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Abstract. Let G be a simple, undirected and connected graph. A subset S C V(G) is a geodetic
cover of G if Iz[S] = V(G), where I[S] is the set of all vertices of G lying on any geodesic
between two vertices in S. A geodetic cover S of G is a closed geodetic cover if the vertices in
S are sequentially selected as follows: Select a vertex vy and let S = {v1}. If G is nontrivial,
select a vertex vy # vy and let Sy = {v1,v2}. Where possible, for ¢ > 3, successively select vertex
v; & Ig[Si—1] and let S; = {v1,va,...,v;}. Then there exists a positive integer k such that Sy = S.

A geodetic cover S of G is a geodetic hop dominating set if every vertex in V(G) \ S is of distance
2 from a vertex in S. A geodetic hop dominating set S is a closed geodetic hop dominating
set if S is a closed geodetic cover of G. The minimum cardinality of a (closed) geodetic hop
dominating set of G is the (closed) geodetic hop domination number of G. This study initiates
the study of the closed geodetic hop domination. First, it characterizes all graphs G of order n
whose closed geodetic hop domination numbers are 2 or n, and determines the closed geodetic hop
domination number of paths, cycles and multigraphs. Next, it shows that any positive integers
a and b with 2 < a < b are realizable as the closed geodetic number and closed geodetic hop
domination number of a connected graph. Also, every positive integer n,m and k with 4 < m < k
and 2k —m+2 < n are realizable as the order, geodetic hop domination number and closed geodetic
hop domination number, respectively of a connected graph. Furthermore, the study characterizes
the closed geodetic hop dominating sets of graphs resulting from the join, corona and edge corona
of graphs.
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1. Introduction

F. Harary in [9] introduced two categories of graphical games called the achievement
and avoidance games from which the concept of closed geodetic number evolved. The
closed geodetic sets and closed geodetic numbers of connected graphs, which can find
applications in location theory and convexity theory, have been extensively studied in
[1, 2,6, 7].

The hop domination in graphs is introduced in [14] by S.K. Ayyaswamy and C.Natarajan.
Accordingly, this graph theoretic concept originated from the second electron affinity in
Inorganic Chemistry. It has attracted relatively much attention and several further studies
including investigations on some of its variations can be found in the existing literature
(see [4, 5, 12-17]).

In this present paper, inspired by the above-mentioned concepts, we introduce and
initiate the study of closed geodetic hop domination in graphs.

All graphs considered in this study are simple, undirected and connected. All graph
terminologies which are not defined but are used here are adopted from [6].

As usual, we write G = (V(G), E(G)) for a graph G where V(G) and E(G) are the
vertex set and edge set, respectively, of G. For S C V(G), |9] is the cardinality of S. In
particular, |V(G)| is the order of G.

Let G and H be two graphs with disjoint vertex sets. The join of G and H, denoted by
G + H, is the graph with vertex-set V(G + H) = V(G)UV (H) and edge-set E(G + H) =
E(GUEH)J {uv : u € V(G),v € V(H)}. The corona G o H of G and H is the graph
obtained by taking one copy of G and |V (G)| copies of H, and then joining the i** vertex
of G to every vertex of the i*" copy of H. The edge corona G o H of G and H is the
graph obtained by taking one copy of G and |E(G)| copies of H and joining each of the
end vertices u and v of each edge uv of G to every vertex of the copy H*Y of H.

For vertices v and v in G, the distance dg(u,v) between u and v is the length of a
shortest path in G joining v and v. Any path joining u and v of length dg(u,v) is called
a u-v geodesic. The diameter diam(G) of a graph G is the length of any longest geodesic
of G. For every two vertices u and v of a graph G, the interval Ig[u,v] refers the set of all
vertices lying in some u-v geodesic. A vertex is called an end-vertex or a leaf if its degree is
1. The set of all end-vertices of G is denoted by L(G). A vertex v in a connected graph G
is an support verter if v is adjacent to a leaf vertex of G. A vertex v in a connected graph
G is an extreme vertes if for every pair of distinct vertices u and w with {uv, wv} C E(G),
uw € E(G). The set of all extreme vertices in G is denoted by Ext(G). A vertex v in a
connected graph G is a dominating vertez if uwv € E(G) for all u € V(G) \ {v}. Dom(G)
is the set of all dominating vertices in G.

For S C V(@), the 2-path closure P[S]|g of S is the set Po[S]g = SU{w € V(G) : w €
Ig[u,v] for some u,v € S with dg(u,v) = 2}. A set S is called 2-path closure absorbing
if P2[S]e = V(G) [7]. We denote by p2(G) the minimum cardinality of a 2-path closure
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absorbing set of G. A set S C V(G) is a pointwise non-dominating set of G if for each
v e V(G)\ S, there exists u € S such that uv ¢ E(G). A pointwise non-dominating set
S C V(G) of a graph G is a 2-path closure absorbing pointwise non-dominating set if it
is a 2-path closure absorbing set. The minimum cardinality of a 2-path closure absorbing
pointwise non-dominating set in G is denoted by papnd(G)

A clique in G is a complete subgraph of G. A maximal clique is a clique which is not
a proper subgraph of a larger clique. The lower clique number wr,(G) is the minimum size
of all maximal cliques of G.

For S C V(G), the geodetic closure Ig[S] is the union of intervals between all pairs
of vertices from S, that is, Ig[S] = U{lg[u,v] : u,v € S}. S is a geodetic set provided
I¢[S] = V(G). The minimum cardinality gn(G) of a geodetic set is the geodetic number
of G. A geodetic set of cardinality gn(G) is a geodetic basis. The introduction and further
studies on geodetic sets and geodetic numbers can be found in [6-10].

