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Abstract. In this paper, we introduce some types of separation axioms via F-open sets, namely
FT; (i=0,1,2,3,4), F-regular and F-normal spaces, and investigate their properties, relationships
and characterizations. We show that every F'T; space is a T; space for ¢ = 0,1, 2, 3,4. However,
the converse is true whenever X is finite.
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1. Introduction

In 2012, Alias et al.[3] introduced some types of separation axioms via w—open sets,
namely w—regular, completely w—regular and w—normal space and investigated their fun-
damental properties. After that, in 2024, Alqahtani and Abd El-latif [1] interduced some
kinds of separation axioms via N—poen sets, namley X — Ty—space, X — T} —space and
N — Th-space. Quite recently, Alqahtani [2] has introduced the notion of F-open sets in a
topological space and obtained the fundamental properties of F-open sets. Furthermore,
several notions such as F-continuous functions, F-compact spaces and related properties
are defined and investigated.

Motivated by these works, and to simplify the path for many future articles on this
topic, in this paper, we introduce some types of separation axioms via F-open sets, namely,
FT; (i=0,1,2,3,4), F-regular and F-normal spaces, and their relationships and charac-
terizations are obtained. Moreover, it is shown that 1) an F-compact F'T, space is F'Ty,
2) F-normal spaces are preserved under F-closed preserving and continuous surjections.

First, we recall some notions defind by Algahtani[2]. Let (X, 7) be a topological space
and A be a subset of X. The closure of A and interior of A are denoted by cl(A) and
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int(A), respectively.

Definition 1. [2] An open subset A of a topological space (X, T) is called an F—open set
if cl(A)\ A is a finite set.

Definition 2. [2] A closed subset A of a topological space (X, T) is called an F—closed
set if A\int(A) is a finite set.

Definition 3. [2/ Let A be a subset of a topological space (X, 7). The F—closure of A is
defined as the intersection of all F—closed sets containing A, and is denoted by cl¥' (A).

Definition 4. [2] Let (X, 7) be a topological space. Then (X,T) is called an F—compact

space if any open cover of X has a finite subcover of F'—open sets.

2. Separation axioms via F'-open sets

For any topological space (X, 7), by 7 we denote the collection of all F'— open subsets
of X.

Example 1.

1) For any discrete topology T on X, Tp = 7 since every A C X is clopen, and therefore

cl(A\A = 0 is finite.

2) For any indiscrete topology 7 on X, we have Tp = 7. The only open sets in X are
X and (. Since both are clopen, so cl(X)\X =0 and cl(0)\0 = 0.

3) The odd-even topology on N induced by its bases
P ={{2k — 1,2k} ke N} = {{1,2},{3,4},{5,6},-- -} satisfies T = 7p.

4) Also, the deleted integer topology defined by letting X = |J,cn (n —1,n)C R and
P =1{(0,1),(1,2),(2,3),...} satisfies T = Tp since every open set is clopen.

5) For any metrizable space, the topology T induced by the metric also satisfies T = Tp.
This is because every singleton is closed and therefore every open set is clopen.

Remark 1. The converse of 5 of Example 1 is not true by the following counter examples.
Example 2. The indiscrete topology is not metrizable but yet satisfies T = 7p.
Example 3. The cofinite topology on R which is defined for a nonempty set X by

Teof = {U C X : X\U isfinite} U {0}

i.e., UC R is open whenever R \U is finite is not metrizable since R is infinite.
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However, for any open set, cl(U)\UC R\U, so it is finite and therefore U is F'—open.
Therefore, 70 = .

In general, if every open set is clopen, then 77 = 7. We can also see that if X is finite,
then 7@ = 7.

Note that 7@ is not necessarily another topology on X, since countable union of
F—open set is not necessarily an F'—open set as shown by the following Example.

Example 4. [2] Let A,, = (n, n+1) be a subset of (R,U) for alln € N, then, A, =

(n, n+1) el and cl(n, n+1) \ (n, n+1) = {n, n+1} is finite for alln € N. Hence,

An = (n, n+1) is F—open for alln € N. Now, we have | J, oy (n, n+1) = [1,00) \ N

is an open set. However, cl( U, ey (1, 4+ 1))\ Upen (7, n+1) = cl([1,00)\N)\([1,00)\ N) =
[1,00)\([1,00)\ N) = N is not a finite set. Therefore, | J, oy (7, n+ 1) is not F—open.

Definition 5. A topological space (X, T) is called an FTy — space if for any two distinct
points x,y € X there is an F—open set U in X containing x but noty or an F'— open set
U containing y but not x.

