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Abstract. This paper introduces a new class of functions called (71, 72)-continuous functions.
Several characterizations of 0(71, 72)-continuous functions are investigated. The relationships be-
tween &(71, T2)-continuity and the other types of §(7y, 72)-continuity are also discussed.

2020 Mathematics Subject Classifications: 54C05, 54C08, 54E55

Key Words and Phrases: §(7, 72)-open set, §(71, 72)-continuous function

1. Introduction

The field of the mathematical science which goes under the name of topology is con-
cerned with all questions directly or indirectly related to continuity. By using various forms
of open sets many authors introduced and studied various types of continuity. In 1968,
Velicko [22] introduced a new class of open sets in topological spaces called d-open sets
and investigated some properties of d-closed sets and d-open sets. The class of open sets
including the class of d-open sets. In 1980, Noiri [17] introduced and studied the notion
of §-continuous functions. Munshi and Bassan [16] defined and developed the concept of
super-continuity. The concept has been investigated further by Reilly and Vamanamurthy
[21] where super-continuity is characterized in terms of the semi-regularization topology.
Super-continuity is related to the concepts of §-continuity and strong #-continuity devel-
oped by Noiri [17]. In particular, super-continuity is strictly between strong é-continuity
and d-continuity and strictly between complete continuity [1] and d-continuity. Raychaud-
huri and Mukherjee [20] introduced the concept of §-preopen sets which is weaker than
that of preopen sets and used this concept to define the notion of j-almost continuous func-
tions as a generalization of precontinuous functions due to Mashhour et al. [15]. Baker
[2] introduced and investigated the notion of weakly d-continuous functions. The class of
weakly d-continuous functions is a generalization of d-continuous functions.

In 1997, Park et al. [19] introduced the notion of §-semiopen sets by using d-open
sets due to Valicko [22]. In 2005, Ekici and Navalagi [13] introduced and investigated
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the concept of d-semicontinuous functions. The class of d-semicontinuous functions is
a weaker form of the classes of perfectly continuous functions [18], strongly #-continuous
functions [14] and super-continuous functions. Ekici [12] introduced the notion of almost 6-
semicontinuous functions which generalize R-maps [11] and §-continuous functions. Yiiksel
et al. [25] extended the concept of §-open sets to ideal topological spaces and defined J-
I-continuous functions. Moreover, some characterizations of 6-.#-continuous functions,
*-continuous functions and #(%)-precontinuous functions were presented in [3], [5] and [6],
respectively. In [9], the present authors introduced and studied the concept of (71, 72)-
continuous functions. Futhermore, several characterizations of almost (71, 72)-continuous
functions and weakly (71, 72)-continuous functions were established in [8] and [7], respec-
tively. In this paper, we introduce the notions of §(71, 72)-continuous functions, almost
d(71, 72)-continuous functions, and weakly (71, 72)-continuous functions. We also investi-
gate several characterizations of d(71, 72)-continuous functions, almost é(7y, 72)-continuous
functions, and weakly §(71, 72)-continuous functions. Finally, the relationships among
d(71, T2)-continuous functions, almost §(71, 72)-continuous functions, and weakly 6(7y, 72)-
continuous functions are discussed.