A geodetic set S of G is a closed geodetic cover of G if S is obtained as follows:
Choose v; € V(G) and put S; = {v1}. Where possible, choose v2 € V(G) \ {v1} and
put So = {v1,va}. For i > 3, choose v; € V(G) \ Ig[Si—1], where Sy, = {vi,va,...,v;},
and there exists a positive integer k for which Sy = S. The closed geodetic number of G,
denoted cgn(G), is the smallest positive integer k for which I¢[S;] = V(G), where Sy is
obtained as illustrated above. If C*(G) is the collection of all closed geodetic covers of G,
then cgn(G) = min{|S| : S € C*(G)}. Any set S € C*(G) with |S| = cgn(G) is a closed
geodetic basis of G.

A vertex v in G is a hop neighbor of vertex u in G if dg(u,v) = 2. The set Ni(u) =
{v € V(G) : dg(v,u) = 2} is called the open hop neighborhood of u. The closed hop
neighborhood of u in G is given by NZ[u] = N&(u) U {u}. The open hop neighborhood of
X C V(G) is the set NA(X) = U,ex N&(u). The closed hop neighborhood of X in G is
the set NZ[X] = NA(X) U X. Let G be a connected graph. A set S C V(G) is a hop
dominating set of G if for every v € V(G) \ S, there exists u € S such that dg(u,v) = 2.
In particular, a set S C V(G) is a hop dominating set if NA[S] = V(G). The minimum
cardinality of a hop dominating set of G, denoted by 7,(G), is called the hop domination
number of G. Any hop dominating set with cardinality equals to v, (G) is called a ~vp-set
of G.

A subset S of vertex set of G is a geodetic hop dominating set if it is both a geodetic and
a hop dominating set. The geodetic hop domination number v,4(G) of G is the minimum
cardinality among all geodetic hop dominating sets in G. Any geodetic hop dominating
set of G with cardinality v,4(G) is called a vyp4-set of G. The geodetic hop dominating set
was first introduced by Anusha et al. in [3]. It is further investigated by Saromines et al.
in [18, 19].

The following results concerning geodetic hop domination on paths and cycles are
found in [19].

Proposition 1. [19] Let n be a positive integer.
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(i) For a path P, on n vertices,

n ifn=1,2,
n+6

g (Pa) = 3 if n =0(mod 3) ,
”T“ if n=1(mod 3) ,
2t ifn=2(mod 3)

(13) For a cycle C), on n vertices,

3 ifn=34,5
n if n=0(mod 3) ,
’th(cn): 2 2 e
= ifn=1(mod3),
2 ifn=2(mod 3) .
2. Results

In this section, we introduce and initiate the study of closed geodetic hop domination
in graphs.

2.1. Closed Geodetic Hop Domination

A subset S of vertices of G is a closed geodetic hop dominating set if it is both a
geodetic hop dominating set and a closed geodetic cover of G. The minimum cardinality
among all closed geodetic hop dominating sets in G, denoted by y4¢4(G) is called the closed
geodetic hop domination number of G. A closed geodetic hop dominating set S of G with
|S| = Yheg(G) is called a ypeg-set of G.

We remark that not every graph admits a closed geodetic hop dominating set. Con-
sider, for example, the graph G = C}s. It is easy to verify that every closed geodetic set
of G is not a hop dominating set.

Observation 1. Let G be a connected graph. If V(G) is a closed geodetic set, then G
admits a closed geodetic hop dominating set.

The following also provides some other conditions under which a graph admits a closed
geodetic hop dominating set.

Proposition 2. If G is a connected graph with diam(G) < 2, then G admits a closed
geodetic hop dominating set.

Proof. If diam(G) = 1, then G is complete so that V(G) is a closed geodetic set.
As observed above, G admits a closed geodetic hop dominating set. Suppose diam(G) =
2. Then G is not complete. Let G; be a maximal clique of G. Let V(G;) = S, =
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{u1,ug,...,ur}. Since G is not complete, r < |V(G)|. For i > 1, choose u,+; € V(QG)
such that u,4; ¢ Ig[Sy4+i—1] where S,yi—1 = {u1,u2, ..., Up, Up41, ..., Up4i—1}. Since V(G)
is finite, there exists a smallest positive integer n > r for which I¢[S,] = V(G). If
V(G)\ Sp, = @ then S, = V(G). Suppose V(G) \ S, # @, and let @ € V(G) \ S,. By
maximality of Gy, there exists b in S, such that dg(a,b) = 2. Hence S, is a hop dominating
set of GG. Therefore, S, is a closed geodetic hop dominating set of G. O

We denote by % the family of all connected graphs that admit a closed geodetic hop
dominating set.

Since closed geodetic hop dominating sets are themselves geodetic hop dominating
sets,
2< ’th(G) < ’thg(G) <n (1)

for all graphs G' € €.

Theorem 2. Let G € €. Then Ypq(G) = 2 if and only if either G = Ko or G has a
geodetic set S = {u,v} such that dg(u,v) = 3.

Proof. Suppose that y4.4(G) = 2. If G = K», then we are done. Suppose that
G # Ks. Let S = {u,v} be a closed geodetic hop dominating set of G. Since G # Ko,
V(G)\ S # @ and w € Ig(u,v) for every w € V(G) \ S. Let [u = z1,x2,23,...,T, = V]
be a u-v geodesic in G. Then k > 3. Since S is a hop dominating set, in particular,
dg(x2,v) = 2. Necessarily, k = 4 and dg(u,v) = 3.