Example 5. Let (R,U) be a topological space, where U is the usual topology. Let (a,b)
be any open interval in (R,U), since cl(a,b)\(a,b) = [a,b]\(a,b) = {a,b} is finte, then
any open interval in (R,U) is F-open. So, for any two distinct points x,y € R there is
an open interval (a,b)containing x but not y or an open interval (a,b) containing y but
not . Therefore, (RU) is an FTy — space.

Definition 6. A topological space (X, 7) is called an FTy — space if for any two distinct
points ¢,y € X there is an F—open set U in X containing x but not y and an F— open
set Vin X containing y but not x.

Example 6. Let (R,U) be the usual topology for R. Let x,y € R, y >z, and y—x = c.
Then U = (ar— <5 x—i—%) andV = (y— 5 y—i—%) are two F—open sets where x € U, y ¢
Uandy €V, x ¢ V.Therefore, (R,U) is an FT1 — space.

Theorem 1. An FT; — space is an FTy — space, but the converse is not true.

Proof. Let (X,7) be an FT; — space. Then for any distinct points x,y € X, there
exist F'—open sets U,V € 1p such that:

xeU y¢UandyeV, x ¢V

Hence, there exists an F'—open set U € 7 such that:

xeUandyg¢Uor yecUand z¢ U
Therefore,(X, 7) is an F'Ty — space.

For the converse, let us consider the Sierpinski space, where S = { 0,1 } and
=10, {1},{0,1}} . It is clear that the Sierpinski space is FT, but not FT;.
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Theorem 2. A topological space (X, T) is an FTy space if and only if for each x € X,
the singleton set {x} is F'—closed.

Proof. Let (X,7) be an FTj-space and let x € X be any point. We want to show
that {z} is F—closed, i.e., {z} is closed and {x}\int({z}) is a finite set. Since X is an
FT space, then it is a Tj-space and every singleton {z} is closed. Now

{z}\int ({z}) = {2} \0 = {}

is finite. Therefore, {x} is F'—closed.

Conversely, let every singleton {x} be F—closed, and let z # y be two points in X, then
since {x} is F—closed, X\{z} is F'— open and contains y but not x. Similarly, X\{y} is
F— open and contains = but not y. Therefore, (X, 7) is an F'T}- space.

Definition 7. A topological space (X, T) is called an FTy — space if for any two distinct
points x,y € X there exist F—open sets U and V in X, such that x € U andy € V,
and UNV = (.

Example 7. Let us consider the usual topology for R as in Example 5.Then
U= (m—%, x+§) and V = (y—%, y+§) are two F—open sets where x € U, y €
V, x and UNV = 0. Therefore, (R,U) is an FTy — space.

Theorem 3. An FTy — space is an F'T1 — space, but the converse is not true.

Proof. Let (X, 7) be an FTy — space. Then Va,y € X : x # y, there exist F—open sets
U,V such that:
zeU,yecVandUNV =0

Therefore, we have

Uecrp:axeclU, y¢U

and

Verrp:iyeV, o ¢V
This shows that (X, 7) is an F'T} — space.

For the converse, let us consider the cofinite topology 7¢of on an infinite set X. Then
(X, 7eof) is an F'T7 —space but is not F'T,. Let z € X be any point, since {z} \int ({z}) =
{x}\0 = {z} is finite, then the singleton {z} is F—closed and hence, by Theorem 2, X
is an F'T7 — space. To show that X is not an F'T5—space, let U and V' be any two open
subsets of X such that U NV = (). Since, U is open and cl(U)\UC R\U, then cl(U)\U is
finite and then U is F—open. Similarly, V is also an F'—open set. Now, since U NV = (),
then
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(X\U)U(X\V) =X

This is a contradiction since X is infinite. Hence, there is no two distinct points in X belong
to two disjoint F'—open sets. Therefore, X is not an FT5—space.

Definition 8. A topological space (X,T) is called an F—regular space (briefly Fr —
space) if for each closed subset W C X and each x ¢ W, there exist F—open sets
Uand Vin X, such thatx € U, W CV, and UNV = 0. An F— reqular FT) — space
1s called an FT5 — space.

Example 8. Let us consider the usual topology for R as in Example 5. It’s easy to show
that (R,U) is FT5 — space.

Theorem 4. For a topological space (X, T), the following properties are equivalent:

(1) (X,7) is F-regular;

(2) For any x € X and any open set U containing x, there exists an F-open set V' such
that x € V C (V) CU;

(8) For any x € X and any closed set B such that © ¢ B, there exists an F-open set U
such that x € U and BN ¥ (U) = 0.

