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Abstract. In this paper, we defined the notions of fuzzy soft a-interior (a-closure) operators via
fuzzy soft topologies based on the sense of Sostak and studied some topological properties of them.
Also, the notion of r-fuzzy soft a-connected sets was introduced and investigated. Thereafter,
we defined and characterized the notions of fuzzy soft weakly (almost) a-continuous mappings,
which are weaker forms of fuzzy soft a-continuous mappings. Moreover, we showed that fuzzy soft
a-continuity = fuzzy soft almost a-continuity = fuzzy soft weakly a-continuity, but the converse
may not be true. In addition, we investigated some properties of fuzzy soft a-continuity. Finally,
several types of fuzzy soft compactness via r-fuzzy soft a-open sets were given and the relationships
between them were studied with the help of some examples.
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1. Introduction and preliminaries

The theory of soft sets was first introduced by Molodtsov [24], which is a completely
new approach for vagueness and modeling uncertainty. He demonstrated many appli-
cations of this theory in solving several practical problems in mathematics, engineering,
economics, social science, etc. In [28], the notion of soft sets was used to introduced soft
topologies. Moreover, the study in [28] was particularly important in the development of
the field of soft topology, see [10, 18, 33, 38]. Generalizations of soft open subsets play an
effective role in soft topologies through their use to improve on some known results or to
open the door to reintroduce and establish many of the soft topological notions such as
soft separation axioms [7, 20], soft continuity [25], soft connectedness [34, 36|, etc. Akdag
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and Ozkan [3] defined the notion of soft a-open sets on soft topological spaces and some
properties are specified. The notion of soft S-open sets was defined and studied by the
authors of [2, 17]. Also, the concepts of soft semi-open, somewhere dense and Q-sets were
studied by the authors of [4, 6]. Moreover, Al-shami et al. [8] initiated the notion of
weakly soft S-open sets and examined weakly soft S-continuity. Kaur et al. [21] intro-
duced a new approach to studying soft continuous mappings using an induced mapping
based on soft sets. Al Ghour and Al-Mufarrij [5] defined two new notions of mappings
over soft topological spaces: soft somewhat-r-continuity and soft somewhat-r-openness.

The concept of fuzzy soft sets was defined by Maji et al. [22], which combines soft
sets [24] and fuzzy sets [37]. The concept of fuzzy soft topology was introduced and some
characterized such as fuzzy soft interior (closure) set, fuzzy soft continuity, and fuzzy soft
subspace were studied in [16, 19] based on fuzzy topologies in the sense of Sostak [35].
A new approach to studying separation and regularity axioms via fuzzy soft sets was
introduced by the author of [29, 31] based on the paper by Aygiinoglu et al. [19]. The
concept of r-fuzzy soft regularly open sets was introduced by Cetkin and Aygiin [15]. Also,
the concepts of r-fuzzy soft pre-open (resp. [-open) sets were defined by Taha [30]. In
2024, Alshammari and Taha [12] introduced and studied the notions of fuzzy soft almost
(weakly) B-continuous mappings, which are weaker forms of a fuzzy soft S-continuity in
fuzzy soft topological spaces. In addition, many authors have contributed to fuzzy soft set
theory in the different fields such as topology, see e.g. [9, 26, 27].

In our study, the layout is designed as follows.

e In Section 2, we introduce the concepts of fuzzy soft a-closure (a-interior) operators
in fuzzy soft topological space (W, 7y) based on the paper by Aygiinoglu et al. [19] and
examine some of its properties. Also, the concept of r-fuzzy soft a-connected sets is
introduced and studied.

e In Section 3, we are going to investigate some properties of fuzzy soft a-continuous
mappings between two fuzzy soft topological spaces (W, 7y) and (V,nr). Moreover, we
define and study the concepts of fuzzy soft weakly (almost) a-continuous mappings, which
are weaker forms of fuzzy soft a-continuous mappings. Also, the relationships between
these classes of mappings are investigated with the help of some examples.

e In Section 4, several types of fuzzy soft compactness via r-fuzzy soft a-open sets are
defined, and the relationships between them are specified.

e Finally, we close this manuscript with some conclusions and proposed some future
works in Section 5.

In this work, nonempty sets will be denoted by W, V', etc. N is the set of all parameters
for W and C C N. The family of all fuzzy sets on W is denoted by IV (where I, =
(0,1], I =10,1)), and for s € I, s(w) = s, for all w € W.
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The following concepts and results will be used in the next sections.

Definition 1. [1, 14, 19] A fuzzy soft set hg on W is a mapping from N to I | such
that ho(n) is a fuzzy set on W, for each n € C and ho(n) =0, if n € C. The family of

all fuzzy soft sets on W is denoted by (W, N).

Definition 2. [32] The difference between two fuzzy soft sets h¢ and gp is a fuzzy soft
set, defined as follows, for each n € N:

0, if ho(n) < gp(n),

(hc T gB)(n) = { he(n) A (ga(n))e, otherwise.

Definition 3. [23] A fuzzy soft point n,,, on W is a fuzzy soft set, defined as follows:

wg, if k=mn,
”ws(’“)_{ 0, if ke N—{n},

where ws is a fuzzy point on W. A fuzzy soft point n,, is called belong to a fuzzy soft
set fa, denoted by ny €fa, if s < fa(n)(w). The family of all fuzzy soft points on W is

denoted by Ps(W).

P

Definition 4. [13] A fuzzy soft point n,,, € Ps(W) is called a soft quasi-coincident with
hc € (W, N) and denoted by ny, qhc, if s+ ho(n)(w) > 1. A fuzzy soft set he € (W, N)

is called a soft quasi-coincident with g € (W, N) and denoted by hcqyp, if there isn € N
and w € W, such that hc(n)(w) + gp(n)(w) > 1, if he is not soft quasi-coincident with

9B, hc figB.

