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Abstract. In this paper, we introduce hierarchy elements in an almost distributive lattice with
respect to a non-empty set and obtain some of their algebraic properties. We characterize initial
segments, ideals, and maximal sets in almost distributive lattices in terms of hierarchy sets and
prove that the class of hierarchy sets forms a distributive lattice, which is not an induced sublattice.
Also, we characterize hierarchy sets using compatible sets in an almost distributive lattice.
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1. Introduction

One of both the lattice theoretic and ring theoretic generalizations of a distributive lat-
tice (Boolean algebra) [7], led by Swamy and Rao in 1981 and called an almost distributive
lattice [8]. Almost distributive lattices is an algebraic structure (L, V, A,0) that satisfies
almost every axiom of a distributive lattice with zero, not including the three identities
(the commutativity of A,V and the right distributivity of V over A). Each of these three
identities is equivalent to each other in an almost distributive lattice, and an almost dis-
tributive lattice with any of the above identities gives a distributive lattice. The structure
of an almost distributive lattice is not even distributive; the lattice and the associativity
of V are not yet to be known. Hence, it is difficult to deal with it. For example, fix an
element zg in a non-empty set L. Given z,y € L, define x ANy =y, 20 ANy =z0,2VYy =2
and xo Vy = y. Then (L,A\,V,zp) is an almost distributive lattice. This L is neither
lattice nor distributive. It is called a discrete [8] almost distributive lattice. Given a,b in
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an almost distributive lattice L, we say that a < b if a Ab = a (or equivalently, a Vb = b).
Then, < is a partial ordering on L. An element m € L is called a maximal element [8] if
mAx = forall z € L.

The authors [3-5, 8, 9] developed the theory of initial segments, ideals, and filters in
almost distributive lattices analogous to the concepts in distributive lattices. It is well-
known that “every distributive lattice is a one-to-one correspondence with the class of
principal ideals” in it [1]. The above-mentioned property does not hold in an almost
distributive lattice L because “given a,b € L, (a] = (b] does not imply a = b” [8], where
(a] = {a Az | x € L} is the smallest ideal containing a. Given an initial segment
[0,a] = {x € L |0 <z < a} in an almost distributive lattice L, the authors [8] observed
that given b € L,b € [0,a] if and only if a A b = b A a. Further, the authors extended the
above properties to the concept of principal ideals and stated that “given b € L,b € (a] if
and only if a Ab= 10" [8]. In 2024, Noorbhasha et al. [2] proved some properties of prime
o-ideals of a normal almost distributive lattice topologically. Srikanth et al. [6] looked
into why the binary operation p does not work in semi-Brouwerian almost distributive
lattices. They found that it does not work associatively or commutatively.

With this motivation, we find an arbitrary non-empty set S in an almost distributive
lattice L with the property that for any h € L,s A h = h, for some s € S. We derive
algebraic properties from the class of hierarchy elements with respect to a set S. Also, we
characterize the class of hierarchy sets in an almost distributive lattice and provide suffi-
cient counterexamples. Mainly, we observe that the class of hierarchy sets is a distributive
lattice with respect to the operations U and A where S; A S2 = {s1 A sz | s1 € S7 and
sg € Sa}, for all non-empty subsets Sp, S of L.

2. Hierarchy sets in almost distributive lattices

In this section, we define hierarchy elements with respect to a non-empty set in an
almost distributive lattice. We prove several algebraic properties in the class of hierarchy
elements and hierarchy sets. Finally, we obtain that the class of hierarchy sets forms a
distributive lattice, which is not an induced sub-distributive lattice of the class of ideals of
almost distributive lattices. Finally, we derive some equivalent conditions for a hierarchy
set in an almost distributive lattice to become an ideal.

Definition 1. An element h € L is said to be a hierarchy with respect to a non-empty
subset S of L if s N\ h = h, for some s € S. The set of hierarchy elements with respect to
S is denoted by Hg. It is easy to observe that Hg # () (since 0 € Hg).

Proposition 1. For any ) # S C L, we have
(i) S C Hg.
(i) Hg is closed under A.

