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Abstract. Let R be an associative and 2-torsion-free ring with an identity. in this work, we will
generaliz the results of differentially prime rings in [18] by applying the hypotheses in a differentially
semiprime rings. In particular, we have proved that if R is a D-semiprime ring, then either R is a
commutative ring or ® is a semiprime ring.
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1. Introduction

Let R be an associative ring with an identity element. We say that R is 2-torsion-
free if for any » € R and an integer n, the condition 2r = 0 holds if and only if » = 0.
Z(R) is the center of R. © is the set of all derivations in R and 0 is a non-empty
subset of ®. An additive subgroup A is said to be a Lie ideal of R if [r,a] € A, for
all € R and a € A. A Lie ideal A of R is called 0- ideal if §(a) € A, for all a € A
and § € 0. annT = {x € R | 2T = Tz = 0} is the annihilator of T. If a € R, then
Oo(z) = [x,a] = ax — za is an inner derivation of R induced by a € R, where 9, € D.
Io = {0, | a € R} is an ideal of a ring D, see [13].

A ring R is called a d-prime (differentilly prime) if for each d-ideals A and B of R with
AB = 0, implies that A = 0 or B = 0. A ring R is said to be d-semiprime (differentilly
semiprime) if for every d-ideal I of R, the condition I? = 0, implies that I = 0. C(R)
is the commutator ideal of R and charR is the characteristic of a ring R. By Zy(R) we
denote the ideal of R generated by its central ideals.

The properties of differentially prime rings were studied by Herstein [7, 8] and also in
his book [9]. After that, many authors have proved some results about this concept, such
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as Bergen and Herstein [3], Hirano [11], Hongan and Trzepizur [12], Beidar and Mikhalev
[2], Chebotar and Lee [6] and could be seen in Lee and Liu [23].

Al Khalaf and others, see [18, 19, 27, 28], have demonstrated the differentially prime
rings, simple rings, differentially - prime rings and reverse derivation on é- prime rings.
Furthermore, they discussed the differentially semiprime and semiprime gamma rings, see
that in [20, 21].

Many authors have investigated Lie rings of differentially semiprime rings as [14], [24]
and Jordan in [15-17] and Nowicki [25].

The commutative rings with semiprime Lie rings were studied by Passman [26] and
Bresar [4].

Finally, all other definitions and facts are standard, which were be found in [1, 13] and
also in [10].

2. Preliminaries

For any associative Lie ring R, the commutator [R, R] is a subgroup of R, which is an
additive subgroup generated by all [s, t] with s,t € R.
For what we will prove, we need some lemmas.

Lemma 1. The following conditions are equivalent:
(1) R is d- semiprime ring,
(2) For any v-ideals A and B of R, the implication
AB=0=ANB=0
18 true.

(3) Ifa € R, such that
aR6" .00 (a) = 0,

for any integers n > 1,m; > 0 and any derivation §; € 0, where i = 1,...,n, then
a=0.

proof. A simple modification of Proposition 2 from [22].

Lemma 2. [1] Let A be a Lie d-ideal of a d-semiprime ring R of charR # 2. If [A, A] C
Z(R), then A C Z(R).

Lemma 3. [1] Let R be a 2-torsion- free d-semiprime ring and A a nonzero Lie d-ideal
of R and an associative subring. Then A C Z(R) or A contains a non-central associative

0-ideal of R.
Lemma 4. [20] If R is a ©-semiprime ring, ® an ideal of D. Then
[, I5] =0 &N Iy = 0.



M. Alosaimi et al. / Eur. J. Pure Appl. Math, 17 (3) (2024), 2264-2275 2266
3. Lie ideals in ®-semiprime rings

Lemma 5. Let R be a 2-torsion-free d-semiprime ring, U its nonzero Lie d-ideal and an
associative subring, where a € R. If

(67" -+ 0" (a), [a, U] = 0,
for any integers m; > 0, k > 1 and derivations 0; € 0, where i =1,....k, then a € Z(R).
proof. Let X, = {[07"* ---0,"(a), ]}, z,a € R,6; € d,m; > 0 and z,y € R. From
[b,zy] = [b, 2]y + z[b,y],b € X, (1)

we get a[b, xy] = 0, then az[b,y] = 0. Hence ayx[b,y] = 0 and yaz[b,y] = 0. Thus, we
deduce that

(R[a,y|R)* = 0,a € R. (2)

In addition
0 =d(alb,z]) = d(a)[b, z].