Clearly, if G = Ky, then ~j,.4(G) = 2. Suppose that G has a geodesic set S = {u, v}
with dg(u,v) = 3. Then S is a closed geodetic set of G. Let w € V(G) \ S. Being
a geodetic set, there exists a u-v geodesic [u,x,y,v] on which w lies. If w = =z, then
dg(w,v) = 2. If w =y, then dg(u,w) = 2. Accordingly, S is a hop dominating set of G.
Thus, Yheq(G) < |S| = 2. Equation 1 completes the desired equality. O

Lemma 1. Let G € €;; of order n. If Ypcq(G) = n, then G has a dominating vertex.

Proof. This is clear for n = 1,2. Let n > 3. Assume that v;.4(G) = n. Suppose
that G does not contain a dominating vertex. The assumption implies that there exists
a sequence of sets of vertices of G, say Sy = {vi,ve,...,vx}, K = 1,2,...,n, such that
v # v9 and v, ¢ Ig[Sk—1] for all £ > 3.

Now, since G is not complete and n > 3, G has vertices v and v such that dg(u,v) = 2.
Let [u, w, v] be a u-v geodesic in G. For some distinct 7, j, k € {1,2,...,n}, we have u = v;,
w = vj and vy = v. Without loss of generality, assume i < k. Since w € Ig[u,v] and
vj ¢ Ig[Sj-1], j < k. Define Tj = {z1,2z9,...,2;} for [ =1,2,... mwith k <m <n -1
such that

e yy=vy forallle{1,2,...,5j—1};

® I =41 fOI‘&HlG{j,j—I—l,...,m}.
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Then

o IqTi]=1Ig[Si|=S =T foralll € {1,2,..., k—2};

o IG[T1] = Tj—1 U {w} = Sk; and

o IgT)] = Si4q foralll € {k,k+1,...,m}.

This means that T,, = V(G) \ {w} is a closed geodetic set of G. Finally, since w is not
a dominating vertex of G, there exists z € V(G) \ {w} = T}, such that dg(w,z) = 2.
Thus, 75, is a hop dominating set of G. Hence, Vp.4(G) < |T7n| = m < n, a contradiction.
Therefore, G contains a dominating vertex. O

If G € 4, then a closed geodetic hop dominating set of G contains the extreme
vertices. It also contains all dominating vertices.

Theorem 3. Let G € €)' of order n. Then vhey(G) = n if and only if either
(1) G=K,; or

(1i) G # K, such that the set S of dominating vertices is nonempty and each of the
components of (V(G) \ S) is complete.

Proof. If G = K,,, then V(G) is the unique closed geodetic hop dominating set of G.
Thus, Yheq(G) = n. Suppose that G # K,,. First, assume vj4(G) = n. By Lemma 1, the
set S of dominating vertices of G is nonempty. Let C' be a component of (V(G) \ S). We
claim that C is complete. Let x € V(C) and let u,v € No(x). Suppose, to the contrary,
that uv ¢ E(C). Following a similar proof to that of Lemma 1, "= V(G) \ {z} is a closed
geodetic hop dominating set of G, a contradiction. Thus, uv € E(G), showing that C' is
complete. Conversely, suppose that G is as described in condition (i7). Let T' C V(G)
be a closed geodetic hop dominating set of G. By the preceding remark, S C T. Let C
be a component of G* = (V(G) \ S). Let z € V(C) and u,v € Ng(x). If u,v € V(C),
then uwv € E(G) since C' is complete. Suppose that u ¢ V(C). Then u € S, i.e., u is a
dominating vertex in G. Thus, uv € E(G). This shows that x € Ext(G) C T. Thus,
V(C) C T. Since C is arbitrary,

V(G) =5SuU (UC component of G* V(C)) =T.
Since T is arbitrary, yueq(G) = |V(G)| = n. O

The star graph K, is an example of the infinite family of graphs described in Theorem
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2.2. For Paths P,, Cycles C, and Multipartite Graphs

Since every geodetic hop dominating set of P, is a closed geodetic hop dominating set
of P,, we have the following:

Proposition 3. For a path P, on n vertices,

n ifn=12,

n+6 ) =

heg(Pa) = 43 if n=0(mod 3) ,
12 ifn=1(mod 3)
2t ifn=2(mod 3)

Proposition 4. A cycle graph C,, of order n admits a closed geodetic hop dominating set
if and only if n < 12. Moreover precisely,

3 ifn=3,4,5
n ifn==6,9
C,) =<3 ’ 2
The(Cn) nE2fn =710 @)
2 ifn =811

Proof. The case where 3 < n < 11 can be readily verified. Suppose that n > 12.
Let P = [x1,%2,...,2%), k = [§], be a path in C,, and v € V(Cy,) \ V(P). Then M =
{x1,22, ..., 25,0} is a closed geodetic cover of C),, with [M| = [§] + 1. Since n > 12,
[V (C,)\V(P)| > 6. Thus, C), has at least 2 adjacent vertices which are not hop dominated
by V(P). Consequently, C,, has at least one vertex which is not hop dominated by M.
This means that M is not a hop dominating set of C), (see, for example, Figure 1).

We claim that every closed geodetic cover S of C), is contained in a closed geodetic
cover M of C, as constructed above with [M| = [§] + 1. Let S = S} = {v1,v2, ..., v} be
a closed geodetic cover of C,,. Note that here, I¢[S;] # V(Cy) for all j € {1,....,k — 1}
and Ig[Sy] = V(Cyp). If k = [5] + 1, then by relabelling of vertices where necessary, Sy is
the desired M. If k = 2, then d¢, (v1,vx) = [5]. Take M = {x1,22,...,2;}, j = [5] +1
where P = [21, 22, ..., 2] is a vi-vy, geodesic in C,. Then M is a closed geodetic cover of
Cpn with [M| = [§]+1and S € M. Now assume 2 < k < [§]+1. Choose v € V(C,,) and
a v-vp_1 geodesic P = [z, %2, ..., L), where m = [3] such that dg, (v,vp—1) = [5] — 1
and vy ¢ V(P). Define M = {x1,z9,...,Tm,v;}. Consequently, M is a closed geodetic
cover of Cy, with |[M| = [§] + 1 as described above. Now, let j € {1,2,...,k — 1}. Then
dc, (vj,vg—1) < [§] — 1. By the choice of P, v; € V(P). Thus, S C M.