Definition 5. [19] A mapping 7 : N — [0,1]'N) is called a fuzzy soft topology on W
if it satisfies the following, for each n € N:

(1) 70 (®) = 7(N) = 1,
(2) T(he M gB) > Tn(he) A Ta(gi), for each he, gg € (W, N),
(3) Tn(Usea (he)s) = Aseata((he)s), for each (he)s € (W, N),8 € A.

Thus, (W, 7y) is called a fuzzy soft topological space (briefly, FSTS) in the sense of
Sostak [35].
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Definition 6. [19] Let (W,7y) and (V,7nr) be an FSTSs. A fuzzy soft mapping ¢y :
(W,N) — (V, F) is called fuzzy soft continuous if Tn((p;bl(hc)) > ni(he) for each ho €

—_—

(V,F),ne€ N, and (k=1(n)) € F.

Definition 7. [15, 16/ In an FSTS (W, 7w), for each h¢o € (m), n € N, and r € Iy, we
define the fuzzy soft operators Cr and I, : N x (W, N) x I, — (W, N) as follows:

Cr(n,hc,r) =N{gp € (W,N) : hc C gB, T(9%) > 1},

I-(n,hc,r) =U{gp € (W,N): 95 C hc, T(gn) > 1}

Definition 8. Let (W, 7y) be an FSTS and r € Iy. A fuzzy soft set h¢ € (W, N) is called
r-fuzzy soft regularly open [15] (resp., S-open [30], pre-open [30], a-open [11], and semi-
open [11]) if h¢e = I+ (n,Cr(n, he,r),r) (resp., he T Cr(n, I:(n,C-(n, he,r),7),7), he T
I:(n,Cr(n,he,r), 1), he T I (n,Cr(n, I:(n, he,r),7),7), and he T Cr(n, I:(n, hc,r),7))
for each n € N.

P

Definition 9. [15] Let (W, 7y) be an FSTS and r € Iy. A fuzzy soft set he € (W, N) is
called r-fuzzy soft regularly closed if he = Cr(n, I(n, he,7),r) for each n € N.

Definition 10. [11] Let (W,7n) and (V,nr) be an FSTSs and r € Iy. A fuzzy soft
mapping ¢y : (W, N) — (V, F) is called fuzzy soft almost (resp., weakly) continuous if

—_—

for any n,, € Ps(W) and any fa € (V,F) with ni(fa) > r containing ¢y (1w, ), there is
hc € (W,N) with 7,(h¢) > r containing n,,, such that ¢y (hc) C I(k,Cy(k, fa,7),7)
(resp., (p’lﬂ(hC) C Cn(kvaaT))‘

Remark 1. [11] From Definitions 6 and 10, we have: fuzzy soft continuity = fuzzy soft
almost continuity = fuzzy soft weakly continuity, but the converse may not be true.

Lemma 1. Let (W,7y) and (V,np) be an FSTSs and r € Iy. A fuzzy soft mapping

—_

Dy (ﬁ) — (V, F) is fuzzy soft almost continuous if Tn(npqzl(hc)) > r for each

—_—

he € (V, F) is r-fuzzy soft regularly open, n € N, and (k = (n)) € F.

Proof. Easily proved from Definition 10.

Definition 11. Let (W,7y) and (V,nr) be an FSTSs. A fuzzy soft mapping ¢y :

—_—~—

(W,N) — (V, F) is called fuzzy soft open if ny(¢y(hc)) > Tn(he) for each he € (W, N),
n € N, and (k=1(n)) € F.

The basic concepts and results that we need in the next sections are found in [16, 19].
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2. On r-fuzzy soft a-open sets

Here, we introduce and discuss the notions of fuzzy soft a-closure (a-interior) operators
in an FSTSs based on the paper by Aygiinoglu et al. [19]. Also, the notion of r-fuzzy soft
a-connected sets has been defined and studied with help of fuzzy soft a-closure operators.

Definition 12. Let (W, 7y) be an FSTS and r € Iy. A fuzzy soft set h¢ is called r-fuzzy
soft a-closed (resp., semi-closed, (-closed, and pre-closed) if C-(n, I-(n,Cr(n, hc,r),7),7)
C hce (resp., I:(n,Cr(n,hc,r),7) T he, I:(n,Cr(n,I:(n,hc,7),r),7) C he, and
Cr(n,I:(n,hc,r),r) C he) for each n € N.

Remark 2. The complement of r-fuzzy soft a-closed (resp., semi-closed, -closed, and
pre-closed) set is r-fuzzy soft a-open [11] (resp., semi-open [11], S-open [30], and pre-open
[30]) set.

Lemma 2. Let (W, 7y) be an FSTS and r € Iy, then any intersection (resp., union) of
r-fuzzy soft a-closed (resp., a-open) sets is an r-fuzzy soft a-closed (resp., a-open) set.

Proof. Easily proved from Definitions 8 and 12.

e~

Proposition 1. Let (W, 7y) be an FSTS, h¢ € (W,N), n € N, and r € Iy, then the
following statements are equivalent.

(1) he is r-fuzzy soft a-closed.

(2) he is r-fuzzy soft semi-closed and r-fuzzy soft pre-closed.
Proof. (1) = (2) Let h¢ be an r-fuzzy soft a-closed,
he 3 CT(n7 I‘,-(TL, CT(na he, T)a ’I"), T) = IT(n7 CT(na he, T‘), T)-

This shows that h¢ is r-fuzzy soft semi-closed.

Since h¢ 3 Cr(n, I (n,Cr(n, he,r),r),r) and Cr(n, hc,r) 3 he, then
he 3 Cr(n, I (n, heyr),r).

Therefore, h¢e is r-fuzzy soft pre-closed

(2) = (1) Let hc be an r-fuzzy soft semi-closed and r-fuzzy soft pre-closed, then
he 3 Cr(n, Ly (n, I:(n, Cr(n, he,r),r),7),r) = Cr(n, I:(n,Cr(n, hc,r),7),r). This shows
that ho is r-fuzzy soft a-closed.