2. Preliminaries

Throughout the present paper, spaces (X, 71, 72) and (Y, 01,02) (or simply X and Y)
always mean bitopological spaces on which no separation axioms are assumed unless ex-
plicitly stated. Let A be a subset of a bitopological space (X, 71,72). The closure of A
and the interior of A with respect to 7; are denoted by 7;-Cl(A) and 7;-Int(A), respec-
tively, for ¢ = 1,2. A subset A of a bitopological space (X, 11, 72) is called 772-closed
[10] if A = 71-Cl(72-Cl(A)). The complement of a 77o-closed set is called T172-open.
The intersection of all 775-closed sets of X containing A is called the 7 7m5-closure [10]
of A and is denoted by 7172-Cl(A). The union of all 737m-open sets of X contained
in A is called the mym-interior [10] of A and is denoted by 7i7e-Int(A). A subset A
of a bitopological space (X, 71,72) is called (11, 72)r-open [23] (resp. (71,72)s-open [4],
(11, m2)p-open [4], (11, T2)B-open [4], a(11, m2)-open) [24]) if A = mi7o-Int(1172-CL(A)) (resp.
A g 7’1T2—Cl(T17‘2—IDt(A)), A g 7’1T2—II1t(7‘17’2—Cl(A)), A g TlTQ-Cl(TlTQ-Int(TlTQ-C](A))),
A C mymo-Int(7172-Cl(7172-Int(A4)))). The complement of a (71, 72)r-open (resp. (71,72)s-
open, (71, 7T2)p-open, (11,72)B-open, «(7i,72)-open) set is called (71, 72)r-closed (resp.
(71, T2)s-closed, (71, T2)p-closed, (11,72)B-closed, a(T1,72)-closed). Let A be a subset of
a bitopological space (X, 7,72). A point x of X is called a §(m, 72)-cluster point of A
if V.M A # 0 for every (71, 72)r-open set V containing x. The set of all §(71,72)-cluster
points of A is called the d(71, m2)-closure of A and is denoted by &(71, 72)-C1(A). A subset
A of a bitopological space (X, 11, 72) is called (71, 72)-closed if A = §(71,72)-Cl(A). The
complement of a §(71, 72)-closed set is called d(71,72)-open (Ti72-6-open [8]). The fam-
ily of all d(71,72)-open (resp. 0(71,72)-closed) sets of a bitopological space (X, 71, 72) is
denoted by (71, m2)O(X) (resp. (71, 72)C(X)). The 0(m1,m2)-interior of A denoted by
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d(11,72)-Int(A) is defined as follows:
O(71,2)-Int(A) =U{G C X | G € (11, 72)0(X) and G C A}.

Lemma 1. For a subset A of a bitopological space (X,11,72), © € §(11,72)-Cl(A) if and
only if VN A#D for every V € §(r1, 2)O(X) containing x.

Lemma 2. For a subset A of a bitopological space (X, T1,72), the following properties
hold:

(1) 6(11,72)-Int(X — A) = X — (71, 72)-Cl(A).
(2) 6(11,7m2)-CUX —A) =X — (71, m2)-Int(A).

3. On 0(7y, 72)-continuous functions

In this section, we introduce the notion of §(7y,72)-continuous functions. We also
discuss several characterizations of d(71, 72)-continuous functions.

Definition 1. A function f : (X,71,72) — (Y,01,02) is called 6(11,72)-continuous at
x € X if for each o109-open set V' of Y containing f(x), there exists a (71, 72)-open set
U of X containing x such that f(U) C V. A function f: (X, 11,72) — (Y,01,02) is said
to be 6(71,12)-continuous if f is 6(71, T2)-continuous at each point of X .

Example 1. Let X = {a,b, c} with topologies 71 = {0, {a}, {b},{a,b},{a,c}, X} and 7o =
{0,{a},{b},{a,b}, X}. LetY = {1,2,3} with topologies o1 = {0,{1},{3},{1,2},{1,3},Y}
and o9 = {0,{1},{3},{1,3},Y}. Define a function f: (X, 71,72) — (Y,01,02) as follows:
f(a) = f(c) =2 and f(b) =3. Then, f is §(71, T2)-continuous.

Theorem 1. For a function f : (X,71,7) — (Y,01,02), the following properties are
equivalent:

(1) f is §(71,T2)-continuous at x;

(2) x € 6(r1,72)-Int(f~1(V)) for every o109-open set V of Y containing f(z);

(3) x € f~Y(o109-Cl(f(A))) for every A C X such that x € 6(r1,72)-CI(A);

(4) x € f~Y(o102-CI(B)) for every B CY such that x € §(11,72)-Cl(f~1(B));

(5) x € §(m1,72)-Int(f~H(B)) for every B CY such that x € f~!(o109-Int(B));

(6) x € f71(F) for every o102-closed set F of Y such that x € §(1, 2)-CI(f~1(F)).

Proof. (1) = (2): Let V be any oj02-open set of Y containing f(x). By (1), There
exists a (71, 72)-open set U of X containing x such that f(U) € V. Hence, z € U C
f~YV). Therefore, z € 6(r1,72)-Int(f~1(V)).

(2) = (3): Let A C X such that x € §(r1,72)-Cl(A) and V' be any oj02-open set of
Y containing f(z). By (2), x € 6(r1,72)-Int(f~1(V)). Then, there exists a §(71, 72)-open
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set U of X containing  such that U C f~'(V). By Lemma 1, we have U N A # () and
hence () # f(UN A) C f(U)N f(A) € VN f(A). Thus, f(x) € 0109-Cl(f(A)) and so
x € f~Y(0102-C1(f(A))).