Multiply the identity (1) from the left by d(a), then we get d(a)x[b,y] = 0. Therefore,
0 = d0(az([d(b),y] = 6(a)z[d(b),y],
and by the similar argument, we have
o7 - Ot (@)x[or™ - 6 (@), y] = O,

for any integers k > 1, m; > 0 and derivations é; € 0, where i = 1, ..., k. As in the proof of
the condition (2), we deduce that (R[6]" -+ 0, (a), y|R)* = 0. Then,

I=>" > R[g™---6"(a),ylRycR
k=1 5, €0

is a sum of nilpotent ideals, therefore it will be a nil ideal as well. Since I is a 0- ideal, we
get I = o0, hence a € Z(R)
By the same way, we prove the following Lemma

Lemma 6. Let R be a 2-torsion-free d-semiprime ring, U its Lie 0-ideal. If
a € Cr([o7* -+ 6" (a), U]),

for any integers s; > 0, 1 > 1 and derivations 6; € 0, where i =1,...,1. Then a € Cr(U).
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proof. Let u,v € U, s; > 0, 1 > 1 be any integers and ¢, J; € 0 be any derivation,
where i =1,...,[. Since

@67 - 07" (a)[a, z]) = ¢([a, z]67" - - 6" (@),
we have that,
o7t -+ 0" (a) € Cr([07" -+~ ;" (a), 2]).

Then from
o1t - o7 (a)[o7" - -+ 0y (@), wo] = [07" -+ - 0 (a), wv]dy" - - - 07 (a)

it holds that
(07" - -+ 07" (@), ul[07" - - - 6" (a),v] = 0,

what forces
[0 - -+ 07" (@), ult[o7" - - - 07 (a),v] = 0,

where t € R. Thus, the sum of nilpotent idal of R is d-ideal. Then a € C(R).
Now, we will extend result given by [8, Theorem 3.

Proposition 1. Let R be a 2-torsion-free d-semiprime ring, W its associative d-subring
and U its Lie 0-ideal. If
(WU W,

then [W,U] =0 or W contains a non-zero associative d-ideal of R.
proof. Let z,y,r € R, t1,t e UNW and v, w, w1, s,a,b € W. Assume that
W, U] # 0.

By Lemma 2, [U, U] # 0. Since the subring U of R generated by U satisfies that 6(U) C U,
for all § € 0, then, as in the proof of [8, Theorem 3|, we can obtain that

Rla,b|RzR CUzR C W,

where z = [s, t][t,w]. Thus, the sum of nilpotent idal of R is d-ideal of R contained in W.
Otherwise

[a,b]RzR = 0,
and consequently
A= > RzR
s,weWw
teunw
is a D-ideal such that
[a,b] € ann;A.

But A is non-zero and A Nann;A = 0, implies that

[a,b] = 0.
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Inasmuch b = z € U, we have
[2,R] CU and 6" ---6,"(z) € U,
for any integers k > 1, m; > 0 and derivations é; € 0 (i = 1,..., k), we conclude that
o 57 (2), R € T

what gives that
z € Cr([0y" -+ ;" (2), R)).

By Lemma 5, z € Z(R). Then

B= > [sHtwRCW
s,we W
teUnNw
is a 0-ideal of R. Therefore, B = 0 and, as a consequence, z = 0. This means that
[s, t][t, w] = 0. (3)
Replace w by vw in the identity (3). Then [s, tJv[t, w] = 0 and consequently
[s, t]Wt, w] = 0. (4)
Linearize the identity (3) on ¢ and put s = w = a; then
[a,t1][a,t] + [a,t][a,t1] = 0. (5)
Since z := [[a, t1],r] € U and
2a, t1]r[a, t1] = [z, [a, t1]] € W,

we see that, using (5)
2[@, tl]R[a, tﬂ g VV,

and, in view of the identity (4),

[s,t][a, t1]R[a, t1][w, t] = 0. (6)
In the identity (6), put s = a = w; we get

[a,t][a,t1]R]a, t][a,t1] = 0.

This means that
(R[a,t][a,t1]R)* = 0.