Proposition 2. Let (W, 7y) be an FSTS, gp,hc € (W,N), n € N, and r € Iy. If gp
is an r-fuzzy soft semi-closed set, such that ggp J he J Cr(n,I;(n,gp,r),7), then he is
r-fuzzy soft a-closed.
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Proof. Let g be an r-fuzzy soft semi-closed and gg 3 h¢, then
g 3 I;(n,Cr(n,gp,r),r) 3 I-(n,Cr(n, heyr),r).
Let he J C-(n, I:(n,gB,7),r), then
he 3 Cr(n, I:(n, I:(n, Cr(n, he,r),7r), 1), 1) = Cr(n, I+ (n,Cr(n, heyr),m), 7).

Therefore, h¢o is r-fuzzy soft a-closed.

Lemma 3. Let (W, 7x) be an FSTS, gg,hc € (W,N), n € N, and r € Iy. If gp is an
r-fuzzy soft a-closed set, such that gg J he J Cr(n,I-(n,gp,r),r), then he is r-fuzzy
soft a-closed.

Proof. 1t is easily proved from every r-fuzzy soft a-closed set that is an r-fuzzy soft
semi-closed set.

Remark 3. From the previous definition, we can summarize the relationships among
different types of fuzzy soft sets as in the next diagram.

fuzzy soft a— closed set

. \
fuzzy soft semi—closed set fuzzy soft pre—closed set
U 4

fuzzy soft B — closed set

Remark 4. The converses of the above relationships may not be true, as shown by
Examples 1 and 2.

Xt

Example 1. Let W = {wy,w2}, N = {ni1,ns}, and define fn,gn,hn € (
follows: fn = {(n1,{g%: o3} (2, {5, 03D} av = {(n1. {55, 531}): (ne, %7%/2}

hy = {(nl,{03, 521, (77,2,{03, 02 )}. Define fuzzy soft topology 7 : N — [0, 1](W’N)
as follows:

,if iy e {®,N}, ,if iy e {®,N},
. if ty = fa, . i ity = f,
, if ty =gn, , if ty =gn,

Tna (IN) = oo (IN) =

if tny=/fnMygn,
if ty=fnUgn,
otherwise,

if tny=fnTgn,
if ty=fnUgn,
otherwise.

[ R N P N V) [ SN [

O NI Wi W =

r

Thus, hy is %—fuzzy soft semi-closed and %—fuzzy soft B-closed, but it is neither %—fuzzy
soft a-closed nor %—fuzzy soft pre-closed.
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Example 2. Let W = {wi, w2}, N = {n1,n2}, and define fy,hn € ( N) as fol-
lows: fn = {(nlv %78}% )7(”27 %7%/}\}/) hy = {(nh (1)071778% )7(77’27{5”7 (Q)Ui})} De-

fine fuzzy soft topology 7y : N — [0, 1](W:V) as follows:

1, if tye{® N}, 1, if tye{® N},
oy (tN) = 3, if tn = fu, Ty () = ¢ 5, if ty = fu,
0, otherwise, 0, otherwise.

Thus, Ay is %—fuzzy soft pre-closed and %-fuzzy soft [-closed, but it is neither %-fuzzy
soft semi-closed nor %—fuzzy soft a-closed.

Definition 13. In an FSTS (W, 7y), for each hc € (W N) n € N, and r € Iy, we define a
fuzzy soft _a-closure operator aCr: N x (W, N) X Iy — (VV, N) as follows: aCr(n, hc,r) =
M{fac€ (W, N):he T fa, fais r-fuzzy soft a-closed}.

Theorem 1. In an FSTS (W, Tn), for each gg,hc € (W N), n € N, and r € I, the
operator aC; : N X (W N) x I, — (W N) satisfies the following properties.

(1) aCr(n,@,r) = ®.

(2) h¢e E aCr(n,he,r) C Cr(n, heyr).

(3) aCr(n,hc,r) C aC-(n,gp,r) if, he C gp.

(4) aCr-(n,aCr(n,hc,r),r) = aCr(n, he, ).

(5) aC-(n,h¢c U gp,r) 3 aCr(n,he,r) U aCr(n, gp, ).
(6) aCr(n,hc,r) = he iff he is r-fuzzy soft a-closed.

(7) aCr(n,Cr(n,he,r),r) = Cr(n, he,r).

Proof. (1), (2), (3), and (6) are easily proved from Definition 13.

(4) From (2) and (3), aCr(n,hc,r) C aCr(n,aCr(n, he,r),7r). Now, we show that
aCr(n,he,r) 3 aCr(n,aCr(n,he,r),7). Suppose that aCr(n,hc,r) does not contain
aCr(n,aCr(n, he,r),r), then there is w € W and s € (0,1), such that

aCr(n,he,r)(n)(w) < s < aCr(n,aCr(n, hc,r),r)(n)(w). (A)

Since aCr(n,hc,r)(n)(w) < s, by the definition of aC;, there is gp as an r-fuzzy
soft a-closed with h¢e C g¢p, such that aCr(n,hc,r)(n)(w) < gp(n)(w) < s. Since
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hce T gp, we have aCr(n,hc,r) C gp. Again, by the definition of aC;, we have
aCr(n,aCr(n,hc,r),7) C gp. Hence, aCr(n,aC-(n,hc,r),r)(n)(w) < gg(n)(w) < s,
which is a contradiction for (A). Thus, aC;(n,hc,r) I aCr(n,aCr(n,he,r),r), then
aCr(n,aCr(n,hc,r), 1) = aCr(n, hc,r).

(5) Since h¢ and gp C he U gp, hence by (3), aCr(n,hc,r) T aCr(n,he U gp,r)
and aCr(n,gp,r) T aCr(n,hc U gp,r). Thus, aC-(n,hc U gp,r) 3 aCr(n,hc,r) U
aCr(n,gp,T).

(7) From (6) and C-(n, h¢, r) is r-fuzzy soft a-closed set, then aCr(n, Cr(n, he,r), 1) =
Cr(n,he,r).

