vo if Si* U SYY = V(H™). Suppose Si¥ U S§¥ #
V(H"). Then V(H") \ S} U S¥¥ is a non-connecting set in H* by (v)(c). Hence,
Nypuo(z) N Nywo (y) €SP U SYY. Therefore, Igop[z,y] C V1 U Va.

Case 2. uv # zw.

Suppose that « € {u,v} and y € {z,w}. By (ii), Igon |z, y] = Ig[z,y] C VAUVZ. Suppose
that x € ST U S5Y and y € ST U S35, Suppose uv and zw are adjacent, say v = z. Then
v e VAUVE by (iii). Hence, Igon|x,y) = {z,v,y} C V4 U Va. Next, suppose that uv and
zw are non-adjacent. Let a and b be incident with e = uv and € = zw, respectively, with
da(a,b) = dg({u, v}, {z,w}). Then a,b € VAUV, by (iii). Moreover, Ig[a,b] C VAUVZ,
by (ii). Therefore, Igon(z,y) = Ig[a,b] € Vi U Va. Finally, suppose that z € S{*¥ U S§¥
and y € {z,w}. Suppose that a and b are the vertices described earlier. If b = y, then
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Igor (@, y) = Ig(a,b)U{a} € V1UVa, by (ii). Again, by (ii), Ion (z,y) = Ig[a,b] € V1UV;
if b £ y.
Therefore, V1 U V5 is convex in G ¢ H. Accordingly, f is a CvRDF on G ¢ H. ]

Lemma 1. Let G be a non-complete connected graph and H be any graph of order n. If
Wy = Ext(G), Wi UW, =V (G) \ Ext(G) and {u,v} N Wy # & for each uwv € E(G) such
that [{u,v} N Ext(G)| # 2, then flg = (Wo, W1, Wa) is a CvRDF on G.

Proof. Let x € Wy. Since G is non-complete, there exists y € (V(G) \ Ezt(G)) N Ng(x).

By assumption, this implies that y € Ws, showing that f is an RDF on G. Moreover,

since V(G) \ Ext(G) is convex in G, it follows that f is a CvRDF on G. O
Henceforth, we refer f in Lemma 1 as a CvRDF* on G.

Corollary 3. Let G be a non-complete connected graph and H any graph of order n. Then
Your(G o H) < min{w&E(f) : f = (Wo, W1, Wa) is a CoRDF* on GY}.

Proof. Let k = min{w§*B(f) : f = (Wo,Wi,Wa) is a CvRDF* on G}. Let
g = (Wo,W1,Ws) be a CvRDF* on G such that w&'fi(g) = k. Let
Vo = Ext(G) U (Ueepay V(H?)), Vi = Wi, Vo = Wa, and let h = (Vp, Vi, Va). Clearly,
hlc = g. Hence, h satisfies (i). Also, (i7), (ii7) and (iv) of Theorem 9 hold. Thus, by
Theorem 9, h is a CvRDF on G ¢ H. Moreover,

Your(G o H) < wgon(h) = [V1| + 2|Va| = [Wi| + 2|Wa| = 7¢,(G). O

Remark 1. The bound given in Corollary 3 is sharp. It can be verified that for any graph
H and positive integer n > 3, the following holds:

Yowr(Pno H) = min{wg:R(f) : fis a CoRDF* on P,}
B {3”24, if n is even

%T_Sv if n is odd.

For a graph G, the complementary prism, denoted GG, is formed from the disjoint
union of G and its complement G by adding a perfect matching between corresponding
vertices of G and G. For each v € V(G), let T denote the vertex corresponding to v in G.
Formally, the graph GG is formed from G'U G by adding the edge v for every v € V(G).

Proposition 5. Let G be a graph on n vertices. Then each of the following holds.
(1) Yeur(GG) = 2 if and only if G = K.
(i) Your(GG) = 4 if and only if G = K3 or Ks.

Proof. (i) Suppose that G = K;. Then GG = K,. By Theorem 7, we are done.

