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Abstract. When there is a difference in the distance between two vertices in a simple linked graph,
then a vertex x resolves both u and v. If at least one vertex in .S distinguishes each pair of distinct
vertices in G, then a set S of vertices in G is referred to as a resolving set. G’s metric dimension
is the minimum number of vertices required in a resolving set. A subset S of vertices in a simple
connected graph is called an edge metric generator if each vertex can tell any two distinct edges
e1 and e apart by their respective distances from each other. The edge metric dimension (EMD),
denoted as dim.(G), is the smallest cardinality of such a subset S that serves as an edge metric
generator for G. The primary objective of this study is to investigate the edge metric dimension
(EMD) of hexagonal boron nitride and carbon nanotube structures.
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1. Introduction

An edge set F and a vertex set V create a simple connected graph G. It can be
expressed as (V, E). The quantity of edges that separate any two vertices in V', a; and
ag, is their distance, or d(ai,as). If the distances from a vertex v to a; and ay differ,
then that particular vertex v in V may discriminate between the two vertices a; and as.
If every pair of different vertices in G is distinguished by at least one element of S, then
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every subset S of V is a resolving set of G. The number of items in a metric basis, or a
resolving set with a minimal cardinality, is known as the MD of G, or dim(G).

The minimal of the distances from v to a; and as for a vertex v in V and an edge e
connecting vertices a; and ao in E defines the distance between v and e, symbolized as
d(e,v). If there are distinctions between the distances from a vertex x to two edges e; and
ea, then x in V may distinguish between them. If every pair of unique edges in a connected
graph G is distinguished by at least one vertex in S, then the subset S with the fewest
vertices in G is the edge resolving set for that graph. The term "EMD” (represented by
the symbol dim.(G)) refers to the minimum cardinality of an edge resolving set for G.

Slater [24] first proposed the creation of MD in 1975. He called metric generators
finding sets, addressing the issue of uniquely identifying intruders’ positions in networks.
Following this, in 1976, Harary and Melter [8] were the first to independently propose the
idea of a graph’s MD, referring to metric generators as resolving sets. It was proposed that
instead of only distinguishing between distinct vertices of a graph using a selected subset
of vertices, the same subset could also differentiate between two distinct edges. Kelenc
et al. To capture such a notion, [9] generated a new parameter called the EMD. They
used graph metrics to identify each edge pair by measuring the graph’s separation from
its chosen choice of vertices.

The idea of MD has been widely applied in many different scientific fields. Drug
discovery and pharmacological activity were linked to the EMD of graphs by Chartrand
et al. [5]. A robot’s navigation could be moved from Euclidean space to a network
structure, according to Khuller et al. [10]. suggesting potential applications of MD in robot
navigation. Researchers can learn more about the use of MD in intricate digital games
by analyzing mastermind games, which was made possible by Chvatal’s investigation of
the MD of Hamming graphs [6]. Erdés and Lindstrém [7, 13] also made assertions about
the usefulness of MD in different coin-weighing scenarios. Several theoretical research on
graphs have been motivated by resolving sets. Fault-tolerant MD has been investigated
in [22, 23], which has applications in sensor networks.

The EMD represents a natural extension of the resolving set concept, prompting read-
ers to explore the literature on MD across various classes of graphs. Ali et al.[4, 16],
for example, investigated the MD of cycle-related graphs and Mobius networks. The
strong MD of graphs was addressed by Kuziak et al. [12], whereas the MD of cocktail
party, Toeplitz, and jellyfish graphs were the subject of Liu et al. [14, 15]. In several
cycle-related graphs, Ahmad et al. [1] explored the MD. Since Koam and Ahmad [11]
researched the EMD of barycentric subdivisions of Cayley graphs, the EMD has gained
popularity in arguments about resolvability. Ahsan et al. [2] and Zhang and Gao [28]
both examined the convex polytope graph.