Theorem 2. In an FSTS (W, 7y), for each h¢ € (m), n € N, and r € Iy, we define a
fuzzy soft a-interior operator al, : N x (W, N) x I, — (W, N) as follows: al (n,hc,r) =

U{fa€ (W,N): faC hg, faisr-fuzzy soft a-open}. For each gp and he € (W, N), the
operator al, satisfies the following properties.

(1) al;(n,N,r) = N.

(2) Ir(n, he, ) E ol (n, ho,r) E he.

(3) al:(n,hc,r) E al(n,gp,7) if, he C gp.

(4) alr(n,al;(n,he,r),7) = al(n, he, ).

(5) al;(n,hc,r)Nal(n,gg,r) 3 al-(n,hc N gp,T).

(6) al;(n,hc,r) = he iff he is r-fuzzy soft a-open.

(7) al;(n, h¢,r) = (aCr(n, he,7))°.

Proof. (1), (2), (3), and (6) are easily proved from the definition of al;.
(4) and (5) are easily proved by a similar way in Theorem 1.

(7) For each h¢ € (m), n € N, and r € Iy, we have al-(n,hé,r) = U{fa € (m) :
fa € hE, fais r-fuzzy soft a-open} = [{fG € (W,N) : h¢ T fq, fq is r-fuzzy soft a-closed}|®
= (aCr(n, he,r))°.

—_—~—

Definition 14. Let (W, 7y) be an FSTS, r € Iy, and gp, hc € (W, N), then we have
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(1) Two fuzzy soft sets gp and h¢ are called r-fuzzy soft a-separated iff g 4 aCr(n, he, )
and ho 4 aCr(n,gp,r) for each n € N.

(2) Any fuzzy soft set which cannot be expressed as the union of two r-fuzzy soft
a-separated sets is called an r-fuzzy soft a-connected.

Theorem 3. In an FSTS (W, 7y), we have:

—_——

(1) If f4 and gp € (W, N) are r-fuzzy soft a-separated and h¢, tp € (W, N) such that
hce C fa and tp C gp, then he and tp are r-fuzzy soft a-separated.

(2) If fa 4 g and either both are r-fuzzy soft a-open or both are r-fuzzy soft a-closed,
then f4 and gp are r-fuzzy soft a-separated.

(3) If f4 and gp are either both r-fuzzy soft a-open or both r-fuzzy soft a-closed, then
faM gy and gp M f§ are r-fuzzy soft a-separated.

Proof. (1) and (2) are obvious.

(3) Let fa and gp be an r-fuzzy soft a-open. Since f4 M g% C g5, aCr(n, faNgy,r) C
g% and hence aCr(n, faMgh,7) 4 gp. Then, aCr(n, faT gy, r) 4 (g™ £9)-
Again, since g¢gp M fq C f9, aCr(n,gp M fq,r) C f4 and hence aCr(n,gB

Nf5,r) 4 fa. Then, aCr(n,gp M f5,7) 4 (faMg%). Thus, faMg$ and gp M fq are r-fuzzy
soft a-separated. The other case follows similar lines.

Theorem 4. In an FSTS (W, 7x), then fa, g € (W, N) are r-fuzzy soft a-separated iff
there exist two r-fuzzy soft a-open sets hg and tp such that f4 C he, g Ctp, fa 4 tp,
and gp 4 he.

Proof. (=) Let f4 and gg € (W, N) be an r-fuzzy soft a-separated, f4 C (aCr(n,gp,7))°¢
hce and gp T (aCr(n, fa,7))¢ = tp, where tp and he are r-fuzzy soft a-open, then
tp faCr(n, fa,r) and he gaCr(n,gp,r). Thus, gg 4 he and fa 4 tp. Hence, we obtain
the required result.

(<) Let he and tp be an r-fuzzy soft a-open such that gg C tp, fa C he, 9B 4 he and
faftp. Then, gp T hi and fa C t%. Hence, aCr(n, g, r) C A and aCr(n, fa,7) T t5.
Then, aCr(n,9p5,7) 4 fa and aCr(n, fa,7) 4 gp. Thus, gp and f4 are r- fuzzy soft a-
separated. Hence, we obtain the required result.

Theorem 5. In an FSTS (W, 7y), if g € (W, N) is r-fuzzy soft a-connected such that
9B C fa C aCr(n,gp, 1), then f4 is r-fuzzy soft a-connected.
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Proof. Suppose that f4 is %tr—fuzzy soft a-connected, then there is r-fuzzy soft
a-separated sets hy, and t}, € (W, N) such that fy = h} Ut},. Let he = gp M A and
tp = gp Mtp, then gp = tp U he. Since hg & b and tp C t},, by Theorem 3(1), hc
and tp are r-fuzzy soft a-separated, which is a contradiction. Thus, f4 is r-fuzzy soft
a-connected, as required.

3. On fuzzy soft a-continuity

Here, we investigate some properties of fuzzy soft a-continuous mappings. Addition-
ally, we introduce and study the notions of fuzzy soft almost (weakly) a-continuous map-
pings, which are weaker forms of fuzzy soft a-continuous mappings. Also, we show that
fuzzy soft a-continuity = fuzzy soft almost a-continuity = fuzzy soft weakly a-continuity.

Definition 15. [11] Let (W,7n) and (V,nr) be an FSTSs and r € I,. A fuzzy soft
mapping ¢y : (W, N) — (V, F) is called fuzzy soft a-continuous if @;1(hc) is r-fuzzy
soft a-open set for each h¢o € (V,/\Z*{') with ng(he) > 7, n € N, and (k= (n)) € F.

Theorem 6. Let (W,7y) and (V,nr) be an FSTSs, and ¢y, : (m) — (V,F) be a

—_—

fuzzy soft mapping. The following statements are equivalent for each fq € (V,F), n € N,
(k=1(n)) € F,and r € I:

(1) ¢y is fuzzy soft a-continuous.