(3)= (4 ) Let B be any subset of Y and z € §(1,72)-C1(f~1(B)). Then by (3), we
hase 2 1 oiar CUSUE)) € 1 o100-0UE).
(4) = (5): Let B be any subset of Y and = € f~!(0102-Int(B)). Suppose that
x ¢ (11, 72)-Int(f~1(B)). Then, z € X — §(1y, 72)-Int(f~1(B)). Since

X — 5(7’1,7'2)—Int(f_1(B)) = (7, TQ)—Cl(f_l(Y — B))

and by (4), we obtain that z € f~1(0109-Cl(Y — B)) = X — f~(0102-Int(B)) and hence
r ¢ f~Y(o109-Int(B)), which is a contradiction that x € f~!(o109-Int(B)). Therefore,
x € (11, 72)-Int(f~1(B)).

(5) = (6): Let F be any oj09-closed set of Y and x € §(71, 72)-Cl(f~1(F)). Suppose
that ¢ f~1(F). Since Y — F is oyo9-openin Y, z € X — f"YF) = fY(Y - F) =
fY(o109-Int(Y — F)). By (5) and Lemma 2 (1), we have

z € 6(r,m)-Int(f 1Y — F)) = X — 6(r1, 72)-CL(f 1 (F))

and hence x ¢ §(71,72)-CI(f~1(F)). This is a contradiction. Therefore, x € f~1(F).
(6) = (2): Let V be any oj02-open set of Y containing f(z). Then, z € f_ %

Suppose that = & §(1, 72)-Int(f~1(V)). By Lemma 2 (2), z € X — (71, 72)- Int( Yv ))

§(m1,m2)-Cl(f~1(Y — V)). Since Y — V is oy09-closed in Y and by (6), we have

refH Y —V)=X - f}(V).

This implies that = ¢ f~!(V), which is a contradiction. Thus, x € §(1, 7o)-Int(f~1(V)).

(2) = (1): Let x € X and V be any ojoz-open set of Y containing f(x). By (2),
we have z € 6(7y, 72)-Int(f~1(V)). Then, there exists a §(71,72)-open set U such that
r €U C f~1(V). Thus, f(U) C V. This shows that f is §(71, 72)-continuous at z.

Theorem 2. For a function f : (X,7,7) — (Y,01,02), the following properties are
equivalent:

(1) f is 6(r1,72)-continuous;

(2) f~Y(V) is §(m1, 72)-open in X for every oi0o2-open set V of Y ;

(3) £(5(r1,72)-Cl(A)) C o102-Cl(f(A)) for every subset A of X ;

(4) 6(r1,m2)-Cl(f~Y(B)) C f~'(0109-Cl(B)) for every subset B of Y;
(5) f~Yo102-Int(B)) C &(11, m2)-Int(f~1(B)) for every subset B of Y;
(6) f~Y(F) is 6(71,72)-closed in X for every oi0a-closed set F of Y.
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Proof. (1) = (2): Let V be any oy09-open of Y and = € f~1(V). By (1), there exists
a 0(71,T2)-open set U of X containing = such that f(U) C V. Thus, z € U C f~1(V)
and hence z € 6(7y, 72)-Int(f~1(V)). This implies that f=1(V) C §(71, m2)-Int(f~1(V)).
Therefore, f~1(V) is (71, 72)-open in X.

(2) = (3): Let A be any subset of X and let = € (7, 72)-Cl(A). Then, we have
f(z) € f(0(r1,72)-Cl(A)). Let V be any ojo9-open set of Y containing f(x). By (2),
7YV is §(r1,m)-open in X. Therefore, z € f~H(V) = §(r, 7)-Int(f~1(V)). Then,
there exists a &(7,72)-open set U of X containing z such that U C f~1(V). Since
x € (11, 72)-Cl(A), then UN A # (. Hence, 0 # f(UNA) C f(U)N f(A) CV N fA).
Thus, f(x) € 0109-Cl(f(A)) and so f(d(m1,72)-Cl(A)) C 0102-Cl(f(A)).

(3) = (4): Let B be any subset of Y. Then by (3), f(d(ri, ) 1(f~4(B))) C
0109-C1(f(f~Y(B))) C 102-CI(B). Therefore, §(1, 72)-Cl(f~1(B)) C f~'(o102-Cl(B)).
(4) = (5): Let B be any subset of Y. By ( ) and Lemma 2 (2), we have

X — 6(11, 72)-Int(f~Y(B)) = §(m1, )-CL(f~L(Y — B))
C fH(o102-CI(Y — B))
=X — fYoy102-Int(B))

and hence f~!(o109-Int(B)) C 6(r1, 2)-Int(f~1(B)).