(7i) Suppose that G = Ky or G = K>. Then G = P, and by Theorem 1,
veur(GG) = ~vour(Py) = 4. Conversely, suppose that yc,r(GG) = 4. Let

f = (Vo,V1,V2) be a yopr-function. Then wS2F(f) = [Vi| +2[Va| = 4. Then [Vo| < 2. If
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|Va| = 0, then V; = V(GG). Hence, GG = P;. This implies that G € {K3, K2}. Suppose
that |Va| = 1, say Vo = {u}. Then |Vi| = 2. WLOG, asssume that v € V(G). Suppose
[V(G)| > 3 and let v,w € V(G) \ {u}. Since 7,w ¢ N z(u), Vi = {v,w}. Because V1 UV,
is convex, one of the following holds:

ue€liglu,z) C ViUV, where z € {7,w},
v e lglu,z] © ViUV, where z € {7,w},
w e I@@[U» z] € ViUV, where z € {v,w}.

In any case, we have a contradiction. Thus, |[V(G)] < 2. But by statement (i),
[V(G)| = 2. This means that G € {Ka, Kp}. If [Va| = 2, then [Vi] = 0. By Proposi-
tion 2, V4 is a Yeon-set in GG. Let Vi = {x,y}. WLOG, assume that z € V(G). If T = y,

then Ng[z] = V(G) and Ng&[y] = V(G). This is possible only if G = K, a contradiction.
Thus y € V(G) and zy € E(G). Now, for each z € Vo = V(G) \ {,y}, 2z ¢ E(GG) and

vz ¢ E(GG). Hence, V(G) \ {x,y} = @. Therefore, G € {Ks, K2}. O
Proposition 6. For any connected graph G of order n,
2 < vour(GG) < 2min{yeon (GG), n}.
In particular,
(1) Your(GG) = 27eon(GQ) if there exists a your-function f = (Vo, Vi, Va) with Vi = &.
(ii) If G = K, then vour(GG) = 2n.

Proof. By Proposition 4, vo,r(GG) %yc(m(Gé). Define f = (Vp, V1, V2), where

<
Va2 = V(G), Vi = @, and Vp = V(G). Then f is a CvRDF of GG. Thus
1our(GG) < 2|Vo| = 2n. -

It is worth noting that if G = Py, Yeon(GG) = 8 > 4. If G = Ps5, Yeon(GG) = 4 < 5.

The lexicographic product of two graphs G and H is the graph G[H| with
V(G[H]) = V(G) x V(H) and (u1,u2)(vi,v2) € E(G[H]) if and only if either uyv; € E(G)
or u; = v1 and ugvy € E(H).

For S C V(G[H]), we write

Sqg={x € V(Q) : (z,a) € S for some a € V(H)}.

Sq is referred to as the G-projection of S in G[H].
Let f = (Vp, V1, V2) be a CvRDF on G[H]. We write

Sév = {2 €V(G): (x,a) € V] for some a € V(H)},
Sév = {zeV(G): (xz,a) € V; for some a € V(H)},
Ve = S&\(S&USE),

S2 = {zeV(Q): (x,a) €V for some a € V(H)},
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Ve = S&\(S&USE),
VE = V(G)\ (VEuVY), and
SY = I(S§USE)N(SEUSE).

Note that if VA # V(G), then V2 # @ because f is a Roman dominating function on
G[H].

Theorem 10. Let G be a non-trivial connected graph and K,, a complete graph. Then
= o, V1,Va) is a CoRDF on G[Ky,] if and only if each of the following conditions hold:

(i) glf = (VE, VA, V2) is a CoRDF on G.
(ii) S&U S is convex in G.
(ti1) {z} x V(Kp) CVIUV, forz e S?.
(iv) For each v € (S&\ S%) N SL, there exists w € S& N Ng(v).

Proof. Let f = (V,V1,V2) be a CvRDF on G[K,). Consider the function
gr = (VO VA, V2) on G. Let z € VY and let ¢ € V(K,,). Then (z,q) € Vp. Since f
is a CvRDF on G[K,,|, there exists (y,t) € Va such that (z,q)(y,t) € E(G[K,,]). This
implies that zy € E(G) and y € V2. Thus, g|; is an RDF on G. Let u,v € V& U V2 such
that u # v. Let x € Ig(u,v). Let P(u,v) = [u,u1,us,...,ur,v] be a u-v geodesic in G
with z = u, for some 1 < r < k. Consider the following cases:

Case 1. u,v € V4 (or u,v € V2)

Pick any ¢t € V(Kp). Then  (u,t) € Wi. Then

P((u,t), (v,t) = [(u,t), (u1,t), ..., (up—1,t), (up, t), ..., (ug,t), (v,t)] is a (u,t)-(v,t) geodesic
in G[K,,]. Since V; U V3 is a convex set in G[Ky,], it follows that (u,,t) € Vi3 U V. This

implies that z = u, € Vcl; U Vé. A similar argument is used to show that x € Vé U VG2

whenever u,v € VGQ.