(2) For each fa with ni(fq) >, cpill(fA) is r-fuzzy soft a-closed.
(3) aCr(n, ¢y, (fa),m) C 0y (Cy(k, fa,7)).

(4) @5 Iy(k, £a,7)) € ol (n, 931 (f4), 7).

(5) C‘r(nvIT(n7 C‘r(nv(:olzl(fA)aT)vr)?T) C @;1(Cn(k’fA7T))-

Proof.
(1) & (2) Follows from Remark 2 and goqf(ffl) = (cp;bl(fA))C.

—~—

(2) = (3) Let fa € (V,F), hence by (2), goqzl(Cn(k,fA,r)) is r-fuzzy soft a-closed.
Then, we obtain aC(n, cpqzl(fA), r) C (p;I(Cn(k, fa,r)).

(3) < (4) Follows from Theorem 2(7).
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(3) = (5) Let fa € (V, F), hence by (3), we obtain C(n, I-(n,C-(n, gplzl(fA),r), r),r) C
aC‘r(nv @1;1(fA)’T) C Qozzl(cn(k) fA,T))'

P

(5) = (1) Let fa € (V,F) with ng(fa) > r, hence by (3), we obtain (cpq;l(fA))c =
0y (F) 2 Cr(n,In(n, Cr(n, o5t (f3),7),m)r) = (Ie(n, Cr(n, Ir(n, 0 (£a), 1), 7),7)%

Then, cp;l(fA) C I (n,Cr(n, I (n, w;l(fA),r),r),r), SO (p;l<f,4) is r-fuzzy soft a-open.
Hence, ¢y is fuzzy soft a-continuous.

Lemma 4. Every fuzzy soft continuous mapping [19] is fuzzy soft a-continuous.

Proof. Follows from Definitions 6 and 15.

Remark 5. The converse of Lemma 4 is not true, as shown by Example 3.

Example 3. Let W = {wj,wa, w3}, N = {n1,ns}, and define fn,gn,hn € (W, N) as:
fN = {(nla{%a g%a SU% )7(”27{%7%7 (1)07?, )}79N = {(nh{%?%aﬁ )a.(n2a{%a %7% )}7
hy ={(n1, {53, 63> 511) (2, {53, 63> 54 1) - Define fuzzy soft topologies 73,y : N —

—

[0, 1]W:N) as follows: Vn € N,

1, if tye{® N}, 1, if tye{® N},
1 1
> if tN:fN 5 if tN:fN
7_ t — 27 ) t — 27 )
() 2, if ty =g, ) 5 if iy =hy,
0, otherwise, 0, otherwise.

Thus, the identity fuzzy soft mapping ¢y : (W,7n) — (W,nn) is fuzzy soft a-
continuous, but it is not fuzzy soft continuous.

Definition 16. Let (W,7y) and (V,nr) be an FSTSs. A fuzzy soft mapping ¢y :

—_—~—

(W,N) — (V, F) is called fuzzy soft almost (resp., weakly) a-continuous if for each n,,, €

E(\ﬁ) and each gp € (V, F) with ni(gg) > r containing ¢y (nw,), there is he € (W, N)
that is an r-fuzzy soft a-open set containing n,, such that ¢y (he) C L (k, Cy(k, gB,7),T)
(resp., py(hc) E Cy(k,gB,7)), n € N, (k=1(n)) € F, and r € L.

Lemma 5. (1) Every fuzzy soft a-continuous mapping is fuzzy soft almost a-continuous.

(2) Every fuzzy soft almost a-continuous mapping is fuzzy soft weakly a-continuous.

Proof. Follows from Definitions 15 and 16.

Remark 6. The converse of Lemma 5 is not true, as shown by Examples 4 and 5.
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Example 4. Let W = {wy, wy, w3}, N = {n1,n2}, and define gn, hy € (W, N) as follows:
gN = {(n17 {g%v %7 % )7 (n27 {%7 [1)1%7 E)U% )}7 hN = {(nh {%7 %7 % )7 (TLQ, {%7 (I]U%? E)U% )}

(W.N) as follows: Vn € N,

Define fuzzy soft topologies Ty, nn : N — [0, 1]

. 1, if ty € {® N},
1, if tye{® N}, O t]]VV :{gN }
Ta(tN) = %7 if ty =gn, Na(tn) = i’ T —h7
0, otherwise, 8’ th N_ N
, otherwise.

Thus, the identity fuzzy soft mapping ¢y : (W, 7n) — (W, nn) is fuzzy soft almost
a-continuous, but it is not fuzzy soft a-continuous.

Example 5. Let W = {wy, wy, w3}, N = {n1,n2}, and define gn, hy € (W, N) as follows:
gN = {(n17 %7%7% )7(”27{%7%7% )}7 hNij(”l?{%a%vg% )7(“27 %7%7% )}

Define fuzzy soft topologies 7y, 1y : N — [0, 1]W:Y) as follows: Vn € N,

1, if tye{® N}, 1, if tye{® N},
0, otherwise, 0, otherwise.

Thus, the identity fuzzy soft mapping ¢y : (W, 7n) — (W, nn) is fuzzy soft weakly
a-continuous, but it is not fuzzy soft almost a-continuous.

Theorem 7. Let (W, 7y) and (V,nr) be an FSTSs, and ¢y, : (m) — (T/,\_/F) be a

—_~—

fuzzy soft mapping. The following statements are equivalent for each fq € (V,F), n € N,
(k=1(n)) € F,and r € I:

(1) ¢y is fuzzy soft almost a-continuous.

(2) goqzl( fa) is r-fuzzy soft a-open, for each f4 is r-fuzzy soft regularly open.

(3) goqll( fa) is r-fuzzy soft a-closed, for each f4 is r-fuzzy soft regularly closed.
(4) aCx(n, w;l(fA),r) C @ll(Cn(k,fA,r)), for each f4 is r-fuzzy soft S-open.
(5) aCx(n, Lp;bl(fA),r) C w;l(Cn(k, fa,r)), for each fa is r-fuzzy soft semi-open.