(i4i) Hp = L and Hyyy = {0}, where 1 is the greatest element in L.
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(iv) If 1 € Hg, then Hg = L.
(v) If m € Hg, then Hg = L, where m is a maximal element in L.

Proof. (i) Let s € S. Now, s A s = s. Therefore, s € Hg. Hence, S C Hg.

(ii) Let h1, he € Hg. Then we can find s1, s9 € S such that s;Ahy = hy and saAhg = ha.
Now, s1 A (h1 A he) = (s1 A h1) A ha = hy A hg. Therefore, hy A hy € Hg. Hence, Hg is
closed under A.

(iii) From (i), it is easy to observe that Hy = L. Let x € Hyy. Then 0 Az = z.
Therefore, z = 0. Hence, Hyp, = {0}.

(iv) If 1 € Hg, then there is an element s € S such that 1 = s A1 =s € S. For this
1€S8,1ANx=xfor all z € L. Therefore, L. C Hg. Hence, Hg = L.

(v) For m € Hg, there is an element s € S such that s Am = m. Let € L. Now,
shz=mA(sANz)=(mAs) Nz=(sAm) ANz =mAzxz=x. Therefore, z € Hg. Hence,
L C Hg. Thus, Hg = L.

Remark 1. For any ) # S C L, Hg need not be closed under V by the following coun-
terexample:

Example 1. Let L = {0,a,b,¢c,1}, whose Hasse diagram is given below:

1

For S1 = {a,b}, it is easy to verify that aVb=c ¢ Hg, ={0,a,b}. Therefore, Hg, is not
closed under V.

Proposition 2. For any () # S C L, and a,b,h € L, we have
(i) a < b implies H, C Hp,
(ii)) a < b and b € Hg implies a € Hg,

(i1i) h € Hg implies (h] C Hg,

(iv) Hg is an ideal of L.
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Proof. (i) Assume that a <b. Let z € H,. Then aAx = z. Now, bAz =bA(aNx) =
(bAa) Nx =aAx=x. Therefore, x € Hy,. Hence, H, C Hp,.

(ii) Assume that a < b and b € Hg. For this b € Hg, there is an element s € S such
that s A\b=0. Now, sAa=sA(aAb)=(sANa)ANb=aA (sA\b)=aAb=a. Therefore,
a € Hg.

(iii) Let h € Hg. Then s A h = h for some s € S. For any = € (h], v = h A z. Now,
shNz=sA(hAx)=(sANh)ANx=hAz=uxz. Therefore, x € Hg. Hence, (h] C Hg.

(iv) Let 2,y € Hy. Then aAz = x and aAy = y. Now, aA(zVy) = (aAz)V(aAy) = zVy.
Therefore, x Vy € Hy. Let l € L. Then aA (IANz) = (aAN) Az =IAN(aNx) =1z
Therefore, I Az € H, and x Al € H,. Thus, H, is an ideal of L.

Remark 2. For any non-empty subsets S of a discrete almost distributive lattice X, either
Hg ={0} or Hg = L. Suppose Hg # {0}. Then there exists a non-zero element h in Hg
such that s A h = h for some non-zero element s € S (if s =0, then h =0). Lety € L.
Now, sANy=(sVh)ANy=(sAy)V(hAy)=(sANy)Vy=uy (since h # 0). Therefore,
y € Hg. Hence, L C Hg. Thus, Hg = L.

Proposition 3. For any () # 51,52 C L, we have
(i) S1 C Sy implies Hs, C Hg,,
(it) Hs,us, = Hs, U Hs,,

(iii) Hs,ns, € Hs, N Hsg,.

Proof. (i) Let © € Hg,. Then s; Az = x for some s; € S;. Since S1 C Sy, x € Hg,.
Hence, Hg, C Hg,.

(ii) Since S1, 52 C S1USs, we have Hg,,Hg, C Hg,us,. Therefore, Hg,UHg, C Hg,us,-
Let h € Hg,us,. Then there is an element s € S; U Sy such that s Ah = h. If s € S, then
h € Hg,; if s € S, then h € Hg,; and if s € §1 NSy, then h € Hg, N Hg,. Therefore,
h € Hg, U Hg,. So that Hg,us, € Hg, U Hg,. Hence, Hg, s, = Hg, U Hg,.