Proof. (1) = (2): Let X be an F-regular space and U be any open set containing
x. Let K = X \ U, then K is a closed set not containing . Since (X, 7) is F-regular,
then there exist F-open sets V,W of X such that x € V,K C W and VN W = (). Hence
cl¥ (V)N W = (). Therefore, we have x € V C cl¥ (V) C U.

(2) = (3): Let = be any point of X and B be any closed set in X not containing x.
Then X \ B is an open set containing x. By (2), there exists an F-open set U such that
z €U C clf(U) C (X \ B). Therefore, there exists an F-open set U such that = € U and
Bndf(U) = 0.

(3) = (1): Let K be a closed set not containing . Then x € X \ K and X \ K is an
open set. Hence there exists an F-open set U such that € U and K Nclf (U) = 0. Let
V =X \df(U). Then V is F-open, K CV and UNV =UN (X \ ¢l F(U)) = 0. This
shows that (X, 7) is F-regular.

Definition 9. A topological space (X, T) is called an F—normal space (briefly Fn— space)
if for each pair of disjoint closed subsets Wy and Wy of X, there exist F'—open sets
Uand Vin X, suchthat Wi, C U, Wo C V, andUNV = 0. An F— normal FT} — space
1s called a F'T) — space.

Example 9. The usual topology for R as in Example 5 is an Fn and FT} — space and
hence it is an FTy — space.

Remark 2. Every F—normal space in not necessarily F—regular.
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Example 10. Let us consider the Sierpinski space, where S = { 0,1} andT = {0, {1},{0,1}}
. It is clear that the Sierpinski space is F—normal since the only closed subsets of S are
{0} and 0, but S is not F-regular, because 1 and {0} which is closed set cannot be sepa-
rated by two disjoint F-open sets, i.e., 1 ¢ {0} which is closed sets, 1 € {1}, {0} C {0,1}
where {1} ,{0,1} are F—open sets and {1} N{0,1} = {1} #0

Theorem 5. FEvery FT, — space is an F'T5 — space.

Proof. Let (X,7) be an FTy — space. Then (X,7) is an F'T} space, hence we need
only show that X is an F'r— space. For that, let K C X be an F' — closed set such that
x ¢ K. Since X is an F'T} space, then {z} is an F-closed set such that {z} N K = (.
Since X is an F'n—space, there exist F—open sets U and V in X, such that {z} C U,
K C V,and UNYV = (. Hence, for each closed subset K C X and each x ¢ K, there
exist F'—open sets U and Vin X such that z € U, K CV, and U NV = (). Therefore,
X is Fr— regular.

Theorem 6. For a topological space (X, T), the following properties are equivalent:
(1) (X,7) is F-normal;

(2) For any closed set F and any open set U containing F, there exists an F-open set
V such that F CV C ¥ (V) C U;

(8) For any disjoint closed sets A, B, there exists an F-open set U such that A C U and
BNt (U) = 0.

Proof. The proof is similar with Theorem 4.

Lemma 1. Let (X, 7) be a topological space and Y be a subset of X. If U is an F-open
set of X, then UNY is an F-open set of the subspace Y .

Proof. Since U is open in X, UNY is open in Y.
Ay UnYI\NUNY)=cdx(UnY)NY\(UNY)Ccx(U)NnY\({UNY) Ccx(U)\U.
Since U is an F-open set of X, clx(U) \ U is a finite set. Therefore, U NY is F-open in
the subspace Y.

Theorem 7. If X is an F'T; — space, then any subspace Y of X is an FT; — space for
i=0,1,2,3,4.

Proof. We consider only the cases ¢ = 1,3 and the other cases can be proved by the
same argument.

1) Let i = 1. Let z,y be any distinct points of a subspace Y of an F'T}-space X. There
exists an F-open set U of X such that x € U and y ¢ U. By Lemma 1, UNY is an
F-open set of Y such that x €e UNY and y ¢ UNY. Similarly, we can find an F-
open set V in Y containing y but not x. Therefore, the subspace Y is an F'T1 — space.
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2) Let ¢ = 3. Let K be any closed set in Y and y € Y \ K. Then there exists a
closed set Kx in X such that K = Kx NY, where y ¢ Kx. Since X is F'T3, there
exist disjoint F-open sets Uy, Vx in X such that y € Vx and Kx C Ux. Now,
let U =UxNY,V =VxNY, then by Lemma 1, U,V are F-open sets in Y and
K=KxNY CcUxNY =Uandy e VxNY =V. Moreover, UNV C UxNVx = 0.
Therefore, Y is FT3.