(5) = (6): Let F be any o109-closed set of Y. Then, Y — F'is o109-open in Y. By (5)
and Lemma 2 (1), we obtain that X — f~Y(F) = f~1(Y — F) = f~}(o100-Int(Y — F)) C
§(m1, 7)-Int(f~H(Y — F)) = X — §(m1, 72)-Cl(f~1(F)). Therefore, §(71,72)-Cl(f~1(F)) C
f~Y(F). This shows that f~(F) is 6(r, 72)-closed in X.

(6) = (2): Let V be any oj02-open set of Y. Then, Y —V is gy09-closed in Y. By (6),
we have X — f~1(V) = f~1(Y — V) is 6(71, 72)-closed in X. Thus, f~(V) is d(1, 72)-open
in X.

(2) = (1): Let z € X and V be any oj09-open set of Y containing f(z). By (2),
f~YV) is §(1,m2)-open in X. Hence, x € f~1(V) = §(71,72)-Int(f~1(V)). Then, there
exists a §(71, 72)-open set U such that x € U C f~1(V). Therefore, f(U) C V. Thus, f is
d(71, T2)-continuous at x. This shows that f is §(71, 72)-continuous.

4. On almost §(m, 73)-continuous functions

In this section, we introduce the notion of almost (71, 72)-continuous functions and
investigate some characterizations of almost (71, 72)-continuous functions. Moreover, the
relationships between (71, 72)-continuous functions and almost §(7, 72)-continuous func-
tions are considered.

Definition 2. A function f : (X,71,7) — (Y,01,02) is said to be almost §(11,72)-
continuous at x € X if for each oio9-open set V. of Y containing f(x), there exists
a 0(11,m2)-open set U of X containing x such that f(U) C o102-Int(o102-Cl(V)). A
function f : (X, 711,72) = (Y,01,02) is called almost 6(11,72)-continuous if f is almost
d(71, 72)-continuous at each point of X.
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Remark 1. For a function f: (X, m,172) — (Y,01,02), the following implication holds:
d(71, T2)-continuity = almost (11, T2)-continuity.

The converse of the implication is not true in general. We give an example for the
implication as follows.

Example 2. Let X = {1,2,3,4} with topologies 71 = {0,{1},{2},{1,2}, X} and

m = {0, {1}, {2}, {3}, {1,2},{1,3},{2,3},{1,2,3}, X}
Let Y = {a,b,c} with topologies o1 = {0, {a}, {b},{a,b},Y} and

02 = {Q)v {CL}, {b}7 {a7 b}7 {av 0}7 Y}

A function f : (X,71,72) — (Y,01,02) is defined as follows: f(1) = a, f(2) = b and
fB) = f(4) =c. Then f is almost §(11, T2)-continuous, but f is not §(71,72)-continuous.

Theorem 3. For a function f : (X,7,7) — (Y,01,02), the following properties are
equivalent:

(1) f is almost §(71, T2)-continuous at x;

(2) x € 6(m1,m2)-Int(f~1(0109-Int(0102-CI(V)))) for every oioz-open set V of Y con-
taining f(z);

(3) x € 6(r1,m2)-Int(f~1(V)) for every (o1,02)r-open set V of Y containing f(z);

(4) for each x € X and each (o1, 02)r-open set V of Y containing f(z), there exists a
d(71,m2)-0pen set U of X containing x such that f(U) C V.

Proof. (1) = (2): Let V be any ojo9-open set of Y containing f(x). Since f is
almost (7, T2)-continuous at = € X. There exists a d(71, 72)-open set U of X containing
x such that f(U) C o109-Int(0102-C1(V)). Thus, € U C f~(o109-Int(c102-C1(V))).
Therefore, x € §(1, 7o)-Int(f 1 (g109-Int(c102-C1(V)))).

(2) = (3): Let V be any (01, 02)r-open set of Y containing f(x). Then, V is o102-open
in Y. By (2), z € 6(r1, 72)-Int (f ~!(109-Int (0102-CL(V)))) = 5 (71, 72)-Int (£ ~L(V)).