(iii) Let h € Hg,ns,- Then there is an element s € S; N S2 such that s A h = h.
Therefore, h € Hg, N Hg, (since s € S1 N S2). Hence, Hg,ns, € Hg, N Hg,.

Remark 3. For any non-empty subsets S1,S2 of L, Hg, s, need not be equal to Hg, NHg,
by the following counterexample:

Example 2. Let L = {0,a,b,1}, whose Hasse diagram is given below:

1
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For S1 = {a,b} and Sy = {a, 1}, it is clearly to observe that S1NSy = {a}, Hg, = {0,a,b},
Hs, ={0,a,b,1}, Hg,ns, = {0,a} and Hs,NHg, = {0,a,b}. Hence, Hs,ns, # Hg,NHg,.

Theorem 1. If() # S C L, is closed under \/, then
(i) Hg is closed under V,
(i) Hg is a sub-almost distributive lattice of L,
(ii) Hg is an ideal of L,
(iv) Hg is the smallest ideal generated by S(Hg = (95]).

Proof. Suppose that S is closed under V.

(i) Let hq, ho € Hg. Then there exist s1, s3 € S such that s; Ahy = hy and sgAhg = ha.
Now, (81 V 82) A (h1 vV h2) = (82 V 81) A (hl vV h2) = [(82 vV 81) A hl] V [(82 vV 81) VAN hg)] =
[(52 V 81) AN hl] \Y [(81 vV 82) VAN hg)] = [(82 VAN hl) \Y (81 VAN hl] vV [(81 VAN hg) V (82 AN hg)] =
[(s2 Ah1)V hi]V[(s1 Aha)V hg] = h1V hg. Since S is closed under V, hy V he € Hg. Hence,
Hg is closed under V.

(ii) By Proposition 1(ii) and Definition 1, we can clearly observe that the set Hg is a
sub-almost distributive lattice of L.

(iii) Let [ € L and h € Hg. Then sAh = h for some s € S. Now, sA(hAl) = (sAh)Al =
hAland sA(IANR) = (sAN)Ah=1A(sAh)=1Ah. Therefore, hAl,I \Nh € Hs. Hence,
Hg is an ideal of L (since Hg is a sub-almost distributive lattice of L).

(iv) Since S C Hg and Hyg is an ideal of L, (S] C Hg. Let h € Hg. Then s Ah = h for
some s € S. Therefore, h = s A h € (S]. Hence, Hg C (S]. Thus, Hg = (S].

Let us denote S A\ So = {s1 Asy € L | s1 € S1 and sy € So}, where S; and Sy are two
non-empty subsets of L.

Proposition 4. For any () # S1,52,S3 C L, we have

(i) S1\S2#0,
(’ii) S1 C 5 /\51,

(iii) (S1/\S2) \S3 =51 A(S2 \ S3).

Proof. (i) For any s; € Sj and sg € Sy, we have s1Asy € L. Therefore, s;Asy € S1 A Sa.
Hence, S1 A\ Sa # 0.

(ii) For any s € S1, s1 = s1 A s1 € S1 A\ S1. Therefore, S; C S1 A S;.

(iii) Let s € (ST AS2) AS3. Then s = (s1 A s2) A s3 for some s; € S1,52 € Sa,53 €
S3. Since L is A-associative, s = s1 A (s2 A s3). Therefore, s € S A(S2 A\ S3). Hence,
(S1 AS2) ASs € S1 A(S2 A\ S3). Similarly, we can prove the converse. Thus, (S1 /A S2)
A Sz = 51 A(S2 A\ S3).

Remark 4. For any 0 # S C L, S need not be idempotent under the operation /. In
Ezample 1, S1 # S1 \ S1 (assume S1 = {a,b}).
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Remark 5. Any () # S1,S2 C L need not be commutative under \. In a discrete almost
distributive lattice X, let S1 = {x} and Sy = {y}, then it can be easy to verify that
S1 A\ Sz # Sa A\ Sq.

