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On Multipliers of Hilbert Algebras
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Abstract. This paper explores the concept of multipliers in Hilbert algebras, unveiling various
intriguing properties. We delve into the intricate relationships between fixed sets, kernels, and near
filters of multipliers, shedding light on their interconnected roles within Hilbert algebras. This
investigation aims to provide a deeper understanding of algebraic structures and their dynamic
interactions.
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1. Introduction

The study of multipliers has attracted considerable attention in various branches of
algebra, demonstrating its versatility and relevance across different algebraic systems. In
1986, Cirulis [5] was among the pioneers, examining multipliers within the framework of
implicative algebras. His work set the stage for further inquiries into how multipliers inter-
act with logical operations in these structures. Subsequently, in 2011, Kim [16] extended
the concept to BE-algebras, providing a new perspective emphasising multipliers’ role in
non-classical algebraic settings. This expansion continued when Chaudhry and Ali [4]
introduced multipliers in d-algebras in 2012, shedding light on their function in algebras
characterized by a specific set of order and combination rules. In 2013, Kim and Lim
[17] brought the concept of multipliers into the realm of BCC-algebras, exploring their
implications in algebras defined by bounded commutative cancellative properties. Around
the same time, Lee and Kim [18] focused on subtraction algebras, where they defined mul-
tipliers that operate within algebraic structures built on the notion of difference rather
than addition. In 2014, Khorami and Saeid [15] introduced the concept of multipliers
in BL-algebras and conducted an in-depth study on the connections between multipliers
and specific mappings, such as closure operators, homomorphisms, and (®, V)-derivations
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within BL-algebras. A significant leap occurred in 2021 when Iampan [10] introduced
a more comprehensive categorization of multipliers within UP-algebras. His work dis-
tinguished between left multipliers, right multipliers, anti-left multipliers, and anti-right
multipliers, each playing a distinct role in governing the structural dynamics of these al-
gebras. This categorization offered a more nuanced understanding of how multipliers can
be applied, expanding their utility across different branches of algebra.

The concept of Hilbert algebras emerged in the early 1950s, introduced by Henkin
[9] as a tool for analyzing implications in intuitionistic and other non-classical logic. By
the 1960s, the algebraic foundations of these structures gained prominence, particularly
through the work of Diego [6], who demonstrated that Hilbert algebras constitute a locally
finite variety. Diego’s contributions marked a significant milestone, grounding these alge-
bras in formal algebraic theory. Subsequent research further enriched the understanding
of Hilbert algebras. Busneag [1, 2] and Jun [13] extended the study by identifying filters
that form deductive systems within these algebras. Their work highlighted the logical
and algebraic interplay embedded in these structures. Additionally, Dudek [7] introduced
a novel perspective by exploring the fuzzification of subalgebras and deductive systems,
broadening the scope of Hilbert algebra applications in the study of uncertainty and graded
logic.

2. Preliminaries

Understanding the foundational structures within mathematical logic and algebra is
pivotal for advancing both theoretical insights and practical applications. Hilbert alge-
bras, named after the eminent mathematician David Hilbert, form a crucial part of this
framework. These algebras not only provide a robust structure for exploring logical con-
nectives and implications but also serve as a bridge between logic and algebraic operations.
Their unique properties and the relationships they encapsulate are instrumental in vari-
ous fields, including proof theory, model theory, and lattice theory. By delving into the
notion of Hilbert algebras, we can uncover the intricate web of connections that underpin
logical deduction and algebraic manipulation, paving the way for deeper mathematical
discoveries.

Definition 1. [6] A Hilbert algebra is a triplet with the formula H = (H,-, 1), where H is
a nonempty set, - is a binary operation, and 1 is a fired member of H that is true according
to the azxioms stated below:

(1) (Ve,y e H)(x-(y-x) =1),
(2) Vo,y,ze H)(x-(y-2) - ((z-y) - (z-2)) =1),
(3) Ve,yeH)(z-y=1Ly-x=1=2x=y).
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Example 1. [11] Let H = {1, «, 8,7, €} with the following Cayley table:

e
— D - ™

N R L
— =0 = Q|0
— 22 22
R R & ala

Then H = (H,-,1) is a Hilbert algebra.
In [7], the following conclusion was established.
Lemma 1. Let H = (H,-,1) be a Hilbert algebra. Then
(1) Ve e H)(z -2 =1),
(2) Ve e H)(1 -z =ux),

(4) VIL’,y,Z € H)($ ' (y Z) =Y ($ : Z))7
(5) (Va,y,z € H)((@-2) - ((z-y) - (x-y)) =1).
In a Hilbert algebra H = (#, -, 1), the binary relation < is defined by

(
(
(3) (Vo € H)(z-1=1),
(
(

(Vz,ye H)z<yez-y=1),

which is a partial order on H with 1 as the largest element.