(3) = (4): Let V be any (o1, 02)r-open set of Y containing f(x). Thus by (3), we
have z € 6(71, 72)-Int(f~1(V)). Then, there exists a d(71, 72)-open set U of X such that
x €U C f~1(V). Therefore, f(U) C V.

(4) = (1): Let x € X and V be any ojoz-open set of Y containing f(x). Since
o109-Int(0109-C1(V)) is a (01, 092)r-open set and by (4), there exists a d(71, 72)-open set
U of X containing = such that f(U) C oi09-Int(0102-Cl(V')). Consequently, f is almost
d(71, T2)-continuous at x.

Theorem 4. For a function f : (X,7,7) — (Y,01,02), the following properties are
equivalent:
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(1) f is almost 6(11,T2)-continuous;
(2) f~YV) C 8(r1,m)-Int(f = (o102-Int(c102-CI(V')))) for every o1o9-open set V of Y;
(3) 6(1,72)-Cl(f 1 (o102-Cl(o109-Int(F)))) C f~1(F) for every o102-closed set F of Y;

(4) 5(7_1,TQ)-Cl(fil(0'10'2-Cl(O’lO'Q-I’I’lt(O’lO’Q-Cl(B))))) - fﬁl(UIUQ-CZ(B)) fOT' every sub-
set B of Y,

(5) f~Yo109-Int(B)) C (71, 72)-Int(f 1 (g102-Int(c102-Cl(g109-Int(B))))) for every sub-
set B of Y;

(6) f~Y(V) is §(m1,m2)-open in X for every (o1, 09)r-open set V of Y;
(7) f~Y(F) is 6(11,72)-closed in X for every (o1, 09)r-closed set F of Y.

Proof. (1) = (2): Let V be any oj09-open set of Y and = € f~1(V). Since f is
almost 0 (71, 72)-continuous, there exists a §(71, 72)-open set U of X containing x such that
fU) C oy09-Int(oy09- CI(V)). Then, we have z € U C f~!(o109-Int(0102-C1(V))) and
hence = € §(11, 72)-Int(f ! (o102-Int(0102-C1(V)))). This implies that

1 (V) C(my,m2)-Int(f~ (0102 Int(o109-C1(V)))).

(2) = (3): Let F be any oj02-closed set of Y. Then, Y — F'is oj09-open in Y. Thus by
(2), we have X — f~Y(F) = f~Y(Y = F) C 6(r1, 72)-Int(f ! (c109- Int(0102 ClY —F)))) =
(5(7’1,7’2) Int(ff (Y 01092~ 01(0102 Int(F)))) X— 5(7’1,7‘2) Cl(f (0102 01(0102 Int(F))))
and hence 6(71, 72)-Cl(f "1 (0102-Cl(c102-Int(F)))) C f~1(F).

(3) = (4): Let B be any subset of Y. Then, 0102-Cl(B) is o109-closed in Y and by
(3), 8(1, 72)-Cl(f~Y(0102-Cl(o102-Int(0102-C1(B))))) € f~1(o102-C1(B)).

(4) = (5): Let B be any subset of Y. Then by (4),

f

“Hoyoo-Int(B)) = X — £ (0109-C1(Y — B))
CcCX-— 5(7’1,7‘2) Cl(f (010'2 01(0'10'2 Int(alag Cl( B)))))
= 0(71, 72)-Int(f ! (o1 09-Int(0109-Cl(o109-Int( B))))).

Therefore, f~(o109-Int(B)) C §(1, 72)-Int(f ~1 (01 09-Int (01 09-Cl(0102-Int(B))))).

(5) = (6): Let V be any (o1,092)r-open set of Y. Then, V is a 0102—0pen set of
Y and V = 0102 Int(0102-Cl(o102-Int(V))). By (5), f~1(V) = fY(o102-Int(V)) C
(5(7’1,7’2) Int(f (0102 Int(0102 01(0102 Int(V))))) = (5(7‘1,7‘2) Int(f 1(V)) and so fﬁl(V)
is (71, m2)-open in X.

(6) = (7): The proof is obvious.