Case 2. u € Vé and v € VG2

Pick any s € V(K,) such that (v,s) € Va. Then (u,s) € Vi and
P((u,s), (v,5)) = [(u,s),(u1,8),..., (up—1,8), (ur,8),...,(ug,s),(v,s)] is a (u,s)-(v,s)
geodesic in G[K,,]. Since V3 UV, is a convex set in G[K,,], it follows that (u,,s) € ViU V4,.
This implies that x = u, € Vé U VC%.

Therefore, g is a CvRDF on G, showing that (7) holds.

Let z,y € S, U SE with o # y and let z € Ig(z,y). Let P(z,y) = [z, 21,22, ..., 2k, Y]
be an z-y geodesic in G where z = z; for some 1 < j < k. Let a,b € V(K,,) such that
(z,a),(y,b) € Vi U Vs, Then P((z,a),(y,b)) = [(z,a), (z1,a), (z2,a),...,(xg, a),(y,b)] is
an (z, a)-(y, b) geodesic in G[K,,]. Since V1 UV; is a convex set in G[Ky,], (z;,a) € ViUVa.
Hence, z; € SL U S%. This shows that S} U SZ is convex in G, i.e., (ii) holds.

Next, let = € S(; and let p € V(K,;,). Then z € SéUSé and there exists y, z € SéUSé
such that x € Ig(y, z). Again, by convexity of Vi U Va, (z,p) € V1 U Va. This shows that
(#41) holds.
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Finally, let v € (S& \ S%) N S} and let a € V(K,;,) such that (v,a) € V. Since f is
a CvRDF on G[K,,], there exists (w,b) € V; such that (v,a)(w,b) € E(G[Ky,]). Hence,
w € S and v € Ng(w). Hence, (iv) holds.

Conversely, assume that (i), (i7), (%), and (iv) hold. Let (v,p) € Vy. Then v € Sg.
If v € S%, then (v,q) € V5 for some q € V(K,,) and (v,p)(v,q) € E(G[K,]). Suppose
v ¢ SZ. Suppose further that v € S5. Then by (iv), there exists w € S% such that
v € Ng(w). Let ¢ € V(K,,) such that (w,c) € Va. Then (v,p)(w,c) € E(G[H]). Next,
suppose that v ¢ S5 USZ. Then v € V3. By (i), there exists z € V2 such that vz € E(G).
Let d € V(K,,) such that (z,d) € Va. Then (v,p)(z,d) € E(G[Ky,]). Thus f is an RDF
on G[K,).

Now, let V4 U Vo = U,eq [{z} x T;]. Then S = SL U SZ and T, C V(K,,) for each
x € S. Morever, by (iii), T, = V(K,,) for each z € I5(S)NS. Thus, by Theorem 2,
V1 U V4 is convex in G[K,,]. Therefore, f is a CvRDF on G[K,,]. O

Lemma 2. Let G be a non-trivial connected graph with G # Ko and let m be any positive
integer. If h = (Wy, W1, Ws) is a CvRDF on G such that

k=wecyr(h) + (m — 1)‘52‘ = min {wng(h’) + (m— 1)‘52,

then W7 C 52.