Therefore, being a subset of a non-hop dominating set, any closed geodetic set S is not
a hop dominating set of C),. Thus, (), does not admit a closed geodetic hop dominating
set. O
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SIS

Figure 1: Cycle graph Ci3 illustrating the first part of proof of Proposition 4

Proposition 5. Let p > 2,2 <n; <npy <...<n, and G = Ky no,....n, with partite sets
Un,, i=1,2,...,p. Then S C V(G) is a closed geodetic hop dominating set of G if and
only if for some 1,

§ = Un, U (U_pgzefmn}) (3)

where x,,, € Uy, . Consequently, 'yhcg(Kn17n2,_.,7np) = ni1+p—1. In particular, Yneg(Kmn) =
1+ min{m,n} for m,n > 2.

Proof. Clearly, if S C V(G) satisfies Equation 3, then S is a closed geodetic hop
dominating set of G. Conversely, let S be a closed geodetic hop dominating set of G.
Since S is a hop dominating set, SN U,; # @ for all j = 1,2,...,p. Since S is a closed
geodetic set, U, C S for some ¢ and |[SNUpy,| =1 for all k # i.

The remaining statements follow immediately. O

2.3. Realization Problems

Theorem 4. Let a and b be positive integers such that 2 < a < b. Then there exists a
connected graph G such that cgn(G) = a and Yhee(G) = b.

Proof. Let m = b —a + 1. Consider the tree G in Figure 2 below obtained from
the Ps,, = [y1,%2,-..,Y3m] on 3m vertices by adding (a — 1) pendant edges zyy;, k =
1,2,...,a—1.

Mo
€2 Y1 Y2 Y3 Ya Ys Yo Y3m—2 Y3m
G L Q@ °c°° @& @
€3 Y3(m—1) Y3m—1
Tg—1

Figure 2: Graph G complying with the specifications of Theorem 4
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Then set Ext(G) = {x1,z2,...,Ta—1,Y3m} is a closed geodetic basis of G. Hence cgn(G) =
a— 141 = a. On the other hand, the set {z1,2,..., Za—1,Y3, Y6, -, Y3m } IS & Yheq-set of
G. Hence Ypeq(G) =a—1+m =b. O

Theorem 5. If n, m, and k are integers with 4 < m < k and 2k — m + 2 < n, then there
exists a connected graph G such that |V(G)| =n, yhg(G) = m and Ypey(G) = k.

Proof. Let r = k—m+3 and s =n—k+ 1. Let U = {u1,us,...,u,} and W =
{vi,v2,...,vs} be the partite sets of K, 5. Obtain G as in Figure 3 by adding to K, s (m—4)
new pendant edges w;vy, j = 1,2,...,m —4. Then |V(G)| =r+ s+ (m —4) = n. The

w2 W3

Figure 3: Graph G complying with the specifications of Theorem 5

vertices wi, wa, ..., Wym—_4 are extreme vertices, thus are in any geodetic cover of G. Since
the set {w1, wo, ..., Wn—4, U1, ur, v1,vs} i & ypg-set of G, it follows that v,4(G) = m. Since
the set {vi, w1, wa, ..., Wm—4, U1, ..., ur } is @ Ypcg-set of G, we have Y404 (G) = 1+m—4+1r =
1+m—-44+k—m+3=k. O

2.4. In the Join of Graphs
Since diam(G + H) < 2, G + H € 6 for any graphs G and H.

A set S C V(G) is a closed 2-path closure absorbing set of G if P,[S] = V(G) and
S = Sk = {v1,v2,...,ux} where v # vy and v; ¢ P[S;—1] for 3 < i < k. The minimum
cardinality of a closed 2-path closure absorbing set in G is denoted by pe2(G). A 2-path
closure absorbing set of G with cardinality pe2(G) is called pe2-set. A set S C V(G) is
a closed 2-path closure absorbing pointwise non-dominating set of G provided S
is a closed 2-path closure absorbing set and at the same time pointwise non-dominating
set of G. The minimum cardinality of a closed 2-path closure absorbing pointwise non-
dominating set of G is denoted by peopnd(G). A closed 2-path closure absorbing pointwise
non-dominating set of G' with cardinality peopna(G) is called peopnq-set.
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Since any closed 2-path closure absorbing pointwise non-dominating set is a 2-path
closure absorbing pointwise non-dominating set and a closed 2-path closure absorbing set,
p2pnd(G) < pCQpnd(G) and 1062(G) < pCQpnd(G)for all connected graphs.

Example 1. Consider the graph Ks ¢ in Figure 4, the sets {vi, v, v3,va, 5}, {v1,v3,u1,u2},
and {uy,v1,v2,v3,04,V5} are pac-set, papnd-set and peapna-set of Ks g, respectively. There-
fore, pe2(Ks6) =5 popna(Ks6) =4 and peopnd(Kse) = 6.