(7) = (1): Let z € X and V be any (o1, 02)r-open set of Y containing f(x). Then,
Y — V is (01,09)r-closed in Y. Thus by (7), we have X — f~Y(V) = f~L(Y - V) =
§(m1, 72)-Cl(f 7YY = V)) = X — (1, 72)-Int (f ~1(V')) and hence x € §(71, 72)-Int(f~1(V)).
Then, there exists a §(71, 72)-open set U of X containing x such that U C f~1 (V). Thus,
f(U) C V. By Theorem 3 (4), f is almost 0(71, 72)-continuous at x. This shows that f is
almost d(7y, T2)-continuous.
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Theorem 5. For a function f : (X,7,7) — (Y,01,02), the following properties are
equivalent:

(1) f is almost 6(11,T2)-continuous;

(2) 8(11,72)-CUf1(V)) € f~H(0102-CUV)) for every (o1,02)B-open set V of Y ;

(8) 6(r1,m)-CUF (V) € F~N(0102-CUV)) for every (o1, 02)s-0pen set V. of Y

(4) f7H(V) C d(r1,m)-Int(f~ (o109-Int(o102-CUV)))) for every (o1, 02)p-open set V. of
Y.

Proof. (1) = (2): Let V be any (o1,02)8-open set of Y. Then, o109-Cl(V) is
(01, 09)r-closed in Y. By Theorem 4 (7), f~!(c102-Cl(V)) is 6(71, T2)-closed in X. Hence,
(5(7’1, TQ)—C](ffl(V)) - (5(7_17TQ)-Cl(fil(Ulo'Q-Cl(V))) = fﬁl(Uldg—Cl(V)).

(2) = (3): The proof is obvious since every (o1, 02)s-open set is (o1, 02)3-open.

(3) = (1): Let F be any (o1, 02)r-closed set of Y. Then, F is (01,02)s-open in Y.
By (3), we have 0(r1,72)-Cl(f~2(F)) C f~Y(0102-C1(F)) = f~Y(F) and hence f~1(F) is
d(m1,72)-closed in X. By Theorem 4 (7), f is almost §(71, 72)-continuous.

(1) = (4): Let V be any (o1,02)p-open set of Y. Then, oj0s-Int(c102-Cl(V)) is
(01, 09)r-open in Y. By Theorem 4 (6), f~!(o102-Int(o102-Cl(V))) is 6(71, 72)-open in X.
Thus, f~(o109-Int(c102-C1(V))) = 6(71, 72)-Int(f~(o102-Int(0102-C1(V)))) and hence
V) C fHo102-Int(0102-CL(V))) = 6(71, T2)-Int(f 1 (o102-Int(o102-CL(V)))).

(4) = (1) : Let V be any (01, 02)r-open set of Y. Then, V' = o109-Int(c102-C1(V')) and
V is (01,02)p-open in Y. By (4), f~1(V) C 6(71, 72)-Int(f~(o102-Int(o102-C1(V))))
§(1, 72)-Int(f~1(V)). Therefore, f~1(V) is 6(71,72)-open in X. By Theorem 4 (6), f is
almost 0(71, T2)-continuous.

5. On weakly (7, 72)-continuous functions

In this section, we introduce and investigate the concept of weakly &(7y, 72)-continuous
functions. Furthermore, we discuss the relationships between almost (7, 72)-continuous
functions and weakly 6(7q, 72)-continuous functions.

Definition 3. A function f : (X,7,7) — (Y,01,02) is said to be weakly §(11,72)-
continuous at x € X if for each oio9-open set V. of Y containing f(x), there exists
a 6(t1,12)-open set U of X containing x such that f(U) C o109-ClU(V). A function
f o (X,m,m) = (Y,01,02) is called weakly §(71,T2)-continuous if f is weakly §(m1,72)-
continuous at each point of X.

Remark 2. For a function f: (X, m,172) — (Y,01,02), the following implication holds:
almost §(71, m2)-continuity = weak 0(71, T2)-continuity.

The converse of the implication is not true in general. We give an example for the
implication as follows.
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Example 3. Let X = {a,b,c} with topologies 1 = {0,{a},{b},{a,b},{a,c}, X} and
7o = {0,{a},{b},{a,b}, X}. Let Y = {1,2,3} with topologies o1 = {0,{1},{3},{1,3},Y}
and oo = {0,{1},{3},{1,2},{1,3},Y}. A function f : (X, 71,72) = (Y,01,02) is defined
as follows: f(a) = f(b) =2 and f(c) = 1. Then f is weakly §(71,T2)-continuous, but f is
not almost §(7y, T2)-continuous.

Theorem 6. A function f : (X,71,72) — (Y,01,02) is weakly 6(11,2)-continuous at
r € X if and only if x € §(m1, 72)-Int(f = (0102-CUV))) for every croz-open set V of Y
containing f(x).