Wheel graph-related chemical structures were studied by Yang et al. [25]. Ali et al.
[3] systematically investigated the MD of the wheel, gear, and anti-web wheel networks.
In their study [21], Raza and Bataineh investigated the dimensions of metric and edge
metrics. Yero (2016) discussed MD definitions and related thoughts while Okamoto et
al. (2010) researched local MD. Additional research on EMD may be found in [17, 26].
Mixed MD, satisfying both metric and EMD conditions, has been investigated across
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various graph families. For instance, Raza et al. [20] explored mixed MDs in rotationally
symmetric graphs, providing exact values. Raza and Ji [18] computed mixed MDs for
the generalized Petersen graph P(n, 2), while Raza et al. [19] discussed results on mixed
MDs for certain path-related graphs. In general, it is NP-hard to establish a graph’s EMD
[9]. While Kelenc et al. [9] analyzed graph families where dim(G) = dim.(G), dim(G)
< dim.(G), and dim(G) > dime(G), there is no general connection between metric and
EMDs.

MD and EMD are fundamental concepts in graph theory, each serving important roles
in various real-world applications. The MD of a graph determines the smallest set of
vertices necessary to uniquely identify all other vertices within the graph. This parameter
is essential in network optimization, aiding in the development of efficient routing protocols
and fault diagnosis algorithms. By pinpointing critical vertices, network monitoring and
control become more effective, enhancing overall resilience and performance. Moreover,
applications such as location determination systems benefit from the MD by enabling
precise spatial inference and object tracking within graph-based environments.

Similarly, the EMD focuses on identifying the minimum set of edges required to
uniquely determine all other edges in a graph. This parameter finds relevance in circuit
design and testing, where it helps reduce the number of test points needed to diagnose
faults in interconnected electronic circuits. In transportation networks, EMD optimiza-
tion assists in route planning and traffic management by highlighting critical edges whose
failure or congestion significantly impacts network connectivity and flow. In summary,
both MD and EMD are vital tools in graph analysis and optimization, contributing to the
development of robust and efficient systems across various application domains.

h-BN and CNTs are two remarkable nanomaterials that hold immense importance
across multiple scientific disciplines. H-BN, with its unique two-dimensional hexagonal
lattice structure composed of alternating boron and nitrogen atoms, exhibits exceptional
thermal and chemical stability, making it invaluable in various applications such as high-
temperature electronics, lubricants, and as a substrate for graphene-based devices due to
its insulating properties. On the other hand, CNTs, cylindrical nanostructures formed
by rolled-up graphene sheets, possess extraordinary mechanical strength, thermal con-
ductivity, and electrical properties, rendering them indispensable in fields ranging from
nanoelectronics and composite materials to biomedical applications like drug delivery and
biosensors. Both h-BN and CNTs represent cutting-edge materials with diverse function-
alities, offering enormous potential for technological innovation and advancement across a
wide spectrum of industries. Understanding their properties and harnessing their capabil-
ities is crucial for unlocking their full potential in addressing current and future societal
challenges.

2. GHexagonal boron nitride (h-BN)

A straightforward linked graph representing the h-BN structure shows how its hori-
zontal and vertical cells are arranged, as seen in Figure 1. The total number of cells is
n x n, where n represents the number of horizontal cells. 2n?+4n is the computation used
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to determine the graph’s order, denoted as O(G). BN is the acronym for boron nitride.
The cubic and hexagonal covalent 2D structures are the two most prominent ones within
the boron nitride graph. The hexagonal boron nitride graph is the particular subject of
our investigation [27].

Figure 1. Hexagonal boron nitride

Boron nitride is renowned for its exceptional heat stability, characterized by a low
melting point of 3000°C. Its structure consists of a hexagonal arrangement of boron and
nitrogen atoms, interconnected alternately. Within this framework, an equal number of
boron and nitrogen atoms contribute to the formation of hexagons, with a bond length of
0.145 nm between these atoms. The single-layered hexagonal structure of hexagonal BN
is widely utilized due to its notable properties [27]. Understanding the MD and EMD of
h-BN is crucial in advancing practical materials and technologies based on this remarkable
two-dimensional system. Precisely determining the minimum number of reference points
needed to accurately ascertain the locations and distances of all atoms enhances the design
and functionality of electronic devices, sensors, and catalysts reliant on h-BN.