Proposition 5. For any () # S1, 52,53 C L, we have
(i) Hs, NHs, = Hg, ps,
(ii)) Hg, \ Hs, = Hg, (Idempotent law),
(ii) Hgy N\ Hs, = Hg, \ Hs, (Commutative law),
(iv) Hs, N(Hs, N\ Hsy) = (Hsy, \ Hs,) \ Hs, (Distributive law).

Proof. (i) Let h € Hg, \ Hs,. Then h = hy A hy for some h; € Hg, and hs € Hg,.
For this h; € Hg, and he € Hg,, there exist s; € S1,s2 € S2 such that s; A hy = h; and
so ANhy = ho. Now, st AssAh =5 AssANhiANhy =81 ANhi ANsoANhy =hi ANho =h
where s1 A sg € S A\ Sa. Therefore, h € Hg, ps,- Hence, Hg, N\ Hs, C Hg ps,- Let
h € Hg, p 5,- Then there exist s; € S1,s2 € Sz such that sy A sy Ah =h. Now, s; Ah =
S1AS1AsaAh =s1AsaANh =hand sgAh = syA(s1AsaAh) = s1 AsagAh = h. Therefore,
he€ Hg, and h € Hg,. Hence, h=hAh = Hg, /\HSQ. Thus, Hg, /\H52 = Hsl/\sg‘

(ii) Let h € Hs, NHs, = Hg, ps, (from (i)). Then there exist s1,s7 € S1 such
that s1 A sy Ah = h. Now, s1 Ah =381 A(s1AsyAh) = s1 As) ANh = h. Therefore,
h € Hg,. Hence, Hs, \ Hs, C Hg,. By Proposition 4(ii), S; € S; A Si. Therefore,
Hg, C Hg, /\Hgl. Thus, Hg, = Hg, /\Hsl.

(iii) Let h € H51 /\I{s2 = HSl/\S2(f1“OIn (1)) Then s1 Aso Ah =h = s9 A sy Ah for
some s; € S; and sy € Sy. Therefore, h € Hg, \ Hs,. Hence, Hg, A\ Hs, C Hg, \ Hg, .
Similarly, we can prove the converse. Hence, Hg, A\ Hs, = Hs, \ Hs, -

(iv) By Proposition 4(iii), we have Hs, \(Hs, A Hs;) = Hs, \ Hg, p 55 = Hsy A(S2 A S3)
= His, sy Ass = Hisy ps) N Hsy = (Hs, N Hs,) \ Hs;.

Proposition 6. For any () # S1, 52 C L, we have
(i) Hs, U Hs, = Hg,us,,
(i) Hg, UHg, = Hg, (Idempotent),
(i) Hg, U Hg, = Hg, U Hg, (Commutative),
(iv) Hg, U (Hg, UHg,) = (Hs, UHg,) U Hg, (Associative).
Proposition 7. For any ) # S C L and a is an element in L, we have
(i) Ha = (a),
(i) Hs = U (5]

sES
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Proof. (i) By Proposition 2(iv), H, is an ideal of L and a € H,. Then (a] C H,. Let
h € H,. Then a A h = h. Therefore, h = a A h € (a]. So that H, C (a]. Hence, H, = (al.
(ii) Let h € Hg. Then, we have an element s € S such that h = s A h € (s|. Therefore,

Hg C J(s]. Let y € U (s]. Then y € (s] for some s € S. Therefore, y = s A y. So that
s€S seS
y € Hg. Hence, |J (s] € Hg. Thus, Hg = |J (s].
sesS s€S

Proposition 8. For any ) #S C L, S C Hg C (S].

Remark 6. For any ) # S C L, Hg need not be equal to (S].
In Example 2, let S = {a,b}, then Hg = {0, a,b} and (S] = {0,a,b,1} = L. Therefore,
Hg C (S] but Hg # (95].