Proof. Let x € X and V be any oj09-open set of Y containing f(z). Since f is
weakly (71, 72)-continuous at z, so there exists a (71, 72)-open set U of X containing x
such that f(U) C o102-Cl(V). Therefore, z € U C f~(0102-C1(V')). This implies that
T € (5(7’1,TQ)-Int(fil(UlO’Q-Cl(V))).

Conversely let V' be any oj09-open set of Y containing f(z). By the hypothesis, we
obtain that x € §(y, 72)-Int(f~1(5102-C1(V))). Then, there exists a §(71, 72)-open set U
of X containing x such that U C f~1(o102-Cl(V)). Thus, f(U) C 102-C1(V). This shows
that f is weakly d(71, 72)-continuous at z.

Theorem 7. A function f: (X, 11,72) = (Y,01,02) is weakly 6(11, T2)-continuous if and
only if f~X (V) C 6(71, m)-Int(f =1 (a102-CIV))) for every o1o9-open set V of Y.

Proof. Let V be any o102-open set of Y and z € f~1(V). Since f is weakly (71, 72)-
continuous, by Theorem 6, x € §(7i,m2)-Int(f~1(0102-C1(V))). Therefore, f~1(V) C
§(11, 2)-Int(f~1(o102-CL(V))).

Conversely, let z € X and V be any oj09-open set of Y containing f(z). By the
hypothesis, z € f~Y(V) C 6(1, 72)-Int(f~(0102-C1(V))). By Theorem 6, f is weakly
d(71, 72)-continuous at x. This shows that f is weakly §(71, 72)-continuous.

Theorem 8. For a function f : (X,71,7) — (Y,01,02), the following properties are
equivalent:

(1) f is weakly 6(71,2)-continuous;

(2) f~YUV) C 8(r1, mo)-Int(f = (o102-CUV))) for every oroz-open set V of Y ;

(3) §(m1,m2)-Cl(f~Ho102-Int(F))) C f~H(F) for every o109-closed F of Y ;

(4) 0(r1,72)-Cl(f~Y(o109-Int(0109-CU(B)))) C f~Y(o102-CUB)) for every subset B of
Y.

)

(5) f~Yo102-Int(B)) C §(11, 72)-Int(f~Y(0102-Cl(o102-Int(B)))) for every subset B of
Y;

(6) §(m1,m2)-Cl(f~H(V)) C f~1(o102-CU(V')) for every o102-open set V of Y;
(7) 8(m1,72)-Cl(f~H(or09-Int(F))) C f=H(F) for every (o1,02)r-closed set F of Y;
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(8) 8(11,72)-Cl(f~H(o109-Int(o102-CUV)))) C f~(o102-CUV)) for every (o1, 02)3-open
setV of Y;

(9) §(m1,m2)-Cl(f~Ho102-Int(c102-CU(V)))) C 1 (0102-CUV)) for every (o1, 02)s-open
set V of Y;

(10) 6(71,72)-Cl f~Y(o109-Int(102-Cl(V)))) C f~H(o102-CUV)) for every (o1, 09)p-open
set V of Y;
(11) §(11,72)-Cl(f~1(V)) C fY(o102-CIU(V')) for every (o1,02)p-open set V of Y ;
(12) f~YV) C 6(m1,m2)-Int(f 1 (0102-CUV))) for every (o1,02)p-open set V of Y.
Proof. (1) = (2): Let V be any 0102 open set of Y. It follows from Theorem 7, we
obtain that f=1(V) C 6(71, 72)-Int(f =1 (o102-CL(V))).

(2) = (3): Let F be any oj09-closed set of Y. Then, Y — F' is oj02-open in Y. Thus
by (2), we have

X —fNF) =YY = F) € 6(r1, m2)-Int(f ' (0102-CLUY — F)))
= 5(7’1, TQ)-Int(fil(Y — 0109~ Int(F)))
= 0(71, T2)-Int( )

X—f (0'10'2 Int(F)
)

)
-Cl(f Y (o109-Int(F)))

I
|
= 3
2
)

and hence 6(71, 72)-Cl(f 1 (o102-Int(F))) C f~1(F).

(3) = (4): Let B be any subset of Y. Since 0109-Cl(B) is o102-closed in Y and by
(3), 8(1, 72)-Cl(f~Y(o109-Int(0102-C1(B)))) C f~(0102-Cl(B)).