This study has the potential to uncover new avenues in materials science, graph theory,
and two-dimensional systems. h-BN consists of consecutive boron (B) and nitrogen (V)
atoms arranged in a hexagonal lattice structure. Similar to graphite, h-BN possesses a
layered architecture where each layer is held together by van der Waals forces, displaying
a hexagonal arrangement of atoms.

Theorem 2.1. For the p x [, 2-D lattice h — BN graph, the MD of the hexagonal
boron nitride graph is 2.

Proof. In the context of hexagonal boron nitride (h-BN), we are investigating the
vertex labeling depicted in the diagram. Moving on, let us consider a 2D lattice of h-BN
nanotubes of dimensions p x . The vertex set in this h-BN graph is divided according to
this arrangement.

{95(1,1)7 9¢(1,2)> 9¢(1,3) - - - 9e(1,1)» 9£(2,1) 9£(2,2) 1 9€(2,3)s - - - 5 JE(2,0) 5



U. Farooq et al. / Eur. J. Pure Appl. Math, 17 (3) (2024), 2055-2072 2059

9¢(3,1), 9¢(3,2)5 9€(3,3)» - - - s €(3,1) s+ - 1 Je(p,1) 5 9€(p,2)» I¢(p,3) s - - - 7g£(p,l)}

Consider Z = {ge¢(1,1), 9¢(1,2n+1) ) De a resolving set.

ay(e) = 2p and a, = 2n.

To indicate the number of rows, vertices in the rows, and cells in the first row, use the
symbols p, [, and n.

1.4
Qzinz 9 Qerig

Qe

Qe

Qe

Geuz Qe

Qzie8)

Figure 2. Hexagonal boron nitride graph 3 x 3

e Case 1. If [ is odd,
e Z) = 4 (@n© = HanFaye — (1 +1) for 1<T<aye —1
&(p.l) I —1,an+a,e — (I+1 Otherwise
n(€)
e Case 2. If [ is even,

(an(@ —3,an + Qp(e) — (1 + l)) for1 << Qp(e) — 2

7) =
(9ep)| Z) {(l —1,an + ape — (1 +1)) Otherwise

For the last row

e Case 3. If [ is odd,

(CLT](O - 3,(1n + (1,7(5) - (l + 2)) for 1 < l < (1,7(5) -3
r(gg(p,l)’Z) - .
(1, an + apey — (2+1)) Otherwise
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e Case 4. If [ is even,

(an(e) — 2, an + ayey — (1+2)) for 1 <1< ay —2

7)) =
r(gf(p,l)| ) {(l, U+ Qy(e) — (1+1)) Otherwise

The resolving set Z has a minimum cardinality is two.
Therefore, the h-BN graph’s MD is 2.

Theorem 2.2. For the p x [, 2-D lattice h — BN graph, the EM D of the h-BN graph

is 2.
Proof.
A graph G has its edges divided into discrete partitions in the following way:
{6(1,1)7 €(1,2)5 €(1,3)5 - - - » €(1,m)» €(2,1)1 €(2,2) €(2,3)5 - - - s €(2,m)>
€(3,1)5 €(3,2), 9¢(3,3)5 - - -y €(3,1)5 - - -1 €(4,1)5 €(4,2)5 €(3,3)» - - - 7€§(i,m)}

Consider S = {e(1,1), €(1,2n)} be a resolving set.
ap=2n,c=1—2,d=m+ 1.

To indicate the number of rows, vertices in the rows, and cells in the first row, respec-
tively, use the symbols ¢, m, and n.

Figure 3. Hexagonal boron nitride graph 3 x 3
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e Case 1. If 7 is odd,

( 9) (c,an +1i—d) for i >m
T(€(i,m .
(i.m) (m—1,ap+i—d) fori<m

e Case 2. If 7 is even,

(¢,an +1—2m) for £ >m
(Em,an +1i—2m) for £ <m

7(e@im)!S) {

For the last row

e Case 3.

(c,ap—d+i—1) fori>m
r(egim|S) = . .
(myap, —d+i—1) fori<m
A minimum of two cardinality for the resolving set S. So, EM D of the hexagonal
boron nitride graph is 2.