Proposition 9. For any () # Sy, 52,53 C L, we have
(i) S1 C S U (SQ/\Sl),
(ii) S1 C 5 /\(52 U Sl),

(iii) S1U (Sz \S5) C (S1US2) A(S1US3),

(iv) (S1\S2) U Ss C (S1US5) A(S2 U Sa),

(v) Sy A(S2USs) = (S1 A\ S2) U (S1ASs) (Distributive law),
(vi) (S1US2) \Ss = (Si A\ S3)U(Sa ASs) (Distributive law).

Remark 7. For any non-empty subsets S1,S2 of L, the following absorption laws need
not be held:

(i) S U (52/\51) =51,
(ii) S /\(82 @] Sl) = 5.

In Ezample 1, (i) take S; = {a} and Sy = {b}. Then So \'S1 = {0}. Therefore,
S1U(S2 AS1) ={0,a} #5;.
(ii) Take SoUS1 = {a,b}. Then Sy \(S2US1) = {0,a}. Therefore, S1 \(S2US1) # Si.

Remark 8. For any () # S1, 52,53 C L, the following distributive laws need not be held:
(Z) S1 U (SQ /\53) = (Sl U 52) /\(Sl U Sg) (Distributive law),
(11) (S1 A\ S2)US3 = (S1US3) A(S2U S3) (Distributive law).

In Example 1, (i) take S1 = {a,b}, So = {1} and S3 = {c}. Then Sa A\ S3 = {c}, S1 U
S2 ={a,b,1} and S1US3 = {a,b,c}. Now, S1U(S2 A\ S3) = {a,b,c} and (S1US2) A(S1U
Sg) = {O,CL, b, C}. Therefore, S1 U (SQ /\ 53) 75 (Sl U SQ) /\(51 U 53)

(ii) Take S1 = {a},S2 = {1} and S3 = {b,c}. Then Sy A\ S2 = {a},S1USs ={a,b,c}
and SoUSs = {b,c,1}. Now, (S1 \ S2)US3 = {a,b,c} and (S1US3) A(S2US3) = {0, a,b, c}.
Therefore, (Sl /\SQ) USs # (Sl U S3> /\(SQ U Sg)
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Proposition 10. For any () # S1, 52,53 C L, we have
(i) Hs, U (Hg, \ Hs,) = Hgs, (Absorption law),
(i) Hs, N(Hs, U Hg,) = Hg, (Absorption law),
(iii) Hg, U (Hs, \ Hs;) = (Hs, U Hg,) N(Hs, U Hg,) (Distributive law),
(iv) Hs, N(Hs, U Hg,) = (Hs, \ Hs,) U (Hs, \ Hs,) (Distributive law).

Proof. (i) Let z € Hs, U (Hs, \ Hs,) = Hs, U Hg, 75, If 2 € Hg,, then Hg, U
(Hs, NHs,) € Hg,. If x € Hg, p5,, then there exists s = sy A 51 € S2 A Sy such that
sSAx =8 Asy ANx = x for some sg € Sy and s1 € 57, then s1 Ax =51 AsgAst Ax =
sagAsiAx = x. Therefore, z € Hg,. Hence, Hg, U(Hs, \ Hs,) C Hg,. By Proposition 9(i),
S1 € S1U(S2 A S1). Therefore, Hg, C HS1U(5’2/\5'1)' Hence, Hg, C Hg, U (H52 /\Hgl).
Thus, Hg, U (H52 /\Hgl) = Hg,.

(ii) Let € Hs, \(Hs, U Hs,) = Hs, N(Hsyus,) = Hg, p(sousy)- Then there exists
s € 81 A\(S2US7) such that s Az = x. Therefore, for this s € S; A(S2US1),s = s1 A’ for
some s1 € S7 and s’ € SoUST. Now, s1Ax =s1A(sAx) =s1A(s1AS)Az=s1A8 AN =
s ANx = x. Therefore, x € Hg,. Hence, Hs, \(Hs, U Hg,) C Hg,. By Proposition 9(ii),
S1 C 81 A\(S2US1). Therefore, Hg, € Hg, p(syus1) = Hsy N\ His,usy) = Hsy, A(Hs,UHg,).
Hence, Hg, /\(]{S2 UHS1) = Hg,.