Since

C= Y  RlaYtlR

aeW
t,t1 €EUNW
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is a 0-ideal, which is a sum of nilpotent ideals, we deduce that C' = 0 and so
[a,t][a,t1] = 0. (7)
We linearize the identity (7) on a to get
[0, 8][b, 1] + [b, [, 1] = 0.
Using the previous relation in the identity (6) with w = b, we obtain
[s,t][a, t1]R[b, t1][a, t] = 0. (8)
By linearization the identity (3) for ¢, we have
[s, t][t1, w] + [s, t1][t, w] = 0.
In view of it, from the identity (8), by replacing b instead of s and w by a, it follows that

[s,t][a, t1]R[s, t][a, t1] = 0.

Then
D= > RlstatlR
a,seW
t,t1 €UNW
is a 0-ideal. Then D = 0 and
[s,t][a,t1] = 0.

Denote [W, [U, W]] by W;. Then W is a Lie d-ideal of R and
[8, t] W1 = 0.

Furthermore, [U,W;] C Wi, [s,tJlUW; = 0 and [s,{]lUW; = 0. From the equation
R[a,b|R C U, we deduce that
[s, t]R[a, | RW; = 0.

Assume that p,qg € U N'W, then we get
[p, 4| R[p, q] RW: = 0.
Therefore,
(R[s,t|R)> = 0.
Then

E= Y RppqR

p,geUNW

is a nil d-ideal of R, hence [p,q] = 0. As a consequence, ¢t € [U, W] is commuting with
[U,[U,W]]. By Lemma 3, t € Cr(U). Then

t € Cr([o]™ -8 (t),U)),
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for any integers k > 1, m; > 0 and derivations d; € 9, where ¢ = 1,...,k and t € Z(R).
This means that [U, W] C Z(R).
Since v € U is commuting with

[571711 e 5]7:% (’LL), w]?
for any w € W, we deduce that
[U,W] =0,
is a contradiction.

Lemma 7. Let R be a 2-torsion-free 0-semiprime ring, U its Lie 0-ideal. If A C U and
satisfies that 6(A) C A for all § € d and it is an additive subgroup such that [U, A] C A
and [A, A] C Z(R), then [A,U] = 0.

proof. Let u € U and = € R. If [A, A] = 0, then [a,u] € AN Cg(a). By Lemma 5,
[A,U] = 0. Therefore, we assume that 0 # [a,b] € Z(R) for some a,b € A. As in the proof
of [8, Lemma 4], we can obtain that

[a,b]* = 0.
Since [A, A] € Z(R), we deduce that
I=) [abR
a,beA

is a nil d-ideal. Then I = 0, which is a contradiction.

Corollary 1. Let R be a 2-torsion-free 0-semiprime ring, U its Lie 0-ideal and V satisfies
that 6(V') CV for all § € 0 and it is an additive subgroup of R such that [V,U] C V. Then
either [V,U] = 0 or there exists a d-ideal M of R such that

04 [M,R CV
(in particular, in the second case, V' contains a non-zero Lie d-ideal of R).

proof. Clearly that A = [V,U] C V NU, where 6(A) C A for all § € 2 and [A,U] C
[V,U]. Then
T={zxeR|[z,R|CU}

is a 0-subring of R. Let Ty be a subring of T' generated by [A, A]. Then Tj satisfies that
d(T) C T for all § € d . Inasmuch

[4, AU € [A, A],

we have [Ty, U] C Ty. By Lemma 3, [Ty, U] = 0 or Tj contains a non-zero d-ideal of R.
a) If [Ty, U] = 0, then using the fact that [A, A] C Ty we have

A4, A], U] = 0.
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Since [A, A] satisfies §([A, A]) C [A, A] for all § € d, we conclude that for a € [A, A] we
have
(67" -6, (a), [a, R]] = 0.

By Lemma 5, a will be from Z(R). This means that [A,A] C Z(R). By Lemma 7,
[A,U] = 0. Hence by Lemma 3 A C Z(R) and [v,u] € A for any v € V and u € U. Then

(67" -0, (v), [v,u]] =0
for any integers k > 1, m; > 0 and derivations §; € 0 where i = 1,... &k, and by Lemma 5,
v e CR(U)

what forces that
[V,U] =0.

b) Assume that Tj contains a non-zero d-ideal M of R. Then [M, R] # 0 or [M, R] = 0.
In the last case
MC(R) =0

and MTy = 0. As a consequence, M? = 0. By the d-semiprimeness of R, M = 0, which is
a contradiction.
Now we extended [5, Theorem 1] in the next proposition

Proposition 2. Let R be a 2-torsion-free d-semiprime ring, U its §-ideal, where 0 #£ § €
D. If 6%(U) =0, then §(U) C Z(R).

proof. Let a,b,u,v € U and z,r € R. From
0 = 6([u, v]) = 2[0(w),6(v)],
we deduced U is commutative. Since
ulu, r] = w(ur — ru) = u(ur) — (ur)u = [u,ur] € U

it follows that
0 = 6% (ulu, r]) = 28(w)3([u, 7))

and therefore,

d(u)d([u,r]) = 0.