3. Carbon nanotubes

The carbon nanotube structure, known as CNT, is shown in Figures 4 and 5 as an
easy-to-understand, connected, planar graph. The carbon nanotube graph in Figure 4
consists of a total of 6n2 + 3n — 2 edges and 4n? + 4n — 1 vertices. The majority of
carbon nanotubes have a diameter of about 1 nanometer, and depending on the particular
nanotube structure, the length of the bonds separating carbon atoms as well as the angles
between them vary [27].

Figure 4. Graph of carbon nanotubes.
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Carbon nanotubes are essentially rolled-up sheets of graphene, and their structures are
quite complex. To effectively explain a carbon nanotube graph’s topological properties and
to understand the way it behaves in various uses, its MD must be known. By finding the
MD, we can identify a minimal set of atoms or vertices that, when labeled or measured in
a specific way, can uniquely identify the location of every other atom in the nanotube. [27].

Theorem 3.1 The MD of p x I, 2-D lattice carbon nanotube is 3.
Proof. The following is the partition of the vertices of G.

{05(1,1)705(1,2)7~-- y Ce(1,1)5 Ce(2,1)1 Cg(2,2) ) C£(2,3) - - - » Ce(2,1) C¢(3,1) ) C£(3,2) 5 C£(3,3) 5
el CEp 1) CE(p,2)r CEp3) -+ 2 Cepil) )

Let T' = {ce(1,1)s Ce(1,2n41) Ce(2n,2n+1) } D a resolving set.
Number of columns are denoted by p, vertices by [, and number of cells in first column
by n.

Cg,n) Ce21 Cg3n) Cga,7) Cgs7 CesT)

@ - @ |
£ 'Ct(6,5).
C§:6.4: /

Cg(2,6)

(4,5)
Cela.4)
Cg(7,3)

Cs(5.3) Cg7.2)

Cgi6,2)

Citt)  Coan) Ciza) Coan Casyy OOV
Figure 5. Graph of carbon nanotubes with n = 3.
Here we suppose that
Ay (n) = 20, (i) = 2p,
h=p+1, b=p—1I.
e Case 1. If p and [ both are odd.

(h =2, ap@m) + b, 20,0y — h +1) forp=1,1=1
(h =2, apm) + b 20,0y —h — 1) forp=1,1=3,5,7,...
(an@y = 2, Ayeny + 0,205,y —h +1) forp=3,1=1,3

T) = (h—=2,a,m) + b, 2a,(m) — ayy — 1) forp=3,1=5,7,9...
(
(
(

r(Cep)
i) = 25 Gp(ny + 0,204 —h + 1) for p>1
h =2, apmy + b,2a,4) — h + 1) for p <l
h — 2a a'q(i) - 2; 2a77(n) - a/n(i) - 1) for h > an(i)—l-l
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e Case 2. If p is odd and [ is even.

(h =2, ay(n) + b, 20,0y — an(s)) forp=1,1=2,4,6.8,...
(h — 2 Ay (n) T b, 2%(”) an(i)+2) forp=3,1=2
— 2, a, b, 20,y — Qp(; for p=3,1=4,68,...
rlesalT) = Ean(z 3,7;7,(:) ;—an(Z)n(n) f% 1) for i -t
(h — +b2a() h+1) for p <l
(h 2 Q) 3, 2an(n) Qn(4) for h > A (4) +1

e Case 3. If p is even and [ is odd.

( ny 0,200 —h +1) forp=2,1=1
+ b, 2a,,, i forp=2,1=3,5,7,...
(n) n(n) — (i)
a + b, 2a h+1) forp=4,1=1,2
(n () nn) ~ p=41=1,
T(Cé(p’l)‘T) = (h —I— b, 2a n(n) — (z)) forp=4,1=3,4,5....
(an ) + b, 20,0y —h+1) forp>1
(h — n)+b2a(n)—h—|—1) for p <1
(h— = 3.20y) —anp)  for b= ayy

e Case 4. If p and [ both are even.