(6) alr(n, ¢y (Iy(k, Cy(k, fa,7),7)),7) 2oy (fa), for each fa with ni(fa) = 7.
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—_~ e/~

Proof. (1) = (2) Let ny, € Ps(W) and fa € (V, F) be an r-fuzzy soft regularly open
set containing ¢y (nw,), hence by (1), there is he € (W, N) is r-fuzzy soft a-open set
containing n,,, such that ¢y (hc) C I,(k, Cy(k, fa,7),7).

Thus, he © @ (I(k, Cylk, fa,7),7)) = 93" (fa) and ny,Ehe C o' (fa). Then,
N, €1 (n, Cr(n, I (n, golzl(fA),T),r),r) and go;l(fA) C I;(n,Cr(n, I+ (n, ¢;1(fA),r),r), T).
Therefore, goqll( fa) is r-fuzzy soft a-open set.

(2) = (3) Let f4 be an r-fuzzy soft regularly closed set, hence by (2), gpqzl(ff‘) =
(goll( fa))¢ is r-fuzzy soft a-open set. Then, gpll( fa) is r-fuzzy soft a-closed set.

(3) = (4) Let fa be an r-fuzzy soft S-open set. Since Cy(k, fa,r) is r-fuzzy soft
regularly closed set, hence by (3), cp;bl(Cn(k, fa,r)) is r-fuzzy soft a-closed set. Since

05! (f4) € ¢y, (Cylk, fa,7)), then we have aCyr(n, ¢, (fa),7) E @5 (Cy(k, fa, 7).

(4) = (5) This is obvious from each r-fuzzy soft semi-open set that is an r-fuzzy soft
(B-open.

(5) = (3) Let fa be an r-fuzzy soft regularly closed set, hence fa is r-fuzzy soft
semi-open. Then by (5), aCT(n,goll(fA),r) C ¢;1(Cn(k,fA,r)) = @;l(fA). Therefore,
301;1( fa) is r-fuzzy soft a-closed set.

e~

(3) = (6) Let fyq € (V, F) with ng(fa) > r and nwségolzl(fA), then we have

nwsé()oq;l(jn(k7 Cﬂ(ka fAJ’),T)).

Since [I,)(k, Cy(k, fa,r),r)]¢ is r-fuzzy soft regularly closed set, cp;l([ln(k:, Cy(k, fa,r),7)]°)
is r-fuzzy soft a-closed set (from (3)). Thus, ¢;1(In(k, Cy(k, fa,r),r)) is r-fuzzy soft a-
open set and n,, €al;(n, goqzl(ln(k,C’n(k:,fA,r),r)),r). Then,

501;1(fA) C Ol[r(na 901;1(]77(]{3’ Cn(ka anT),T))aT)-

—_—

(6) = (1) Let Ny, € Ps(W) and fa € (V,F) with ng(fa) > r containing ¢y (n.,),
hence by (6), @5 (fa) C alr(n, ¢ (I (k, CylFs fa,7),7)), 7).

Since nwsécplzl(fA), then we obtain nwséaIT(n,golzl(ln(k,Cn(k:,fA,r),r)),r) = h¢o

(say). Hence, there is he € (W, N) is r-fuzzy soft a-open set containing n,,, such that
oy(hc) E Iy(k,Cy(k, fa,r),r). Therefore, ¢y is fuzzy soft almost a-continuous.

In a similar way, we can prove the following theorem.
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Theorem 8. Let (W, 7y) and (V,nr) be an FSTSs, and ¢y, : (m) — (V,F) be a

—_—

fuzzy soft mapping. The following statements are equivalent for each fq € (V,F), n € N,
(k=1(n)) € F, and r € I:

(1) ¢y is fuzzy soft weakly a-continuous.

(2) Ir(n, Cr(n, I (n, 0 (Cyky fasr))r)yr)r) - Dogt (fa), if m(fa) > 7.
(3) Cr(n, I (n, Cr(n, o (I (ks fa,7)),m),m),m) oyt (fa), if () > 7
(4) aCr(n, o5 (I (k, fa,))r) © oy (Fa), i mi(f5) = 7

(5) aCr(n, o, (I (k, Cy (ks fasr),7)),7) © 0, (Cy (e, fa,m)).

(6) T (n, 0y, (Cy (e, (ks fasr),m))sm) Doy (T, faim)).

(7) 90;10014) C OéIT(”a gplzl(cn(k‘,fA,T‘)),T), if nk(fA) >

Remark 7. From the previous definitions and results, we can summarize the relationships
among different types of fuzzy soft continuity as in the next diagram.

fuzzy soft continuity = fuzzy soft a-continuity
I U
fuzzy soft almost continuity = fuzzy soft almost a-continuity
I I
fuzzy soft weakly continuity = fuzzy soft weakly a-continuity

Proposition 3. Let (W,7n), (V,nr) and (U,vg) be an FSTSs, and ¢y, : (m) —

(V. F), ¢+ (V,F) — (U, E) be two fuzzy soft functions. Then, the composition ¢j,.opy
is fuzzy soft almost a-continuous if ¢y, is fuzzy soft a-continuous and Py 18 fuzzy soft
almost continuous (resp., continuous).

Proof. The proof is obvious.

—_—

Let H and 7 : N (m) x I, — (/_,\N) be operators on (W, N), and J and K

P S —_—

:F x (V,F) x I, — (V, F) be operators on (V, F).
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Definition 17. [11] Let (W, 7n) and (V,nF) be an FSTSs. ¢y : (m) — (T/,\/F) is said
to be a fuzzy soft (H,Z, T, K)-continuous mapping if

Hn, @Jl(IC(k, he,r)),r] 11 Z[n, gozzl(j(k, he,r)),r] = ®

—_—

for each h¢ € (V, F) with ng(hc) > 7, n € N, and (k = (n)) € F.