Ui

U2

u3

Ug

Us

Ue

Figure 4. The bipartite graph Ks

Observation 6. Let n be a positive integer. Then
(1) peapna(Kn) =n and pea(Ky) = n;

n ifn=1,2,3,
(%51 ifn>4,

2 ifn =3,
[254] ifn >4

(1) peapnd(Pn) = { and  pea(Py) = {

3 ifn=3,4
i T and  pe(Cr) =

(4i1) pe2pnd(Cn) = {Wﬁ ifn>5 {[g} ifn > 4;

m+n fm=1orn=1
min{m,n} +1 if mn>2

(“}) ,OCand(Km,n) = {

Lemma 2. [11] Let G be a connected noncomplete graph, and let S C V(G). If S is a
2-path closure absorbing set of G, then (S) is not complete.

Theorem 7. Let G be a noncomplete connected graph and n > 1. Then S C V(G + K,,)
is a closed geodetic hop dominating set of G + K, if and only if

S =V(K,)UC,

where C C V(G) and is a closed 2-path closure absorbing pointwise non-dominating set in

G.
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Proof. Let S C V(G + K,). Suppose that S is a closed geodetic hop dominat-
ing set of G + K, say S = Sy = {x1,x2,...,2} with 1 # x9 and for k > 3, z ¢
Igik, [Sk—1]. Since V(K,) € Dom(G + K,,), V(K,) C S. Let j = |SNV(H)|. Write
A; = {an,, 2y, ..., xp,} for i = 1,2,...,7 such that n; < ny < --- < nj. First, we
claim that €' = A; is a closed 2-path closure absorbing set of G. Suppose that for
some 3 < | < j, z,, € P[A;_1]. This means that there exist r < s < [ such that
[@n, , Tn,, Tn,] is a geodesic in G. Since diam(G + Ky,) = 2, 2y, Tn,, Tn,] is also a geodesic
in G+ K,,. Thus, x,, € Ig+k,[Sn,—1], a contradiction to the definition of S = Sj. Hence,
Tn, ¢ P2lAj—1] for each 3 <1 < j. Let z € V(G) \ A;. There exist a,b € {1,2,...,k}
such that « € Ig1k, (%4, 2p). Necessarily, 24,2, € V(G) NS = A; and each x4-z;, geodesic
containing x lies entirely in G. Since diam(G + K,,) = 2, dg(zq,xp) = 2. Therefore,
P[Aj] = V(G), and the first claim is done. We next claim that C is a pointwise non-
dominating set of G. Let z € V(G)\ C. Since S is a hop dominating set of G + K, there
exists v € S such that dgik, (z,v) = 2. Clearly, v € V(G) NS = C and dg(z,v) = 2.
This shows that the second claim holds.

Conversely, suppose that S = V(K,,) U C, where C C V(G) and is a closed 2-path
closure absorbing pointwise non-dominating set in G. Let k = |C|. Being a closed 2-path
closure absorbing set, there is a sequence of sets A; = {vy,v2,...,v;} ( =1,2,...,k) such
that vy # v9, vj ¢ PQ[Ajfl] for2 < j <k and PQ[Ak] = V(G) Fori=1,2,...,n+k, write
Si ={z1,22,...,2;}, where V(K,,) = {x1,22,...,zp} and 2, j = vj forall j = 1,2,... k.
Observe that

o Igik, [Si|=Siforalli=1,2,...,n;

® Tnt1 & lotk, [Sn] and @nio ¢ TGk, [Sn—1l;

o Tpii ¢ Igik, [Snti-1] = V(K,) U Py[A;—q] for alli =1,2,...,k; and
e Ioik,[S]=V(G+K,).

This means that S is a closed geodetic set of G + K,,. Finally, let z € V(G + K,,) \ S.
Then = ¢ C. Since C is a pointwise non-dominating set, there exists y € C' C S such

that dgik, (x,y) = dg(x,y) = 2. Therefore, S is a closed geodetic hop dominating set of
G+ K. O

Corollary 1. Let G be a noncomplete connected graph and n > 1. Then

Yheg (G + Kn) =n+ pc2pnd(G)-
Example 2.

p+3 if n=3,

(1) Yheg(Prn + Kp) = {p+ [”TH] if n >4,

p+3 if n = 3,4,

(’LZ) 'thg(Cn + KP) = {p + (%" ifn > 5.
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Theorem 8. [18, Theorem 4] Let G and H be any graphs. A set S C V(G+ H) is geodetic
hop dominating set of G+ H if and only if S = Sg U Sy, where Sg and Sy are pointwise
non-dominating sets of G and H, respectively, such that

(i) Sg is a 2-path closure absorbing set in G whenever (Sg) is a complete subgraph of
H and

(13) Sp is a 2-path closure absorbing set in H whenever (Sg) is a complete subgraph of

G.

Part of Theorem 9 asserts that under the same condition, S is a hop dominating set of
G+ H if and only if Sg and Sy are pointwise non-dominating sets of G and H, respectively.

Theorem 9. Let G and H be connected noncomplete graphs. Then S is a closed geodetic
hop dominating set of G if and only if S = Sg U Sy where Sg and Sg are pointwise
non-dominating sets of G and H, respectively, such that either

(1) (Sq) is complete and Sg is a closed 2-path closure absorbing set of H; or
(13) (Sm) is complete and Sq is a closed 2-path closure absorbing set of G.