Partial order in Hilbert algebra is essential for studying logical structures such as lattice
formations and their applications in model theory. It enhances proof systems by verifying
entailment and inference theorems, thereby improving logical deduction processes. Addi-
tionally, it facilitates the analysis of complex algebraic structures like Boolean algebras,
offering insights into their hierarchical relationships. These applications underscore the
significance of partial order in comprehending and investigating mathematical and logical
frameworks within Hilbert algebras.

Definition 2. [14] A nonempty subset D of a Hilbert algebra H = (H,-,1) is called a
subalgebra of H if x -y € D for all x,y € D.

Definition 3. [3] A nonempty subset D of a Hilbert algebra H = (H,-,1) is called an ideal
of H if the following conditions hold:

(1) 1 €D,
(2) Ve,ye H)(ye D=z -y €D),

(3) (Vo,y1,y2 € H)(y1, 2 €D = (y1- (2 - x)) - = € D).
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Definition 4. [8] A nonempty subset D of a Hilbert algebra H = (H,-,1) is called a
deductive system (or implication filter or simply filter) of H if the following conditions
hold:

(1) 1 €D,

(2) Ve,y € H)(x-y,x € D=1y € D).

3. Multipliers of Hilbert algebras

In this section, we present the concepts of left multipliers, right multipliers, anti-left
multipliers, and anti-right multipliers within Hilbert algebras, along with the notion of
near filters. We also examine the intricate relationship between right multipliers and near
filters, shedding light on how these elements interact within the algebraic framework.

Henceforth, unless stated otherwise, we will consider H as a Hilbert algebra denoted
by H=(H,-,1).

Definition 5. A self-map m of H is called
(1) a left multiplier if m(x - y) = m(x) -y for all x,y € H,
(2) a right multiplier if m(x - y) = z - m(y) for all x,y € H,
(3) an anti-left multiplier if m(x - y) =y - m(x) for all x,y € H,
(4) an anti-right multiplier if m(x - y) = m(y) - « for all x,y € H.

Definition 6. Define a self-map iy : H — H by, for any x € H, iy(x) = x. Then iy is a
left multiplier and a right multiplier of H.

Proposition 1. Let m be a self-map of H. Then the following statements hold:
(1) m is a left multiplier H if and only if m = iy,
(2) if m is an anti-left multiplier of H, then m is constant,
(8) m is an anti-right multiplier of H if and only if H = {1}.

Proof. (1) Assume that m is a left multiplier of . Then

m(1l) =m(1-1) (Lemma 1 (1))
=m(l)-1 (left multiplier)
=1. (Lemma 1 (3))
Let x € H. Then
m(z) =m(1l-x) (Lemma 1 (2))

=m(l) -z (left multiplier)
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—1s (m(1) = 1)
= . (Lemma 1 (2))

Hence, m = iy.
The converse is obvious.
(2) Assume that m is an anti-left multiplier of H. Let € H. Then

m(l) =m(x-1) (Lemma 1 (3))
=1-m(x) (anti-left multiplier)
=m(x). (Lemma 1 (2))

Hence, m is constant.
(3) Assume that m is an anti-right multiplier of H. Then

m(l) =m(1-1) (Lemma 1 (1))
=m(1l)-1 (anti-right multiplier)
= 1. (Lemma 1 (3))
Let x € H. Then
r=1-z (Lemma 1 (2))
— (1) (m(1) = 1)
=m(x-1) (anti-right multiplier)
=m(1) (Lemma 1 (3))
=1 (m(1) =1)

Hence, H = {1}.

The converse is obvious.

Example 2. Let H = {1,2,3,4} with a fized element 1 and a binary operation - defined
by the following Cayley table:

1
2
3

= = = s =
NN = NN
= W Wl W
—o R R

4 2 3
Then H = (H,-,1) is a Hilbert algebra. We define a self-map m : H — H as follows:

(1 ifr=1,2
m(x)—{x if v = 3,4.

In this case, m serves as a right multiplier of H, while it does not qualify as a left multiplier,
an anti-left multiplier, or an anti-right multiplier of H.
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Following this, we will focus specifically on right multipliers of H, referring to them
simply as multipliers for brevity.

Proposition 2. A multiplier m of H is iy if and only if m is a left multiplier of H.

Proof. 1t is done in Proposition 1 (1).

Example 3. From Example 1, we define a self-map m : H — H as follows: m(1l) =
I,m(a) = 8,m(B) = v,m(e) = ¢,m(y) = a. Then m is a multiplier of H. Since m?(a) =
m(m(a)) =m(B) = # B =m(a), we have m? # m.

Example 3 shows that if m is a multiplier of H, then m* = m, which is not valid in
general. The following proposition illustrates the relationship of these conditions.