In (2023), Alshammari et al. [11] defined the notion of fuzzy soft a-continuous

mappings: goqzl(hc) C I (n,Cr(n, I (n, gpll(hc),r),r),r), for each h¢e € (V,F) with
nk(he) > r. We can see that Definition 17 generalizes the concept of fuzzy soft con-
tinuous functions when we choose H = identity operator, Z = interior closure interior
operator, J = identity operator, and K = identity operator.

A historical justification of Definition 17:

(1) In Section 3, we obtained the notion of fuzzy soft almost a-continuous mappings:
goll(hc) C al;(n, go;l(ln(k,C’n(k,hc,r),r)),r), for each he € (V, F) with ni(hc) > 7.
Here, H = identity operator, Z = a-interior operator, J = interior closure operator, and
K = identity operator.

(2) In Section 3, we obtained the notion of fuzzy soft weakly a-continuous mappings:

@Jl(hc) C ol (n, cp:bl(Cn(k:,hc,r)),r), for each he € (V, F) with ng(he) > r. Here, H
= identity operator, Z = a-interior operator, J = closure operator, and K = identity
operator.

4. Fuzzy soft a-compactness

Here, some novel types of fuzzy soft compactness via r-fuzzy soft a-open sets were
introduced and the relationships between them were explored with the help of some ex-
amples.

Definition 18. Let (W, 7y) be an FSTS and r € I, then h¢ € (m) is called an r-fuzzy

soft compact iff for every family {(gp)s € (W,N) | 7.((gp)s) > r for each n € N}sea,
such that h¢o C Usea(gp)s, there is a finite subset A, of A, such that he C Usea, (98)s-

Definition 19. Let (W, 7y) be an FSTS and r € I, then he € (W, N) is called an r-fuzzy

soft a-compact iff for every family {(gr)s € (W,N) | (gB)s is r-fuzzy soft a-open}sca,
such that h¢ C Usea(gn)s, there is a finite subset A, of A, such that he C Usea, (98)s-
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P

Lemma 6. Let (W, 7y) be an FSTS and r € I,. If hg € (W, N) is r-fuzzy soft a-compact,
then h¢o is r-fuzzy soft compact.

Proof. Follows from Definitions 18 and 19.

Theorem 9. Let ¢, : (W,7n) — (V,nFr) be a fuzzy soft a-continuous mapping. If

hc € (W, N) is r-fuzzy soft a-compact, then ¢y (h¢c) is r-fuzzy soft compact.

Proof. Let {(gp)s € (V,F) | mx((98)s) = r}sea with ¢y (he) E Useal(gp)s for each
k € F. Then, {90121((93)5) e (W,N) | cp:bl((gg)g) is r-fuzzy soft a-open}sca (by ¢y
is fuzzy soft a-continuous) such that he C U56A¢;1((g3)5). Since h¢ is r-fuzzy soft

a-compact, there is a finite subset A, of A such that ho C I_I(;ergoll((gB)(g). Then,
oy (hc) T Usea, (gB)s. Hence, the proof is completed.

Definition 20. Let (W, 7y) be an FSTS and r € I, then h¢ € (m) is called an r-fuzzy

soft almost compact iff for every family {(g5)s € (W, N) | 7.((98)s) > r}sen, such that
he € Usea(gn)s, there is a finite subset A, of A, such that hg C Usea, Cr(n, (9B)s, ) for
each n € N.

—_——

Definition 21. Let (W, 7y) be an FSTS and r € I, then h¢ € (W, N) is called an r-fuzzy

soft almost a-compact iff for every family {(gg)s € (W, N) | (gB)s is r-fuzzy soft a-open}sca,
such that ho T Usea(9B)s, there is a finite subset A, of A, such that he C Usea, Cr(n, (98)s,7)
for each n € N.

—_—

Lemma 7. Let (W, 7y) be an FSTS and r € I,. If h¢ € (W, N) is r-fuzzy soft almost
a-compact, then hg is r-fuzzy soft almost compact.

Proof. Follows from Definitions 20 and 21.

Lemma 8. Let (W, 7y) be an FSTS and r € I,. If hg € (W, N) is r-fuzzy soft compact
(resp., a-compact), then h¢ is r-fuzzy soft almost compact (resp., almost a-compact).

Proof. Follows from Definitions 18, 19, 20, and 21.

Remark 8. The converse of Lemma 8 may not be true, as shown by Example 6.
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Example 6. Let V =1, n € N—{1}, and F = {ky, k2} be the parameter set of V. Define
gr, and fr, € (V,F) as follows V k € F":

0-87 lf v = 07 1
gr,(k)(v) = qnv, if 0<v< %, fr (k) (v) = {17
1 ) if % < S 17 27

if v=0,

otherwise.

Define fuzzy soft topology nr : F — [0,1]V"F) as follows: Vk € F,

, if tp e {D,F},
if tp < fm,
g, if e <gg,,
0, otherwise.

WIN Ut

n(tr) =

T

Thus, V is %—fuzzy soft almost compact, but it is not %—fuzzy soft compact.

Theorem 10. Let ¢, : (W,7n) — (V,nr) be a fuzzy soft continuous mapping. If

hc € (W, N) is r-fuzzy soft almost a-compact, then ¢, (he) is r-fuzzy soft almost compact.

Proof. Let {(gB)s € (V,F) | m((9B)s) > r}sea with py(hc) E Usea(gp)s for each

k € F. Then, {@1;1((93)5) € (W,N) | @;1((93)5) is r-fuzzy soft a-open}sea (by @y is
fuzzy soft a-continuous) such that he C Use Agolzl((gg)(;). Since h¢ is r-fuzzy soft almost

a-compact, there is a finite subset A, of A such that he C LI(;EAOCT(n,gc);l((gB)(;),r).
Since ¢, is fuzzy soft continuous mapping, it follows

Usea,Cr(n5 ((98)5).7) E

UseA, @;1 (Cn(k’ (93)57 T)) =

0y (Usea,Cn(k, (9B)s:7))-
Then, ¢y (hc) C Usea,Cy(k, (gB)s, 7). Hence, the proof is completed.