Proof. Suppose that S is a closed geodetic hop dominating set of G + H. Then Sg
and Sy are pointwise non-dominating sets of G and H, respectively. Since S is a closed
geodetic set of G+ H, there is a positive integer k£ and sequence of sets S; = {x1,z2,...,2;}
(7 =1,2,...,k) such that x; # x2, Ig4+u[Sk] = Ig+u[S] = V(G) and z; ¢ Ig4u[Sj—1] for
3 < j < k. First, we claim that (Sg) is a complete subgraph of G or (Sg) is a complete
subgraph of H. Suppose this claim is false. If (Sg) and (Sp) are noncomplete, then there
exist distinct integers 1, j,[,r such that x;,z; € Sg with dg(z,z;) = 2 and z;,z, € Sy
with dg(zy,x,) = 2. Without loss of generality, assume that | = max{i,j,l,r}. Since
x; € Igyu(xi,x5), 1 € Ig+m[Si—1], a contradiction. The claim, therefore, is true. Next,
suppose (Sg) is a complete subgraph of G. Write Sy = {xn,, Tny, ..., 2n,} C Sk with
ny <ng < - <ny,and let Aj = {Zn,, Tn,,..., Ty} for each j =1,2,...,1. As shown in
the proof of Theorem 7, z,,, ¢ P2[Aj 1] for 3 < j <[, and P[A;] = V(H). Therefore, Sy
is a closed 2-path closure absorbing set of H. Similarly, if (Sg) is complete, then Sg is
a closed 2-path closure absorbing set of G. In view of Lemma 2, conditions (i) and (i7)
cannot hold at the same time.

Conversely, suppose that Sg and Sp are pointwise non-dominating sets of G and H,
respectively. Then S = Sg U Sy is a hop dominating set of G + H. Suppose further that
condition (7) holds, i.e., (Sg) is complete and Sg is a closed 2-path closure absorbing set
of H. Let k = |Sg| = k and j = |Sg|. There is a sequence of sets C; = {v1,vo,...,v;}
(t=1,2,...,j) such that v; # va, v; ¢ P[C;_1] for 2 < i < j and P[C;] = V(H). For
i=1,2,...,k+j, write S; = {z1,z2,...,2;}, where Sg = {z1,22,..., 2} and T; = v;
foralli=1,2,...,5. As observed in the proof of Theorem 7, S is a closed geodetic set of
G + H. Similarly, if condition (i) holds, then S is a closed geodetic set of G + H. O
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Lemma 3. Let G be a connected noncomplete graph and S C V(G) such that (S) is
complete. Then (S) is a mazimal clique if and only if S is a pointwise non-dominating

set of G.

Proof. Assume that (S) is a maximal clique of G. Let v € V(G) \ S. Suppose that
wv € E(G) for all u € S. Then (S U {u}) is a complete subgraph of G, contradicting the
maximality of (S). Thus, there exists u € S for which dg(u,v) > 2. Since v is arbitrary,
S is pointwise non-dominating.

Conversely, suppose that S is pointwise non-dominating set of G. Let C' C V(G) for
which (C') is a complete subgraph of G and S C C. Suppose that C'\ S # &, say x € C'\ S.
Since S is pointwise non-dominating, there exists y € S such that xy ¢ E(G). However,
y € C since S C C. This is a contradiction since (C') is complete. O

In view of Lemma 3, Theorem 9 can be rephrased as follows:

Theorem 10. Let G and H be connected noncomplete graphs. Then S is a closed geodetic
hop dominating set of G if and only if S = Sg U Sy where Sg¢ C V(G) and Sy C V(H)
such that either

(i) (Sg) is a mazimal clique of G and Sy is a closed 2-path closure absorbing pointwise
non-dominating set of H; or

(13) (Sg) is mazimal clique of H and Sg is a closed 2-path closure absorbing pointwoise
non-dominating set of G.

Corollary 2. Let G and H be connected noncomplete graphs. Then

Vheg(G + H) = min{ peapna(G) + wi(H), peapna(H) + wi(G)}- (4)
Example 3.
5 ifr=3 and m,n > 2
min{5,m+n+ 2} ifr=3andm=1orn=1

i P+K =
(@) Vheg (Prt-Kimn) min{[“2] +2,m+n+ 2} ifr>4andm=1orn=1

min{["EL] + 2, min{m,n} + 3} ifr >4 and m,n > 2,

5 ifr=4 and m,n > 2
. min{b,m+n + 2 ifr=4andm=1orn=1
(1) Yheg(Cr + Kmp) = , { ; ' . :
min{[5] +2,m +n+ 2} ifr>5andm=1orn=1

min{[5] +2,min{m,n} +3} ifr >5 and m,n > 2
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2.5. In the Corona and Edge Corona of Graphs

For the purpose of this section, a sequence of subsets Sy = {vi,ve,..., 2} (k =
1,2,...,n) of V(G) is said to be a closed geodetic sequence of sets if vy # vy and
vg & Ig[Sk—1] for 3 < k < n. A closed geodetic sequence of sets Sy = {v1,v2,..., 2%}
(k =1,2,...,n) is a mazimal closed geodetic sequence if 1;[S,] = V(G). More
precisely, S C V(G) is a closed geodetic set of G if and only if there exists a positive integer
n and a maximal closed geodetic sequence of sets Sy = {vi,ve,..., 2%} (k= 1,2,...,n)
such that S = S,,. Parallel definitions are adopted for a closed 2-path closure absorbing
sequence of sets and maximal closed 2-path closure absorbing sequence of sets.

Theorem 11. Let G and H be connected graphs where G is nontrivial, and let S C
V(G o H). Then S is a closed geodetic hop dominating set of G o H if and only if

S=AU (UUGV(G)SU) ; (5)
where A C V(G) and S, C V(H") satisfying the following conditions:
(1) Sy is a pointwise non-dominating set of HY for each v € V(G) \ Na(A);
(1) Sy is a closed 2-path closure absorbing set of HY; and

(7i1) The vertices in A constitute a closed geodetic sequence of sets of G

Proof. Assume S is a closed geodetic hop dominating set of Go H. Let A = SNV (G)
and S, = SNV (H") for each v € V(G). Then S = AU(Uyev(¢)Sv)- Let v € V(G)\Na(A),
and let u € V(H") \ S,. Since S is a hop dominating set of G o H, there exists w € S
such that dgom(u,w) = 2. If w € V(G), then w € A and wv € E(G), which is impossible.
Thus, w ¢ V(G) so that w € S,. In this case, dgom (u, w) = dgv(u,w) = 2. This means
that .S, is pointwise non-dominating in H", showing (7).