(h =2, ap(n) + b,2ay0,) — h + 1) for p=2,1=2
(h =2, apny + b, 2a5(,) — apey — 1) for p=2,1=4,6,8,10,...
(h =2, a0y + b, 20, — h + 1) forp=4,1=2,4,6
T(cerp|T) = q (h = 2,4y + b, 2a,,) —h — 1) for p=4,1=28,10,12,...
(a 2, ay(n) + 0,20y, —h+1) forp>1

(h — + b, 2ap () — h +1) for p <

(h

(i) —
2, ()
= 2,ap0) = 2,20,(m) — apy — 1) for b > a4

a

e Case 5. For the last row
(i — 3, apy — 3,b)  for if [ is odd
r(cepu|T) = n() n() .
(an@y — 2,an3) — 2,b) for pfl is even

Consequently, the MD of the carbon nanotube remains at 3.
The MD of a carbon nanotube is determined to be 3, signifying that at least three ver-
tices are necessary to uniquely determine the location of any other vertex on the nanotube.
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This implies that to efficiently navigate or locate points within the nanotube structure, a
minimum of three reference points, or landmarks, are required, showcasing the intricacy of
its spatial arrangement and the necessity for a minimal set of coordinates to characterize
its topology accurately.

Theorem 3.2
The MD of the carbon nanotube for a p x [, 2-D lattice carbon nanotube is at least 3.

Proof. The divisions of G’s vertices are as follows:
{Cg 1,1), C¢(1,2) - - -5 Ce(1,0)5 CE(2,1) C¢(2,2)» C€(2,3) 0 - - - » C€(2,1)» C€(3,1)» C£(3,2) C€(3,3)

) el ) e ) <> CE )
The number of columns is denoted by p, vertices by [, and the number of cells in the first

column by n.
Here, we proceed under the assumption that 7" ={a(; 1), a(1,2n+1)} is the resolving set,
assuming an MD of 2. We aim to demonstrate contradictions.

Case | Vertices
n=2|r(egnlT) =rlegzlT)
n=3|r(e 10,2)\T) = 7“( (10,3) |T)
r(ea)|T) = r(ews|T)
(e 2)\T) =r(eqza)|T) = r(enzelT)
7"(6(11 yIT) =rleqin|T) =rleqis)lT) = rleqralT) =r(eqis|T)
n=4]|r(eqslT) = 7“(6 11,5 7)
T(€(12 [T = r(eqz,3)|T)
T(€(13 1)\T) =r(e 13,2)\T) = T(€(13,4)\T) = T(€(13,5)\T) = T(€(13,6)\T) =
7"(6(13 7)\ )
7“(6(14 2)\T) (6(14,3)|T) = 7”(6(14,4)’T)
r(eqe,n)|T) = rleqe2)T) = 1(eqes)|T) = r(ews,a)|T)
r(earnlT) = rleqrz)|T) = r(eqrs)|T) = rlearalT) = r(eqrs|T) =
7"(6(17 6)\ )
n=>5 7’(6(13 5)\T) = 7“(6(13 6)|T)
r(eqas)|T) = r(eqan)|T) = r(eqas)|T)
T(€(15 3)\T) = 7‘(6(15 4)|T) T(€(15 5)’T) (e (15,6)|T)
T(6(16 2)\T) = 7‘(6(16 4) IT) = T(€(16 3) T)
7"(6(17 3)\T) = 7“(6(17 4)|T) 7“(6(17 5) IT) = (6 17 6)|T) = 7‘(6(17,7)|T)
7"(6(18 2)|T) =r(e €(18,3) |T) 7”(6(18 4)|T) = 7"(6(18 5)|T)
7”(6(19 2)|T) =r(e (19,4)|T) = 7”(6(19,5)\T) = 7”(6(19,6)\T) = T(€(19,7)\T) =
7“(6(19 8)‘T) =r(e (19,9)|T)
7’(6(20 1)\T) = 7"(6(20,2)|T) = 7‘(6(20,3)’T) = 7’(6(20,4)\T) = 7"(6(20,5)|T)
(e, T) = r(e@i)|T) = r(epis)|T) = r(e@iy|T) = r(e@is)|T)