(4) = (5): Let B be any subset of Y. Then by (4),

f Y (o109-Int(B)) = X — f~1(0109-CI(Y — B))
CcCX-— 5(7’1,TQ)—Cl(fil(Uldg—lnt(alo'g—Cl(Y — B))))
= (5(7‘1, TQ)—Int(X — f_l(alag—lnt(alaQ—Cl(Y — B))))
= §(71, 70)-Int(f 1 (0109-Cl(002-Int( B)))).
Thus, f~!(0109-Int(B)) C §(1, 72)-Int(f~ (0102-Cl(0102-Int(B)))).
(5) = (6): Let V be any oj02-open set of Y. Suppose that z ¢ f~!(o102-ClI(V)).
Then, f(z) € 0102-Cl(V'). There exists a oj02-open set U of Y containing f(z) such that
UNV = 0. Hence, o102-CL{U)NV = . By (5), z € f~1(U) = f~Yo102-Int(U)) C

(5(7’1,7’2) Int(f (0’10’2 Cl(alag Int(U)))) = 5(7’1,7’2) Int(f (0'102 CI(U))) Then, there
exists a §(71, T2)-open set G of X such that € G C f~1(0109-Cl(U)). Therefore,

fvynG C 1 v)n fHo10o-CIU)) = 71V No109-CLT)) = 0.

Thus, = € §(r1,72)-Cl(f~1(V)) and hence 6(71,72)-C1(f~1(V)) C f~1(o102-C1(V)).
(6) = (7): Let F be any (01, 09)r-closed set of Y. Then, oj09-Int(F) is o102-open in
Y. By (6), §(1, 72)-Cl(f Y (o102-Int(F))) C f~1(0109-Cl(o109-Int(F))) = f~1(F).
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(7) = (8): Let V be any (01, 09)8-open set of Y. Then, we have
Vv g 0'102—01(01Ug—Int(Ulag—Cl(V)))

and so 0109-C1(V) is (01, 09)r-closed. By (7), §(71, 72)-Cl(f ~(o102-Int(0102-C1(V)))) C
(0’10’2 Cl( ))
(8) = (9): The proof is obvious since every (o1, 02)s-open set is (o1, 02)-open.

(9) = (10): Let V be any (o1, 02)p-open set of Y. Then, V' C ogy02-Int(o102-Cl(V)) and
0109-Cl(V') C 0109-Cl(0102-Int(0102-C1(V))). Therefore, o102-Cl(V) is (01, 02)s-open in
Y. Thus by (9),
o(m1, 7'2)—(31(]“_1 (o109-Int(0102-Cl(V)))) = (71, TQ)—Cl(f_l (o109-Int(0109-Cl(0102-CL(V)))))

- fﬁl(alUg—Cl(Ule—Cl(V)))
= f Y (o109-C1(V)).
(10) = (11): Let V be any (o1, 02)p-open set of Y. Then by (10), §(1, 72)-Cl(f~1(V)) C

d(m1, Tg)—Cl(f_l(Ulag—lnt(0102—Cl(V)))) - f_l(alog—Cl(V)).
(11) = (12): Let V be any (o1, 09)p-open set of Y. Thus by (11),

f_l<V) C f_l(UlUQ-Iﬂt(UlUQ-CI(V)))
=X — fYo102-Cl(Y — 5105-CL(V)))
C X — (11, 72)-Cl(f 1Y — 0102-CL(V)))
= 5(7’1, Tg)—Int(fil(0'10'2—C1(V))).
(12) = (1): Let V' be any 0102 open set of Y. Then, V is (o1,02)p-open in Y and

by (12), f~Y(V) C 6(r1,2)-Int(f~(o102-CL(V))). It follows from Theorem 7 that f is
weakly 6(71, 2)-continuous.

6. Conclusion

This paper deals with the concepts of §(71, 72)-continuous functions, almost 6(7y, 72)-
continuous functions, and weakly 0(71, 72)-continuous functions. Moreover, some charac-
terizations and several properties concerning (71, 72 )-continuous functions, almost 6(71, 72)-
continuous functions, and weakly (71, 72)-continuous functions are obtained. For a func-
tion f: (X, 71,m2) — (Y, 01,02), the following implications hold:

d(71, T2)-continuity = almost 6(71, 72)-continuity = weak d(71, 72)-continuity.
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