Lemma 2. [2] Let (X,7) be a topological space. For F-open sets of X, the following
properties hold:

(1) The finite union of F-open sets is F-open,
(2) The finite intersection of F-open sets is F-open.

Theorem 8. Let (X, 7) be a topological space. Then every FT; space is a T; space for
1=0,1,2,3,4. However, the converse is true whenever X is finite.

Proof. Easy, since F'—open sets are open sets. For the converse, let X be a finite set, then
every open set is a F'—open set and then every T; space is a F'T; space for i =0,1,2,3,4.

Theorem 9. If (X, 1) is F-compact and FT,, then (X,7) is FTy.

Proof. Let K,L be any disjoint closed sets. Then they are F-compact. Let k& be
any point of K. For any pointz € L, x ¢ K and = # k. Since (X,7) is FTy, there
exist disjoint F-open sets U, (k) and Vi(z) such that k € U,(k) and = € Vi(z). Now,
fix x, then U{U(k) : k € K} is F-open cover of K and there exists a finite subset
Ky of K such that K C U{Uz(k) : k € Ko}. Now, put U(x) = U{U,(k) : k € Ko}
and Vi, (z) = n{Vi(z) : kK € Ko}. Then U(z) N Vg,(z) = 0 for each z € L. Since
U{Vk,(z) : © € L} is an F-open cover of L and L is F-compact, there exists a finite subset
Ly of L such that L € U{Vk,(z) : © € Lo}. Now, put Vi, =C U{Vk,(x) : = € Ly} and
Ux = N{U(z) : x € Ly}. Then, by Lemma 2, Uk, Vy, are disjoint F-open sets such that
L C Vi, K C Ug. Therefore, (X, 7) is F1y.

Definition 10. A function f : (X,7) — (Y,0) is said to be F-closed preserving if for
any F-closed set K of X, f(K) is F-closed in'Y.

Theorem 10. A surjective function f: (X,7) — (Y, 0) is F-closed preserving if and only
if for any subset S of Y and any F-open set U such that f~'(S) C U, there exists an
F-open set V in'Y such that S C'V and f~Y(V) C U.

Proof. (=) Let S be any subset of Y and U be any F-open set such that f~1(S) C U.
Since X \U is F-closed, f(X \U) is F-closed in Y. Since f~1(S) C U, X\U C X\ f~(S).
Let V=Y \ f(X\U). Then we have S C Y \ f(X\U)=V and f~}V) CU.

(<) Let K be any F-closed in X. We show that f(K) is F-closed in Y. Let S =
Y\ f(K). Then f~3(S) = f~3(Y'\ f(K)) C X\ K. Since X \ K is F-open, there exists an
F-open set V such that Y\ f(K) CV and f~1(V) C X\ K. Hence K ¢ X \ f~1(V) =
7YY\ V) and f(K) C Y\ V. On the other hand, we have Y \ V C f(K). Therefore,
Y\V = f(K) and f(K) is F-closed in Y.
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Theorem 11. Let f: (X, 7) — (Y,0) be an F-closed preserving continuous surjection. If
(X, 7) is F-normal, then (Y, o) is F-normal.

Proof. Let (X, 7) be F-normal. For any disjoint closed sets K1 and Ko in Y, f~1(K7)
and f~!(K3) are disjoint closed sets in X since f is cotinuous. Since (X,7) is F-normal,
there exist F-open sets Uy, Uz in X such that f~1(K;) C U; (i = 1,2) and U1 NUy = . By
Theorem 10, there exist F-open sets V; such that K; C Vi, f~'V;) C U; (i = 1,2). Since
UpNU; =0 and f is surjective, V3 N Vo = (. Therefore, (Y, o) is F-normal.

Corollary 1. Let f: (X,7) = (Y,0) be an F-closed preserving continuous surjection. If
(X,7) is FTy, then (Y,0) is FTy.

Proof. Tt is necessary to show that if (X, 7) is F'T1, then (Y, o) is FTy. For any point
y € Y, there exists z € X such that f(z) = y. Since X is F'T}, by Theorem ??, {z} is
F-closed in X and f({z}) = {y} is F-closed in Y.

Conclusion. By using F-open sets in a topological space, we defined separation ax-
ioms F'T;(i = 0,1,2,3,4) and obtained their properties, characterization and relationships.
Furthermore, it was shown that (1) F-compact FTs-spaces are FTy, (2) F-normality is
preserved under F-closed preserving continuous surjections, (3) for FT;(i = 0,1,2,3,4)
the following DIAGRAM holds:

FT,= FI3 = FI, = F1T1 = F1j
4 U 4 4 U

T4:>T3 :>T2 :>T1:>T0
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