Table 1: Comparison of vertices for different cases
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After generalizing, we have

r(ceant1,n)|T) = 7(ceans1,5)|T) = 1(ceans1,3)|T) = r(ce@ns1,nlT),
T(cent1,8)|T) = 1(ce@ns1,4)|T) = r(ceans1,6)T) = r(ceans1,2)|T),

) =r(
) =r(
r(ceana)|T) = 1(ce(ane)|T) = r(ce@n2)|T) = r(ce@ns)|T):
) =r(
) =r(

r(cean,s)|T) = rlcg@ns)|T) = r(ce2n)|T) = rcg@nn|T),
r(Cenis,5)|T) = r(Cemrsn|T) = r(censaz)|T) = r(cemisn|T)-
These are contradictions. Hence, the MD of the carbon nanotube is not less than 3.

Theorem 3.3 The EM D of p x [, the 2-D lattice carbon nanotube is 3.

Proof.

The division of G’s vertices is as follows.

{e ez em) €21) €22) - €2m) €(3,1) €(3,2) €(3,3)
o ,6(3’m), e 76(1',1)7 e(i’2), ey e(i,m)

let T' = {e(1,1); €(1,2n), €(2n+1,n) } De a resolving set.

The number of columns is denoted by i, vertices by m, and cells by n in the first column.

Figure 1: Graph of carbon nanotubes with n = 2.

Here, we will organize our discussion of edges based on the line numbers. Initially, we’ll
focus on lines 1, 5, 9, 13, ...

ap(e) = 21
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e Case 1.
1= 1.
remyr) = {(i+m—2,20—m,dn—i) for all
1 =5.
(i—2,2n—m+2,4n—i+1) fori_lem
T(e(z’,m)\T): (m+1,2n—m + 2,4n — 1) for%<m
(m+1,i—2,4n — i) fori+m >2n+5
1= 9.
(i—22n—m+4,4n—i+3) for ‘Tt >m
(e myr) = § (m+3,2n —m+4,4n — i) for%<m
(m+3,i—2,4n — 1) fori+m >2n+4+7
1= 13.
(i—2,2n—m+6,4n —i+5) for 5L >m
r(emyr) = § (m+5,2n—m+ 6,4n — i) for 51 < m
(m+5,i—2,4n — 1) fori+m >2n+9

We have established the EMD for lines 1, 5, 9, and 13. We will continue this approach
to determine the EMD for the subsequent lines in a similar manner.

” We have established the EMD for lines 1, 5, 9, and 13. We will continue this
approach to determine the EMD for the subsequent lines in a similar manner.

e Case 2.
1= 2. ,
(1—2,2n—2m+2,4n —2m) for £ >m
r(eqm)|T) = . ;
(2m —2,2n —2m +2,4n — i) for 5 <m
1 = 6.
(i —2,2n — 2m + 4, 2a,() — 2m — 2) for %2 >m
r(em|T) = § (2m,2n — 2m + 4, 2a,¢) — 1) for % <m
(2m, i — 2,2a,¢) — 1) fori +m > 2n
1 = 10.

(i —2,2n — 2m +6,2a,) — 2m —4) for 52 >m
r(e@m)T) = § (2m +2,2n — 2m + 6, 2a,(¢) — 1) for % <m
(2m + 2,4 — 2, 2a,¢) — 1) fori+m >2n+3
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1 = 14.
(1 —2,2n —m + 8, 2a,) — 2m + 6) for 2 >m

r(em)T) = (i —2,2n —m + 8, 2a,(¢) — ) for % <m
(2m + 4,1 — 2,2a,(¢) — 1) fori +m > 2n +6

We have established the EMD for lines 2, 6, 10, and 14. We will continue this
approach to determine the EMD for the subsequent lines in a similar manner.