(ili) Let = € (Hg, U Hs,) \(Hs, U Hsy) = Hs,us,) N H(s,uss) = H(5,085) \(51US3)-
Then there exists s € (S; U S2) A(S1 U S3) such that s Az = x. For this s € (S U
S2) A(S1U S3),s =a Ab for some a € (S1 US2),b e (S1USs).

Ifae Siandbe S, thenaNz =aAsAhz=aANaANbANT=aANbANx =s5ANx =1
Therefore, z € Hg, .

Ifae Syand be S, then bAx =bAsAz=bANaANbANx=aANbAxz=sAx =z Hence,
S Hgl.

Ifa € Sy and b € S3, then s =aAb € Sy \Ss and s Az = x. Therefore, z € Hg, A s
Hence, (Hg, U Hg,) N(Hs, U Hg,) € Hg, U (Hgs, \ Hs,). By Proposition 9(iii), S; U
(Sg /\53) - (51 ) 82) /\(Sl U Sg) Therefore, H51U(52A53) - H(SlUSQ)/\(SlUSB)' Hence,
Hg, U (HS2 /\H5'3) - <H51 U HS2)/\(HS1 U HS3)' Thus, Hg, U (H52 /\HS3) = (HS1 U
Hg,) N(Hs, U HSg)'

(iv) We can prove similarly by Proposition 9(v).

Let us denote the hierarchy sets of L by Hs(= {Hs | S C L and S # 0}). We have
the final conclusion from Proposition 10, below.

Theorem 2. (Hs, \,U,{0}, L) becomes a bounded distributive lattice.

Proof. By the above Propositions 5, 6, and 10, we observe that the set of hierarchy
sets Hs is a distributive lattice with the operations /\ and U and hence, Hyg, = {0} is the
least element and Hy = L is the greatest element in Hg.
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Theorem 3. For any non-empty subsets Sy, S1 of L, Hs, \ Hs, = {0} and Hg,UHg, = L
if and only if Sy \S1 = {0} and Sp U S1 contains a mazimal element if and only if
So = {0} = Sy contains a maximal element or S; = {0} = Sy contains a mazimal
element.

Theorem 4. For any non-empty subset S of L, the following are equivalent:
(i) Hg is closed under V,
(ii) Hgs is a subADL of L,
(iii) Hg is an ideal of L,
(iv) Hg is a smallest ideal containing S.
Lemma 1. Let S be a non-empty subset and I be an ideal of L. If Hg = Hj, then (S] = 1.

Remark 9. The converse of Lemma 1 need not be true. We can see the following coun-
terexample:

Example 3. Let L = {0,a,b,c,d,e, f,1} be an ADL whose Hasse diagram is given below:
1

<

0

Let S1 = {a,b}. Then (S1] ={0,a,b,d} :=1. But Hg, = {0,a,b} # {0,a,b,d} = Hj.
Lemma 2. For any non-empty subset S of L, we have

(1)  Hs = {0},

SCL

(i) U Hs =1L,
SCL

(iii) Hyg, = Hg.

Let us denote the set Sy; = set of maximal elements of S, and we can prove the
following theorem on an ADL with maximal elements.
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Theorem 5. For any non-empty subset S of L, we have
(i) (1= (Sul,
(ii) U Hs, = Hsg.

SmesM

m

Proof. (i) Let h € (S]. Then h = (\/ sz-) Az for some x € L and s; € S for all
i=1

1 <i<m. Let s, € Spr. Then s,, A s; = s; for all 1 < i < m. Therefore, s, A s; € (Sp]

m m m
forall 1 <i<m. So that \/ s; = V (sm A s;) € (Sn]. Hence, h = <\/ si> Az € (Suml.
i=1 i=1 i=1
Since Sy C S, (Sp] C (S]. Therefore, (S] = (S].
(i) Let h € |J Hs,. Then h € Hy, for some s, € Sy and s, A h = h. Since
SmESM
Sy € S,h € Hg. Therefore, |J Hs, C Hg. Let h € Hg. Then there exists s € S such
SmESM

that s A h = h. Let s,, € sp7. Then s, As =s. Now, s;y, ANh=s,, AsANh=sANh=h.
Therefore, h € Hy,, for some s, € Syr. Sothat he |J Hs,,. Hence, Hs C |J Hs,,.

sm€ESM Sm€ESM
Thus, Hs = |J Hs,.