To show, (ii), let v € V(G). Let n = |S|. There exists a closed geodetic sequence
of sets Sy = {z1,22,..., 2}, 3 < k n, such that Igom[Sn] = V(G o H). Write
Sy = {Tny, Ty, -, T, } With ny < ng - < nj. Define T; = {xpn,,Tn,,...,Tn, } for
i =1,2,...,j. Suppose that for a« < b < ¢, [zp,,Zn,,Tn,| is a geodesic in H”. Then
(., Tn,, Tn,| is a geodesic in G o H so that x,, € Igon[Sy,], a contradiction. Therefore,
Tn, ¢ Po[Ti—1] for 3 < i < j, and therefore, T; = {@n,, Tnyy-.. T, }, ¢ = 1,2,...,7, is
a closed 2-path closure absorbing sequence of sets in H”. Let x € V(H") \ T;. Since
Igon[Sn] = V(G o H), there exist 1 < a,b < n such that x € Igom (x4, xp). Because
yv € E(Go H for all y € V(HY), any x4-x; geodesic lies completely in V(H"). Thus,
a,b € {n1,ng,...,n;}. This means that P»[T;] = V(H") and T; = S, is a closed 2-path
closure absorbing set of H".

<
<

Statement (4i7) is done similarly. The sequence A; = {zk,, Ty, - - Tk, }, 1 =1,2,..., ],
such that A; = A is a closed geodetic sequence of sets of G.

To prove the converse, assume that Equation 3 holds for S together with conditions (i),
(ii) and (4ii). Let n = |S|, j = |A|, and for each v € V(G), let S} = {x},22,... 2} C S,,

vy Yo
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j=1,2,...,k,, be a maximal closed 2-path closure absorbing sequence of sets in H".
Define for each k =1,2,...,n, Sy = {x1,x9,...,2x} C S such that

o A={z1,22,...,25};
o If fori <k, zij,z € Sy, say x; = x, and x =z, then s < r.

Then Sy = {z1,z2,..., 21} (k=1,2,...,n) is a closed geodetic sequence of sets in G o H.
Let w e V(Go H)\ S, and let v € V(G) for which w € V(H" +v). If w € V(H"), then
w € P3[Sy] = Igon[Sy]. Suppose that w = v. Let z € V(G) N Ng(v). Pick u € S, and
y € S,. Then w € Igon[u, z] C Igom|[S]. Hence, S is a closed geodetic set of G o H.

Finally, we show S is a hop dominating set of Go H. Let w € V(G o H) \ S, and let
v € V(Q) for which w € V(H" 4+ v). If w = v, then for any z € Ng(v), dgon(w,y) = 2
for all y € S,. Suppose that w € V(H"). If v € Ng(A), then dgon(w,y) = 2 for all
y € AN Ng(v). If v ¢ Ng(A), then since S, is pointwise non-dominating, there exists
y € S, for which wy ¢ E(H"). Then dgom(w,y) = 2. O

Corollary 3. Let G and H be connected graphs where G is nontrivial of order n. Then

n- pQ(H) < 'thg(G © H) <n- chpnd(H)a
and these bounds are sharp.

Proof. Let S C V(GoH) be a ypeq-set of GoH. By Theorem 11, S = AU (Uvev(G)Sv) )
where S, is a closed 2-path closure absorbing set of H". Thus,

nepa(H) < Y|S0l S IS| = ey (G o H).
veV(G)

To get the other inequality, for each v € V(G), let S, C V/(H") be a closed 2-path closure
absorbing pointwise non-dominating set of H". By Theorem 11, .S = U, cy/(g) Sy is a closed
geodetic hop dominating set of G o H. Hence,

’thQ(GOH) < |S| = n'Pchnd(H)-
]

For a graph G, let 7(G) be the set of all support vertices v of G for which Ng(z) = {v}
for all z € Ng(v)}. In particular, if G = K, ,, with central vertex v, then 7(G) = {v}.

Theorem 12. Let G be a nontrivial connected graph and n > 1, and let S C V(G o K,,).
Then S is a closed geodetic hop dominating set of G ¢ K, if and only if

S =AU (Uper@)V(H™)), (6)

where A C V(G) such that L(G) UT(G) C A and the elements of A constitute a closed
geodetic sequence of sets of G.
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Proof. Put H = K,,. Suppose that S is a closed geodetic hop dominating set of G H.
Since L(G) UV (H") C Ext(Go H), L(G) UV(H") C S for each wv € E(G). Let
A = SNV(G). Since the vertices in S constitute a closed geodetic sequence of sets in
G o H, it follows that the vertices in A constitute a closed geodetic sequence of sets in G.
Let w € 7(G). Suppose that w ¢ A. Since S is a hop dominating set, there exists x € S
such that dgom(w, ) = 2. If x € V(G), then dg(z,w) = 2. Thus, G contains a geodesic
[x,v,w]. This means that there exists v € Ng(w) with Ng(v) # {w}, a contradiction since
w € 7(G). Suppose there exist uv € E(G) such that © € Sy,. Then either wu € E(G)
or wv € E(G). Assume wv € E(G). Then there exists v € Ng(w) with Ng(v) # {w}, a
contradiction. Hence, 7(G) C A.