e Case 3.
1= 3.
r(eim)lT) = {(z +m —3,2n —m+1,2a,) —1) for all
1="T.
1—2,2n —m+ 3, 2a —-—m — or =1 >m
(i—2,2 3, 2, 4) for
r(em|T) = § (m +2,2n —m + 3, 2a,(¢) — i) for 51 <m
(m + 2,1 — 2, 2ay¢) — 1) fori+m>2n+4
1= 11.
(i —2,2n —m+5,2a,¢ —m — 6) for%zm
r(egm|T) = (m+4,2n —m + 5, 2a,) — 1) for%<m
(m + 4,7 — 2, 2a,¢) — 1) fori+m>2n+47
1 = 15.
(i —2,2n —m+7,2a,¢ —m — 8) forZ:_TlZm
r(emylT) = (m+6,2n —m + 7, 2a,¢) — 1) for%<m
(m+6,i — 2,2a,) — 1) for i +m > 2n+ 10

We have established the EMD for lines 2, 6, 10, and 14. We will continue this
approach to determine the EMD for the subsequent lines in a similar manner.

e Case 3. 7 = 4.

T‘(e(z’,m) |T) = {(Qm, 2n — 2m + 2, 2a77(§) — Z) for all

(i —2,2n — 2m + 4,2a,) —m — 5) forﬁzm
r(e(i,m)\T) =14 (2m+2,2n — 2m + 4, 2ay(¢) — i) forﬁ <m
(2m + 2,1 = 2,2a,¢) — 1) for i +m > 2n+1
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1= 12.
(i —2,2n —2m + 6, 2a,¢) —m+7) forﬁzm
r(eqm)|T) = q (2m +4,2n — 2m + 6, 2a,(¢) — i) for 7 <m
(2m + 4,1 — 2,2a,(¢) — 1) fori+m >2n+4
1 = 16.
(i —2,2n —2m + 8, 2a,¢) —m — 9) for all £ > m
r(e@m)T) = § (2m +6,2n — 2m + 8, 2a,(¢) — 1) for all % <m
2m+ 6,1 — 2,2a,6) — @ foralli+m>2n+7
()

We have established the EMD for lines 4, 8, 12, and 16. We will continue this
approach to determine the EMD for the subsequent lines in a similar manner.

The EMD of a carbon nanotube has been identified as 3, indicating that a minimum
set of three edges is required to uniquely determine the location of any other edge
within the nanotube structure. This finding underscores the complexity of the nan-
otube’s connectivity and highlights the need for a minimal number of edge-based
references to fully characterize demonstrating its significance in various computa-
tional and graph-theoretical applications.

Theorem 3.2. For the p x [, 2-D lattice h — BN graph, the EM D of the carbon
nanotube is not less than 3.

Proof. The EMD of the carbon nanotube in the p x [, 2-D lattice h-BN graph is proven
to be not less than 3.” I begin by assuming a resolving set with a cardinality of 2, then
systematically present contradictions. Subsequently, I will establish that the EMD cannot
be 2, thereby concluding that the EMD of the carbon nanotube is 3.

A graph G has its edges divided into discrete partitions in the following way:

{6(1,1)5 €(1,2),€(1,3) - - - s €(1,m)> €(2,1)5 €(2,2), €(2,3)5 - - - s €(2,m)>
6(3,1)7 6(3,2)7 6(3,3)7 ceey 6(3,1)7 EERE e(i,l)7 e(i,Z)? 6(1,3)7 KRR e(i,m)}
Consider S = {e(1,1), €(1,2n) }

Here, we proceed under the assumption that S is the resolving set, assuming an EMD
of 2. Our aim is to demonstrate contradictions.
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Case | Vertices

n=2 (6(8 1)’T) = 7“(6(8 2)’T)

n =3 | r(eqogz)lT) =r(enoslT)
7"(6(94 T) = 7"(6(9 3) ’T)
7"(6 12 2)\T) r(e (12,4) T) = 7“(6(126 T)
r(eqr,nlT) = rleqio)|T) =r(eq1s)|T) = rleqielT) =
7"(6(11 5)\ )