SmESM

3. Characterization of hierarchy sets with respect to a compatible set

In this section, we characterize the class of hierarchy sets in terms of compatible sets,
introduce a new class of sets in an almost distributive lattice, and study rigorously.

A non-empty subset S of L is said to be compatible if for each s1, s5 € S, s1A82 = S9AS1
or equivalently, s1 V so = s2 V s71.

Lemma 3. Let h € L and a non-empty subset S of L. If there exists s € S such that
h <s, then h € Hg.

Proof. If h < s for some s € S, then s A\ h = h = h A s. Therefore, h € Hg.

Remark 10. The converse of Lemma 3 need not be true. In a discrete ADL X, let
S = {s} for some s € X \ {0}. Then Hg = X. Let h€ X. Then h € Hg and hAs =s
and s N\h = h for all s € S. Therefore, h £ s.

Remark 11. If Hg is compatible, then the converse of Lemma 8 is true.

Proof. Let h € Hg for some h € L. Then, an element s € .S exists such that s A h = h.
Since S € Hg,s N\h=h A s=h. Hence, h < s.

Definition 2. For any non-empty subset S of L, define a set S = {x e L|x <s, for
some s € S}.

Remark 12. For any non-empty subset S of L, we can observe that S #0 and S C S.
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Lemma 4. For any non-empty subset S of L, we have the following:
(i) S is closed under A,
(ii) hASL €S, for any h € L,
(iii) S C Hg,
(iv) Hs = Hg.

Proof. (i) Let 81,82 € S. Then there exist s1,82 € S such that 57 < s; and 5 < 89.
Now, (51 AS3) Asa =81 A (52 As2) =351 ASa. Therefore, 51 A s < s9. So that 51 A sy € S.
Hence, S is closed under A. R

(ii) Let h € L and §; € S. Then there exists s; € S such that 57 < s;. Now,

(hAS1)ANst=hA(51ANs1)=hAS. Then h A 5 < s1. Therefore, h A §1 cs.

(iii) Let 51 € S. Then S1 ANs1 = s1 NSy = §1. Therefore, 1 € Hg (since s; € 5).
Hence, S C Hg.

(iv) By Definition 2, S C S. Then Hg C Hg. Let h € Hg. Then 51 Ah = h for
some §7 € S. For this 5 € §, there exists s; € S such that 57 < s1. Now, s1 Ah =
51 A (51 ANh)=(s1A31) ANh =51 ANh=nh. Then h € Hg (since s1 € S). Hence, Hg C Hg.
Thus, Hg = Hg.

Remark 13. S need not be closed under \.

In Example 2, let S = {a,b}. Then S = {0,a,b}. Now,aVb=c¢ S. Hence, S is not
closed under V.

Remark 14. For any h € L and 51 € §,§1 A h need not be in S.

In a discrete ADL X, let S = {a} for some non-zero element a € X. Then S ={0,a}.
Let x € X. ThenaAz=x ¢ S.

Remark 15. For any non-empty subset S of L, S need not be equal to Hg.

In a discrete ADL X, let S = {a}, for some non-zero element a € X. Then Hg =
H, =X and S = {0,a}. Therefore, Hg # 5.

Lemma 5. If Hg is compatible, then Hg = S, where S C L and S # ().

Proof. Let h € Hg. Then, an element s € S exists such that s A h = h. Since
S C Hg,s N\h=hAs=h. Therefore, h < s and s € S. So that hes. Hence, Hg cS.
By Lemma 4(iii), Hg = 5.