Proof. Suppose there exists @ € Wy \ Sp. Suppose z € Ng(Wy), say y € Wy N Ng(z).
Since h is an RDF on G, there exists v € W5 such that y € Ng(v). By convexity of
Wi UWs, zv € E(G). Let W) = Wy U {z}, W{ = Wp \ {z}, and W} = W,. Then
h' = (W, W{,W3) is an RDF on G. Let p,q € W] U Wy such that p # ¢. Then
p,q € Wi UWs and Ig(p,q) € Wi U Wy since Wy U Wy is convex. Let z € Ig(p,q).
Since z € W1 \ SY, ¢ Ig(W; UWs). Thus, z # x. Hence, z € W] U W}, ie.,
Iq(p,q) € W{ U Wi, showing that W{ U W} is convex in G. Therefore, b’ is a CvRDF
on G and w&UE(W) = [W]| + 2|Wh| = |Wi| — 1 4 2|[Ws| < w&PR(R), a contradiction.
Thus, x ¢ Ng(Wy). Next, suppose z € Ng(Wa), say {z} € Wa N Ng(x). Following the
argument above, this is also not possible. Thus, z ¢ Ng(W3). Therefore, Ng(z) C Wj.
Suppose that Ng(z) € Wi\ S2. Suppose there exists y € Ng(z) N (W \ SY). Since
[V(G)] > 3, there exists 2 € Ng(z) U Ng(y). Moreover, since z,y ¢ SY,
z € Ng(z) N Ng(y). It follows that y,z € Wy \ SY). Let Wi = Wy U {z,z},
Wi = Wi\ {z,2z,y}, and Wi = Wo U {y}. Then h* = (W5, W, W3) is a CvRDF on
G and wEF(h*) < w&E(R). Since SY. C SY, it follows that wS F(h*) + (m — 1)’SO*| <k,
a contradiction. Therefore, Ng(x) N (W1 N SP) # @. Let v, € Ng(z) N (W1 N SY). Let
Vo = Wou{z}, Vi = Wi\{z, v, } and Vo = WoU{v,}. Then f = (Vp, Vi, V3) is a CvRDF on
G and w& B (f) = wSE(h). Since z ¢ S, ]SJQ| < |89|. Thus, w§R(f) + (m — 1)‘5]9] <k,
a contradiction. Therefore, W1 \ SY = &, i.e, Wy C 52. O

Corollary 4. Let G be a non-trivial connected graph and K., be a complete graph of order
m > 1. Then

Yovr(G[Kp]) = min {wg”R(g) + (m — 1)‘5’3\ : g is a CRDF on G} .
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Proof. Let k = min {wS*R(g) + (m — 1)‘5’2\ : g is a CvRDF on G}. Let f = (Vp, Vi, Va)
be a yoyr-function on G[K,,]. Then g = (V3, V4, VZ) is a CvRDF on G, by Theorem
10 (i). For each z € Si, let D, = {(z,p) € Vi : p € V(Ky,)}. For each y € SZ,
let Ry = {(y,q) € Vo : ¢ € V(Ky,)}. Since f is a yoyr-function, S}) C V2. Hence,
S? N Sé = S? and S? N S?; = @. Consequently,

Yewr(GKn]) = weik,, (f)

= |Vi| 4 2|V4|
= Y D+ D D+ 2 ) IRy
z€SE\SY z€Sy yeSE

> |Sg\ Spl +ml|SY| + 2|52
= |86l +2|S2] + (m - 1)|S}|
> Vgl +2[VE| + (m —1)]S,|
= W (g) + (m—1)|Sgl > k.
Let h = (Wo,W1,Ws) be a CvRDF on G  such that
k = min{w&"(g) + (m — 1)|Sp| : g is a CVRDF on G}. By Lemma 2, W; C SJ. Let
P € V(Km). Set Vi = (Wi x {p}) U [(W1 UW2) NS9) x (V(Km) \ {p})], Vo = W2 x {p},
and Vo = (Wy x V(K,,)) U (W7 \ SS) x V(Ky,)). Let f = (Vo, Vi, V2). Then VGO = Wy,
VA = Wi, and V2 = Ws. Hence, g = h is a CvRDF on G. Also, S5 U SZ = Wi U W is

convex in G since h is a CvRDF on G. Clearly, (i7i) and (iv) of Theorem 10 is satisfied.
Hence, f is a CvRDF on G[K,,| and

Your(G[Km]) < wgik,, ) (f) = Vi + 2|V
= Wil + (m — 1)|(Wy UW2) N S| + 2ol
< Wil +2|[Wa| + (m — 1)|S)|
= wg"(g) + (m = 1)|Sg| = k.
This proves the desired equality. O
For each x € Sé U Sé, we write

T, = {peV(H): (z,p) € Vo},

T, = {peV(H): (z,p) € Vi}, and

T; = {peV(H): (z,p) € Va}.

Theorem 11. Let G and H be connected non-complete graphs with v,(G) > 2. Then
f=Wo,V1,Va) is CuRDF on G[H] if and only if each of the following conditions hold:

i) SLUS2 is a clique dominating set in G.
G G

(i4) Ty UT? is a clique in H for each x € S5 U S,
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(i4i) T? is a (clique) dominating set in H for each z € S& \ Na(S&).