Multiplying
[0(u), rz] = [6(u), rlz + r[d(u), x],

by 6(u) on left we get
S(u)r(d(u), «] =

Since
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we obtain that

[0(w), z]R[0(u),xz] = 0.

This means that
I, = R[6(u), z] R

I= Z L

ueU,z€R

is a nil d-ideal, hence we conclude that I = 0. This means that §(U) C Z(R).
Now we will investigate the inverse problem and prove the main result.

is a nilpotent ideal. Inasmuch

Theorem 1. Let R be a 2-torsion-free ring. If R is a ®-semiprime ring then one of the
following holds:

(1) R is a commutative ring,
(2) D is a semiprime ring.

proof. Assume that R is not commutative, then C(R) # 0. By the D-semiprimeness
of R, C(R)?> # 0. Suppose that B is a non-zero ideal of ©, where [B,B] = 0. Let
J=BNIyp and z,y,r,t € R.

(a) If J =0, then, for any d € B,

that is d(x) € Z(R). Then, for any z € Cr(x), we obtain that

d([z,y]) = [d(x), y] + [, d(y)] = 0,

d(2)[x, y] = d(z]z, y]) = d([z, zy]) = 0 = d([z,y]z) = [z,y]d(2)

and
rd(z)t = rtd(z) + r[d(z),t] = rtd(z).

Assume that = ¢ Z(R). The ideal A, generated by all d(z), where d € ® and z €
Cr(z), is a ®-ideal of R. If A, # 0, then, using the non commutativity of a ring R
and the definition of the annihilator, we see that annA, is a non-zero ®-ideal, which is
a contradiction. Hence, d(Cgr(x)) = 0. If d(Z(R)) = 0, then d(R) = 0 and so d = 0.
Therefore, we assume that d(Z(R)) # 0. If a € Z(R), then aCr(z) C Cg(x) and then

d(Cr(z)a) = Cr(z)d(a) = 0 = d(aCr(x)) = d(a)Cr(z)

and consequently
d(R) C annCr(x).
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In view of Lemma 4, d(R) C Z(R) for d € B. Let ©p(R) by the ideal of R generated

by all d(R), where d € B. Then u € Cr(u) C annDp(R) for any u € Dp(R) and so

u € Dp(R)Nann®p(R) = 0. This means that ® g(R) = 0, which leads to a contradiction.
(b) Assume that J # 0. Then I = {t € R | 0; € J} is a non-zero D-ideal of R and

8[t1,t2] = [8t1,at2] € [J’ J] = 0
for any ¢; € J and, as a consequence,
[1,I] C Z(R). (©)

Let
T(I)={we€R|[w,R] CI}.

Then I C T'(I) and T'(B) is an associative subring and a Lie ideal of R (see [7, Lemma 3]).
Since
[, T(D] <1,

we deduce that
0= 8t1([t17 t%]) = 28151 (t2)2'

From this and the condition in the equation (9) it holds that
O, (t2) € P(R) N Z(R).

Then

D [t t)R

t1,to€l

is a nil ®-ideal of R, which is a contradiction.

4. Conclusion

Through this work, firstly, we found some properties of Lie ideals in ®-semiprime ring,
then we demonstrated when a commutator of a composite derivation for an element and
Lie ideal in a ®-semiprime ring equal to zero, implies the element belongs to center of
this ring. Also, we investigated the relationship between an element of Lie d- ideal and
the center (the commutator ideal) of a ring. After that, we showed that for any an ideal
contained in Lie 0-ideal of a 0-semiprime ring, their commutator must be contained in
the ideal itself. Furthermore, we related between the commutator of 0- ideal and every
associative subgroup of it under specific conditions. In addition, if any §-ideal of a §-
semiprime ring satisfies §2(U) = 0, this gives 6(U) is contained in the center of ring.
Finally, we proved that every a 2-torsion-free ®-semiprime with an identity ring is either
commutative or a ® is a semiprime ring.
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