Theorem 6. For any compatible subset S of L, we have the following:
(i) S is compatible,

(ii) For each h € Hyg, there exists unique 5 € S such that SAh=h and hAS =3
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Proof. (i) Let s1, 82 € S. Then there exist s1,89 € S such that 57 < s1 and 53 < so.
Now, 51A8y = (5\1/\51)/\(57\2/\52) = e§\2/\§\1/\(5/1\/\82) = .5?2/\5\1/\(82/\81) = (5\2/\52)/\(5\1/\51) =
S2 A §1 (since S is compatible). Therefore, S is compatible.

(ii) Let h € Hs. By Lemma 4(iv), h € Hg = Hg. For this h € Hg, there exists

5 € S such that SAh = h and for this 5 € § there exists s € S such that 5 < s. Let

=hAs. Thanso/\s—(h/\s)/\s—h/\s—s Therefore, s < s. So that s* € 3. _Now,
hAs® =hAhAs=hAs=s"and sSAh=hAsAh=sAhAh=sAh=h. Leta e S such
that hAG@=aand aAh=h. Now, S AN\a=hAsAd=hAaGAs=aAhAs=hAs=s"
(since S is compatible). Therefore, s <@ and aAs" =aAhAs=hAGAs=hAsAG=
sANhAG=hAa=a. Therefore, a < s. Hence, s is unique.

Theorem 7. Let S be a non-empty compatible subset of L. For any hy,hs € Hg, we have
(i) (b1 Vo) = by V s,
(ii) (hy Nhz) = by Az,
(iii) h € Hg < h=h, for any ) # S C L,
(iv) 0=0.

Proof Let hl, ho € HS By Theorem 6(ii), there exists ?LI,?L; € S such that h1 A i/LI =
hl,hg/\hg = hg and hl/\hl = hl,hg/\hg = ho.
(i) Now,

hy \/hg) /\hﬂ [ﬁ;\/ﬁ;)i\\hg] -

(hl A hl) (hg A hl)\] V [(hl A hg) V (hg A hg)]
1V (h2 A hl)] [(hl A hg) V hg]

(hl V (hg A hl)] V ho

(hl V hg) A hl)] V ho

(hg V hl) A hl] V ho

h1V hsg,

(hi V ha) A (h1 V ho)

= [,
[
= [h
[
[
[

(b Vo) A (R1V o) = [(haV ho) Aa] V [(hn V o) Aho] R
(h1 A hl (h2 A hl)] [(hl A hQ) vV (hg A hz)]
h1 V (hg A hl)] [(hl A hz) V hg]

(hl V hg A hl] V h2

= &12 \L\hl) A hl] V hy

= h1 V hs.

,—\,—|,—\,—|

Therefore, (h?/\hg) = a V }/L;
(ii) Now,
(hi Aha) Ay Ahy =hy Ahy A Ao
= h1 A ho,
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hi Ao A (i Aha) =hi Ay Ahs Ao
= h1 A hs.

Therefore, (h?\\hg) = a A ?L;

(iii) Let h € S. Then h € Hg. By Theorem 6(iii), there exists a unique h € S such
that hAh = h and h A h = h. Since h, heSand S is compatible, h = h. The converse is
trivial.

(iv) It’s clear from (iii).

Theorem 8. Let S be a compatible subset of L and Hg = L. Then the following are
equivalent:

(i) Hs = L = S has large element,
(i) L has a maximal element.

Proof. (i) = (ii) Suppose that Hg = L implies S has the largest element. Let [ be the
largest element in S. Let € L = Hg. By Theorem 6(ii), there exists Z € S such that
TAz=xzand AT =z Now, I Nz =IAN(TAx)=(IANT)ANx=TAx=x. Therefore, |
has a maximal element of L.

(ii) = (i) Suppose that L has a maximal element, say m. If Hg = L, for some S C L
and S # 0, then m € Hg. By Theorem 6(ii), there exists m € S such that m Am =m
and m A m = m. Now, for any 5 € §,

SAM =mAS (since S is compatible)

Therefore, s < m. Hence, S has the largest element .

4. Conclusions and Future Work

We identify a distributive lattice structure in an almost distributive lattice that is not
induced with respect to the operations in the almost distributive lattice. It helps us to
discuss (extend) several properties of a distributive lattice via hierarchy elements in an
almost distributive lattice.
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