—_—~—

Definition 22. Let (W, 7y) be an FSTS and r € I, then he € (W, N) is called an r-fuzzy

soft nearly compact iff for every family {(g9g)s € (W,N) | 7.((98)s) > r}sea, such that
hce C Usea(gp)s, there is a finite subset A, of A, such that

he C Usea, I (n, Cr(n, (9B)s, 1), r) for each n € N.



W. Alqurashi, I. M. Taha / Eur. J. Pure Appl. Math, 17 (4) (2024), 4112-4134 4129

—_—~—

Definition 23. Let (W, 7y) be an FSTS and r € I, then h¢ € (W, N) is called an r-fuzzy

soft nearly a-compact iff for every family {(gp)s € (W, N) | (g9B)s is r-fuzzy soft a-open}sca,
such that ho C Usea(gp)s, there is a finite subset A, of A, such that

he C Usea, Ir(n, C-(n, (9B)s,7),7) for each n € N.

—_—

Lemma 9. Let (W, 7y) be an FSTS and r € I,. If hg € (W, N) is r-fuzzy soft nearly
a-compact, then hg is r-fuzzy soft nearly compact.

Proof. Follows from Definitions 22 and 23.

Lemma 10. Let (W, 7y) be an FSTS and r € I,. If he € (W, N) is r-fuzzy soft compact
(resp., a-compact), then h¢ is r-fuzzy soft nearly compact (resp., nearly a-compact).

Proof. Follows from Definitions 18, 19, 22, and 23.

Remark 9. The converse of Lemma 10 may not be true, as shown by Example 7.

Example 7. Let V =1,0 <n < 1, and F = {ky,ks} be the parameter set of V. Define

—_——

gr,, gr, and fp € (V| F) as follows V k € F:

if 0<wv<n,
=L if n<wv<l,

if v=0,

9k, (k)(v) if 0<v< 1

I
—
il—w—tz\cﬂ
3

gr (k) (v) = {1’
2
1 .
fp(k)(v):{i’ st

Define fuzzy soft topology np : F — [0, 1](V"F) as follows: Vk € F,

1a if tFe{gFafFa(I)aﬁ}v
Me(tr) = { max({1 —n,n}), if tr=gg,,
0, otherwise.

Thus, V is %—fuzzy soft nearly compact, but it is not %—fuzzy soft compact.
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Theorem 11. Let ¢y : (W,7n) — (V,nF) be a fuzzy soft continuous and fuzzy soft
open mapping. If hg € (W, N) is r-fuzzy soft nearly a-compact, then ¢y (hc) is r-fuzzy
soft nearly compact.

e~

Proof. Let {(g9B)s € (V. F) | m((9B)s) = T}sen with @y (hc) E Usea(gp)s for each

k € F. Then, {cpqzl((gg)(;) € (W,N) | @1;1((93)5) is r-fuzzy soft a-open}sea (by ¢y is
fuzzy soft a-continuous) such that he C Use Agqu((gg)g). Since h¢ is r-fuzzy soft nearly a-

compact, there is a finite subset A, of A such that he C Usea, I-(n, Cr(n, 4,01;1 ((gB)s),r),T).
Since ¢ is fuzzy soft continuous and fuzzy soft open mapping, it follows

ey (he) C Usea,op(Ir(n, Cr(n, oyt ((98)s): 1), 7))

C UseaoIy(k, 9o (Cr(n, 0 ((98)s), 7)), 7)

C Usea, In(k, o (0 (Cy(k, (98)s5,7))), )
L uéGAoIn(k7 Cn(kv (93)57 T)v T)'

Hence, the proof is completed.

Lemma 11. Let (W, 7y) be an FSTS and r € I,,. If h¢ € (W, N) is r-fuzzy soft nearly a-
compact (resp., nearly compact), then h¢ is r-fuzzy soft almost a-compact (resp., almost
compact).

Proof. Follows from Definitions 20, 21, 22, and 23.

Remark 10. From the previous definitions and results, we can summarize the relation-
ships among different types of fuzzy soft compactness as in the next diagram.

fuzzy soft a-compactness = fuzzy soft compactness

Y )
fuzzy soft nearly a-compactness = fuzzy soft nearly compactness
Y U

fuzzy soft almost a-compactness = fuzzy soft almost compactness
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5. Conclusion and future work

In this study, the concepts of fuzzy soft a-closure (a-interior) operators have been in-
troduced in an FSTSs based on the paper by Aygiinoglu et al. [19] and some of their basic
properties have been investigated. Thereafter, the notion of r-fuzzy soft a-connected sets
has been defined and studied. Furthermore, some properties of fuzzy soft a-continuous
mappings have been obtained between two FSTSs (W, 7y) and (V,nr). Moreover, as a
weaker form of the notion of fuzzy soft a-continuous mappings, the notions of fuzzy soft
almost (weakly) a-continuous mappings have been introduced and some of their charac-
terizations have been investigated. Also, we have shown that fuzzy soft a-continuity =
fuzzy soft almost a-continuity = fuzzy soft weakly a-continuity and we have the following;:

o Fuzzy soft (idw, I(Cr(I;)), idy, idy )-continuous mapping is fuzzy soft a-continuous.
o Fuzzy soft (idw, alr, I;)(Cy), idy )-continuous mapping is fuzzy soft almost a-continuous.
e Fuzzy soft (idw, alr, Cy, idy )-continuous mapping is fuzzy soft weakly a-continuous.

In the end, new types of soft compactness via r-fuzzy soft a-open sets have been
explored and the relationships between them have been studied.

In upcoming papers, we will use the fuzzy soft a-closure operator to define some new
separation axioms in an FSTS based on the paper by Aygiinoglu et al. [19]. Also, we shall
discuss some of the notions given here in the frames of fuzzy soft r-minimal structures

[30].
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