2

Proposition 3. A multiplier m of H is iy if and only if the following statements hold:
(1) m? =m,
(2) m(z-y) =m(x) -m(y) for all z,y € H,
(3) m?(x) -y =m(x) - -m(y) for all z,y € H.

Proof. The condition for necessity is obvious.

Conversely, assume that (1), (2), and (3) hold. Then for z,y € H, we have m(z - y) =
m(z) -m(y) = m?(z) -y = m(x) - y. Thus, m is a left multiplier of #. By Proposition 2, we
have m = iy.

Proposition 4. Let m be a multiplier of H. Then m(m(z) -x) =1 for all z € H.

Proof. By Lemma 1 (1), we have m(m(x) - ) = m(z) - m(x) = 1 for all x € H.

Definition 7. A self-map m of H is said to be regular if m(1) = 1.
Proposition 5. Every multiplier of H is reqular.

Proof. Let m be a multiplier of #. Then, by Lemma 1 (3), we have m(1) = m(z - 1) =
x-m(1) for all x € H. By Lemma 1 (1), we have m(1) = m(1) - m(1) = 1. Hence, m is
regular.

Proposition 6. Let m be a multiplier of H. Then the following statements hold:
(1) m(1) =1,
(2) © <m(x) for all x € H,
(3) for any x,y € H, if x <y, then z < m(y),

(4) if m is injective, then m = iy.
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Proof. (1) It is done in Proposition 5.

(2) Let € H. Then, by (1) and Lemma 1 (1), we have 1 = m(1) = m(z-z) = z-m(z),
that is, z < m(x).

(3) Let z,y € H be such that + <y. Then -y = 1. By (1), we have 1 = m(1) =
m(x-y) =z -m(y), that is, z < m(y).

(4) Assume that m is injective. Let € H. By (1) and Lemma 1 (1), we have
m(m(z) - z) = m(x) - m(z) =1 =m(1). Since m is injective, m(z) - x = 1. Then m(z) < x.
It follows from (2) and Definition 1 (3) that m(z) = x, so m = iy.

Definition 8. A self-map m of H is said to be nonexpansive if m(x) < x for all x € H.

Example 4. [12] Let H = {1, a, 8,7, €} with the following Cayley table:

v

LIRS e
[ e e R
— =0 = DR
SV S U C ] O
222

— D=2 A alm

Then H = (H,-,1) is a Hilbert algebra. We define a self-map m : H — H as follows:
m(1l) = 5, m(a) = a, m(B) = 5, m(y) =7 and m(e) = €. Then m is nonexpansive. Since
m(1) = B # 1, it follows from Proposition 5 that m is not a multiplier of H.

Proposition 7. If m is a nonexpansive multiplier of H, then m = iy.

Proof. By assumption, Proposition 6 (2), and Definition 1 (3), we have m(x) = x for
all x € H. Hence, m = iy.

Proposition 8. Let my and mo be two multipliers of H. Then mi o mo is a multiplier of

H.
Proof. Let x,y € H. Then

Hence, my o my is a multiplier of H.
Corollary 1. Let m be a multiplier of H. Then m”™ is a multiplier of H for all positive
nteger n.

Let (H,-,13) and (I, %, 1xc) be Hilbert algebras. Then (H x K, ¢, (13, 1x)) is a Hilbert
algebra defined by (a,b) ¢ (¢,d) = (a-¢,bxd) for all a,c € H and b,d € K.
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Proposition 9. Let H = (H,-,1y) and K = (K,*,1x) be Hilbert algebras. Define the
self-map m of H x IC by, for any (x,y) € H XK, m(z,y) = (z,1x). Then m is a multiplier
of H x K.

Proof. Let (x1,x2), (y1,y2) € H x K. Then

m((r1,72) © (Y1,y2)) = m(z1 - Y1, T2 * y2)

Hence, m is a multiplier of H x K.

Proposition 10. Let H = (H,-, 1) and K = (K, *, 1x) be Hilbert algebras. Define the
self-map m of H x KC by, for any (z,y) € H XK, m(z,y) = (1,y). Then m is a multiplier
of H x K.

Proof. Let (z1,x2), (y1,y2) € H x K. Then

m((z1,22) © (Y1,y2)) = m(z1 - Y1, T2 * y2)

r1,22) ¢ (134, 92)

(
= (21 134, T2 * Y2)
(
(z1,72) o m(y1, ya).

Hence, m is a multiplier of H x K.

Definition 9. Let m be a self-map of H. Define the fized set Fixyn(H) and the kernel
Kery(H) of m by

Fixpn(H) ={z € H : m(z) =z}
and

Kerpm(H) = {x € H : m(x) = 1}.

Remark 1. Let m be a multiplier of H. By Proposition 5, we have m(1) = 1. Then
1 € Fixn(H) # 0 and 1 € Kerp(H) # 0.