n=4|r(eq1slT) =rleqs)|T)
r(eaz2,2)|T) = rleuzs)|T)
T(e 13 1)\T) (6(13 2)|T) = (6(13,4)|T) = 7”(6(13,5)\T) =
7”(6(13 6)\T) (6(13 7) T)
r(eaa2)|T) = rleqas)|T) = r(eqaqlT)
7"(6 16 1)\T) (6(16 2)\T) = 7”(6(16,3)’T) = 7’(6(16,4)\T)
r(eqarlT) = rlearo)|T) = r(eqrs)|T) = rleqre|T) =
7"(6(17 5)\T) (6(17 6) T)

n=>5 7’(6 13 5)\T) (6(13 6)|T)
7’(6(14 3)[T) = r(eqss)|T) = r(eqas)|T)
7"(6(15 3)\T) (6(15 4)|T) T(€(15,5)|T) = 7”(6(15,6)\T)
7"(6(16 2) |T) = (6(16 4) IT) = T(€(16,3) T)
7"(6(17 3)\T) (6(17 4)|T) T(€(17,5)|T) = T(6(17,6)\T) =
7"(6(17 7)\T)
r(eqs)|T) = rleuss)|T) = r(easa|T) = r(eus,s)|T)
r(eo2)|T) = rleqon|T) = rleqos |T) = r(eqoe)lT)
7"(6(19 7)\T) (6(19 8) IT) = 7“(6(19,9) T)
7“(6(20 1)\T) (6(20 2) IT) = 7“(6(20,3) T) (6(20,4)|T)
r(e (20 5)‘T)
7“(6(21 IT) =1(e@2)|T) = r(e@1,3)|T) = r(e@iwlT) =
7"(6(21 5)\T)

Table 2: Comparison of vertices for different cases

After generalizing
we have

7'(6(2n+4,3) T) = 7’(6(2n+4,2) T),

r(e@nt6.4)|T) = r(€@nt66)|T),

7”(€(2n+1,3)’T) = T(e(2n+1,2)‘T) = 7"(6(2n+1,1)’T)’

r(e@nt1,3)T) = r(e@ni1,9)(T),

These are contradictions. Hence, the edge EMD of the carbon nanotube is 3.

2069

The investigation into the MD and EMD of h-BN and CNTs yields crucial insights
into the structural and functional properties of these nanomaterials. The consistent MD
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of 2 for h-BN implies that only two distinct points are required to uniquely identify any
other point in the structure, elucidating its inherent simplicity in terms of navigation and
localization. This characteristic is invaluable in various applications, including nanoelec-
tronics and photonics, where precise positioning and routing of signals are paramount.
Furthermore, the EMD of 2 underscores the efficiency of pathways along the edges of the
h-BN lattice, accentuating its potential to facilitate fast and reliable information transfer
within nanodevices. Similarly, the metric and EMDs of 3 for CNTs shed light on their
more intricate spatial organization compared to h-BN. With three points necessary for
pinpointing any location within the CNT structure, this indicates a higher degree of com-
plexity, which can be advantageous in applications demanding greater degrees of freedom
in manipulation and assembly, such as in nanorobotics and drug delivery systems.

Understanding the metric and EMDs of h-BN and CNTs not only provides fundamen-
tal insights into their geometric properties but also paves the way for optimizing their
performance in diverse technological realms. By harnessing the minimalistic yet effective
navigation offered by h-BN, engineers, and researchers can devise innovative strategies
for designing next-generation nanoelectronic circuits and optoelectronic devices with en-
hanced functionality and reliability. Meanwhile, the slightly higher dimensions observed
in CNTs offer a versatile platform for exploring novel applications requiring more intri-
cate spatial arrangements, ranging from advanced sensing technologies to targeted drug
delivery systems. Ultimately, this investigation underscores the importance of geometric
characterization in unlocking the full potential of nanomaterials, guiding the development
of tailored solutions for a myriad of scientific and technological challenges.

3. Conclusion

This study reveals that hexagonal boron nitride (h-BN) has an MD and EMD of 2,
while carbon nanotubes (CNTs) have an MD and EMD of 3. These findings highlight the
unique structural properties of these nanomaterials, with implications for various techno-
logical applications. Understanding their EMD offers valuable insights into their geometry
and potential for tailored functionalization, driving advancements in nanoscience and en-
gineering.
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