Proof. Let f = (Vy, V1, V2) be a CVRDF on G[H] such that v,(G) > 2. Then (i) and (i)
hold by Theorem 4. Now, let z € S\ Ng(S2) and let p € V(H) \ (T} UT?2). Since f is a
CvRDF on G[H], there exists (z,q) € V» such that (z,p)(z,q) € E(G[H]). Hence, z € S%
and there exists ¢ € T2 such that pqg € E(H). It follows that 72 is a dominating set in H,
showing that (i4i) holds.

For the converse, suppose that (i), (i), and (#ii) hold. Let (z,p) € Vy. Then
r € S If z € (Ng(SZ)), then there exists y € SE N Ng(x). Let r € T;. Then
(y,7) € VaN N ((z,p)). If © ¢ (Ng(SZ)), then there exists ¢ € T2 N Ny (p) by (iid).
Hence, (7,q) € Va N Ngm ((x,p)), Therefore, f is an RDF on G[H].

Now, let ViU Vs = U, g [{z} x T;]. Then S = SELUSE and T, = T UT?2. By (i), (i)
and Theorem 3, V; U V3 is convex in G[H]. Therefore, f is a CvRDF on G[H]. O

Corollary 5. Let G and H be connected non-complete graphs with v, (G) > 2. Then
’YCUR(G[H]) = 2'7cl(G)-

Proof. Let D be a 7g-set in G and let p € V(H). Let Vi = @, Vo = D x {p}, and
Vo = [(V(G)\ D) x V(H)]U[D x (V(H) \ {p})]. Then S2 = V(G)\ D, St = @, and
S% = D. By assumption, SL U SZ = D is a clique dominating set in G. Also, T2 = {p} is
a clique set in H for each z € S3. Moreover, S \ N¢(5%) = @. Hence, (i), (ii), and (iii)
of Theorem 11 hold. Therefore, f = (Vp, V1, V2) is a CvRDF on G[H] and

vour(GIH]) < wiHh(f)
= 2|y

= 274(Q).
Now, let f = (Vp, Vi, V2) be a yoyr-function on G[H]. By Theorem 11, Sé U Sé

is a clique dominating set in G. Since G is non-complete and v4(G) > 2, |S4| > 2.
Furthermore, Sé is a clique dominating set in GG. Therefore,

Teur(GIH]) = SR (H) = il +2/V|
= > T +2 ) |72
mESé mESé
> |Sgl+ 2|8
> 2'70l(G)'
This proves the desired equality. O

Theorem 12. Let G and H be non-complete connected graphs with v(G) = 1. Then

R it
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Proof. If v(H) = 1, then y(G[H]) = 1. By Corollary 1, yc,r(G[H]) = 2. Next, let yv(H) #
2. Let v be a dominating vertex of G. Pick any w € Ng(v) andp € V(H). Let Vy = [V(G)\
{v,w} x V(H)] U [H{v,w} x V(H) \ {p}], Vi = , and
Vo = {v,w} x {p}. Let (z,q) € Vo. If x € V(G) \ {v,w}, then zv € E(G). Hence,
(v,p) € Vo and (z,q)(v,p) € E(G[H]). If z = v, then (w,p) € Va2 N Ngm((w,q)) and if
r = w, then (v,p) € Vo N Ngg)((z,q)). Therefore, g = (Vo, V1, V2) is an RDF on G[H].
Now, V1 U Vs = Vs and (V) = Ks. Hence, Vi U V3 is convex in G[H|. This shows that g
is a CvRDF on G[H]. Since ng}?} (9) = 2|Va| =4, vcur(G[H]) = 4 by Proposition 3. [

The Cartesian product G x H of two graphs G and H is the graph with
V(G x H)=V(G) x V(H) and (u,u')(v,v") € E(G x H) if and only if either uv € E(G)
and v/ = v or u = v and v'v' € E(H).

Lemma 3. Let G and H be a connected graphs. If f = (Vo, V1, V) is a CvRDF on GOH
then V1 UV, = (SL U SE) x (S U S%).

Proof. If (x,p) € Vi, then € S} and p € S. Thus (z,p) € S§ x Sh. Also, if
(z,p) € Vo, z € S% and p € S%. Thus (z,p) € S& x S%. Hence,
ViUVa C (SLUSE) x (S5 US%).