Proposition 11. Let m be a multiplier of H. Then m is injective if and only if Kery(H) =
{1}.

Proof. If m is injective, it is done in Proposition 6 (4).
Conversely, assume that Kerp(H) = {1}. Then m(1) = 1. Let a,b € H be such that
m(a) = m(b). Then

m(a-b) =a-m(b) (multiplier)
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~ - m(a) (m(a) = m(®))
=m(a-a) (multiplier)
=m(1) (Lemma 1 (1))
=1, (m(1) =1)
m(b-a) =b-m(a) (multiplier)
=b-m(b) (m(a) = m(b))
=m(b-b) (multiplier)
=m(1) (Lemma 1 (1))
=1 (m(1) =1)

Thus, a-b,b-a € Kery(H) ={1},s0a-b=1and b-a = 1. By Definition 1 (3), we have
a = b. Hence, m is injective.

Proposition 12. Let m be a multiplier of H. If © € Fixn(H), then x € Fixgyn (H) for all
positive integer n.

Proof. Let n be a positive integer such that x € Fixyn(#H). Then m™(z) = z. Thus,
W () = (m" 0 m)(2) = m" (m(z)) = m"(z) = 2.

So, z € Fixygn+1(H). Hence, z € Fixyn (H) for all positive integer n.

Proposition 13. If m is a multiplier of H, then Fixm(H) is a subalgebra of H.

Proof. By Proposition 6 (1), we have m(1) = 1 and so 1 € Fixu(H) # 0. Let
x,y € Fixyn(H) # 0. Then m(z) = z and m(y) =y, so m(z - y) = z - m(y) = z - y. Thus,
x -y € Fixg(H) # 0. Hence, Fixy(H) is a subalgebra of H.

Proposition 14. If m is a multiplier of H, then Kern(H) is a subalgebra of H.

Proof. By Proposition 6 (1), we have m(1) = 1 and so 1 € Kern(H) # 0. Let
z,y € Kery(H). Then m(z) = 1 and m(y) = 1, it follows from Lemma 1 (3) that
m(z-y)=x-m(y) =x-1=1. Thus, z-y € Kern(H). Hence, Kerp(H) is a subalgebra of
H.

Definition 10. A nonempty subset S of a Hilbert algebra H = (H,-,1) is called a near
filter of H if it satisfies the following properties:

(1) 1 €8,
(2) Vr,yeH)(yeS=z-yeS).
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We see that near filters are generalizations of ideals, and subalgebras are generalizations
of near filters.

Theorem 1. Let m be a multiplier of H. Then the following statements hold:
(1) if S is a near filter of H, then m(S) is a near filter of H,
(2) if S is a near filter of H, then m~(S) is a near filter of H.

Proof. (1) Assume that S is a near filter of H. Since 1 € S and m(1) = 1, we have
1 =m(l) € m(S). Let 2 € H and y € m(S). Then y = m(s) for some s € S, so
z-y=x-m(s) =m(z-s) €m(S) since x - s € S. Hence, m(S) is a near filter of H.

(2) Assume that S is a near filter of H. Since m(1) =1 € S, we have 1 € m~(S). Let
r€Hand y € m1(S). Then m(y) € S, som(z-y) =x-m(y) €S. Thus, z-y € m~1(S).
Hence, m~1(S) is a near filter of H.

Theorem 2. Let m be a multiplier of H. Then the following statements hold:
(1) Kery(H) is a near filter of H,
(2) Fixm(H) is a near filter of H,
(3) Im(m) is a near filter of H.

Proof. (1) Since {1} is a near filter of H, it follows from Theorem 1 (2) that Kery(#H) =
m~1({1}) is a near filter of H.

(2) Since m(1) = 1, we have 1 € Fixn(#H). Let z € H and y € Fixn(#H). Then
m(y) =y,som(z-y) =z -m(y) =x-y. Thus, z -y € Fixy(H). Hence, Fixy(H) is a near
filter of H.

(3) Since H is a near filter of #, it follows from Theorem 1 (1) that Im(m) = m(#) is
a near filter of H.

Since subalgebras are generalizations of near filters, we can replace a near filter with
a subalgebra in Theorem 2.

4. Conclusion

In this study, we extensively investigated the four key notions of left multipliers, right
multipliers, anti-left multipliers, and anti-right multipliers within the context of Hilbert
algebras. Our findings revealed that the identity function is the only valid left multiplier,
the anti-left multiplier remains constant, and the anti-right multiplier exists solely if the
algebra is a singleton. We further identified the conditions under which a right multiplier
becomes the identity function, as detailed in Proposition 3. Moreover, we developed a
specific right multiplier for the Cartesian products of Hilbert algebras. Lastly, we demon-
strated that the sets Kery(H), Fixm(#H), and Im(m) associated with a right multiplier m
on a Hilbert algebra H form a near filter.
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