Conversely, suppose that S is as described in Equation 3 together with the indicated
properties. Let n = |S| and |A| = k. Foreach j =1,2,... ,k,let A; = {z1,29,...,2;} C A
be a closed geodetic sequence in G. Extend the sequence by defining for eachi =1,2,...,n,

Si = {x1, 22, ..., T, Ty, ..., 2} CS.

This means that S, \ Ay = Uyepe)V(H"). Thus, S; = {z1,72,..., %k Tpy1, .-, Ti}
(i = 1,2,...,n) is a closed geodetic sequence in G o H. Let w € V(G)\ A. Since
w ¢ L(G), there exist distinct z,y € V(G) N Ng(w). Pick z € V(H*) and t € V(HYY).
Then z,t € S and w € Igom(z,y). Since w is arbitrary, Igep[S] = V(G o H) and S is a
closed geodetic set of G o H. To show that S is a hop dominating set, let w € V(G) \ A.
Since w ¢ 7(G), there exists v € Ng(w) such that Ng(v) \ {w} # @, say u € Ng(v) \ {w}.
Pick z € Sy,. Then z € S and dgop(w, z) = 2. Accordingly, S is a hop dominating set of
GoH. O

Corollary 4. Let G be a nontrivial connected graph of size n and p > 1. Then
Yheg(G o Kp) = np + [L(G)[ + [7(G)]. (7)
In particular, if L(G) = @ and 7(G) = &, then
Vheg(G © Kpp) = np. (8)
If G = Ky, then Go H = K9 + H. This case is taken in Theorem 7. In what follows,
we consider G of order n > 3.

Theorem 13. Let G and H be connected graphs where |V (G)| > 3 and H is not complete,
and let S C V(G o H). Then S is a closed geodetic hop dominating set of G o H if and

only if
S = AU (Uner@)Suw) » (9)

where A C V(G) and Syy C V(H™) satisfying the following:
(i) The elements in A constitute a closed geodetic sequence of sets of G and T(G) C A;

(13) Suv is a closed 2-path closure absorbing set of H" for each wv € E(Q).
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Proof. Assume S is a closed geodetic set of Go H. Let A = SNV (G), and Sy, =
SNV (H") for each uv € E(G). Then S = AU (Uypep()Suw)- At this far, showing that
the elements of A and Sy, constitute a closed geodetic sequence and a closed 2-path closure
absorbing sequence of sets in G and H"", respectively, for each uwv € E(G), is already a
routine. Since S is a hop dominating set, 7(G) C A. Thus, (i) holds. To completely show
(1), observe that for each z € V(H"), every z-y geodesic (with z # z # y) in Go H
containing z lies entirely in H"Y. Thus, since Igog[S] = V(G o H), Ps[Suw| = V(H™).
This makes S, a closed 2-path absorbing set of H"“".

Conversely, suppose that S is as given in Equation 4 and satisfies conditions (i) and
(74). Assume |S| = n. Obtain from S a closed geodetic sequence of sets in Go H as follows:
Construct Sy, = {z1,z2,...,z;} for kK =1,2,... ,n such that S for k € {1,2,...,|A|} isa
closed geodetic sequence constituted by the vertices in A and S, \ A = Uyep(q)Suw- Then
Sk, k=1,2,...,n, is a closed geodetic sequence of sets in Go H. Let w € V(Go H)\ S
and let uv € E(G) such that w € V(H"’ 4 uv). Suppose that v = w. If Sy, = V(H"),
then since H" is not complete, there exist z,y € Sy, such that zy ¢ E(H"’). Then
daer(x,y) = 2 and w € Igem(x,y). Suppose that Sy, # V(H"). Since Sy, is a 2-path
closure absorbing set of H*Y, for w € V(H"")\ Sy, there exist z,y € Sy, such that [z, w, y]
is a geodesic in H"Y. This means that dgor(x,y) = 2 and w € Igog(x,y). The case where
w = v is handled similarly. Now, suppose that w € V(H"?). Since Sy, is 2-path closure
absorbing, there exist z,y € Sy, such that dgw (z,y) = 2 and w € Igw (z,y). This means
that dgem(z,y) = 2 and w € Igom(x,y). We have just shown that S is a closed geodetic
set of Go H.

Finally, to show that S is a hop dominating set, let w € V(GoH)\S. If w € V(G), then
since w ¢ 7(G), there exists v € Ng(w) such that Ng(v) \ {w} # @. Let u € Ng(v) \ {w}.
Pick z € Syy. Then dgom(w,z) = 2. Suppose that w € V(H") for some wv € V(G).
Then w € V(H")\ Syy. Since |[V(G)| > 3 and G is connected, there exists z € V(G) such
that uz or vz is an edge in G. Let uz € E(G). Take z € Sy,. Then dgon(z,w) = 2. Same
goes for the case where vz € F(G). Therefore, S is a hop dominating set of G ¢ H. O]

Corollary 5. Let G and H be connected graphs where G is of order n > 3 and H is not
complete. Then
thg(GOH) :anQ(H)+|T(G)| (10)

3. Conclusion

The concept of closed geodetic hop domination in graphs has been introduced and
initially investigated in this study. As shown, not all graphs admit this concept. Some
conditions under which a graph admits a closed geodetic hop dominating set are provided.
Realizations results involving closed geodetic number, geodetic hop domination number
and closed geodetic hop domination number are also provided. The closed geodetic hop
dominating sets of the join corona, and edge corona of two graphs have been obtained.
These characterizations have been used to obtain bounds or exact values of the closed
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geodetic hop domination number of each of these graphs. Exploring necessary and suffi-
cient conditions for a graph to admit closed geodetic hop dominating set may be interesting
and worthwhile to possibly provide insightful results.
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