Now, let (2,q) € (SLUSE) x (S5 US%). Suppose that (z,q) € Vp. Suppose z € S§ and
q € St;. Since f is an RDF, there exists (w,t) € Vs N Ngia)((2,q)). Suppose w = 2. Then
tg € E(H). Let y € V(G) such that (y,q) € V. Let
P(y,z) = [y1,92,...,yx] where y1 = y and yr = z be a y-z geodesic in G for some
k > 1. Then, P((y,q),(z,t)) = [(y1,9), (¥2,9), - - -, (yx, @), (z,t)] is also (y, q)-(z, ) geodesic
in GUH, a contradiction to our assumption that Vi U V5 is convex. Suppose w # z. Then
wz € E(G) and t = q. Since z € SE, there exists r € V(H) such that (z,7) € V4. Let
P(q,7) = [q1,92,---,Gqm, 2] where ¢1 = ¢ and ¢,, = 7 be a ¢ — r geodesic in H. Then
P((w,q)(z,7)) = [(w,q),(z,q1), (2,42), -, (2,qm)] is a (w,q)-(z,7) geodesic in GOH, a
contradiction to our assumption that V3 U Vs is convex. Similar arguments can be used to
show that a contradiction is obtained when z € Sé, q € S%{ or z € Sé, q € S}{ or z € Sév,

q € S%.
Therefore (z,q) € V4 U V5 showing that (S5 U SZ) x (S} US%) C Vi U Vs, This proves
the desired equality. O

Theorem 13. Let G and H be a connected graphs. Then f = (Vo, V1, Va) is a CoRDF on
GUH if and only if the following conditions hold:

i) for each x € 8% and p € TV, there exists ¢ € T2 N Ny (p) ory € SZ N Ng(z) with
G T T G
q=peTy
ii) ViU Ve = (SLUSE) x (S US%) and
G G H H
(a) S& U SZ is a convex dominating set in G and S}; U S = V(H) or
b) SL U S?% is a convexr dominating set in G and S5 U SZ =V (Q).
H H G G
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Proof. Let f = (Vo,V1,V2) be a CvRDF on GOH and let € S and p € T2. Then
(z,p) € V. This shows that (i) holds. By Lemma 3, Vi UV, = (SL U S%) x (S} U S%).
Hence, by Theorem 6, (i7) holds.

Conversely, suppose that (i) and (ii) hold. By (i). Let (x,p) € Vy. Then z € S and
p € TY. By (i), there exists (y,q) € NGDH((az,p)). This implies that f is an RDF on
GUOH. By (a) and (b), S, U S% and S}, U S% are convex sets in G and H, respectively.
Hence, by Theorem 5, V1 U V5 is convex in GLIH. Therefore, f is a CvRDF on GLH. [

Corollary 6. Let G and H be connected graphs of orders m and n, respectively. Then

Your(GOH) < min{n - your(G),m - yeur(H)}.

Proof. Let g = (Wp, Wy, Ws) be a ~yoyg-function on G. Set Vy = Wy x V(H),
Vi = Wi x V(H), and Vo = Wy x V(H). Let f = (Vo,Vi,V2). Then S% = Wy,
Sé = Wi, and Sé = Ws5. Hence, Sé U Sé = Wi, U Wy is a convex dominating set in
G and S}; U S% = V(H). Hence, by Theorem 13, f = (Vo, V4, V) is a CvRDF on GOH
and

Your(GOH) < w&tf (f)
= |[Wi[+2[V3]
= |Wy x V(H)|+ 2|Wy x V(H)]
= |V(H)| x (|Wi] +2[Wa])
= n([Wi|+2[Wal)
= n-your(G).

A similar argument is used to show that vo,r(GOH) < m - vyour(H). Hence,
Your(GOH) < min{n - your(G), m - your(H)}. O

Remark 2. The bound given in Corollary 6 is sharp. It can be verified that for any
connected graph H of order m, yoo,r(K,OH) = 2m = your(Ky,) - m.

4. Conclusion

The concept of convex Roman domination in a graph has been investigated further
in this study. Specifically, convex Roman dominating functions on graphs resulting from
the corona, edge corona, complementary prism, lexicographic, and Cartesian product of
graphs have been characterized. These characterizations have been utilized to derive
bounds or exact values for the convex Roman domination number of each of these graphs.
Interested researchers may investigate this concept for other graphs not considered in
this paper. Moreover, it may be interesting to investigate the complexity of the convex
Roman domination problem and explore some relationships, if any, of this newly defined
parameter with other existing and related parameters to it.
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