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Prime Labeling of Union of Some Graphs
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Abstract. A prime labeling of a graph G is a map from the vertex set of G, V(G), to the set
{1,2,...,|[V(G)|} such that any two adjacent vertices in the graph G have labels that are relatively
prime. In this paper, we discuss when the disjoint union of some graphs is a prime graph.
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1. Introduction

A path P, in a graph is an alternative sequence of vertices and edges with no repeated
vertices, a cycle (', in a graph is a path that begins and ends at the same vertex and
a wheel graph W,, is formed by joining a single vertex, known as the apex vertex, to all
vertices of a cycle (), these vertices are known as the rim vertices.

A bijective map f from the vertex set of a graph G to {1,2,...,|V(G)|} such that
f(u) and f (v) are relatively prime whenever u and v are adjacent in G is called a prime
labeling (PL) of G and a graph G is called a prime graph (PG) if G has a PL. Entringer
defined the PL that was introduced by Tout et. al. in [1]. Entringer conjectured that all
trees could be prime labeled, a hypothesis supported by Haxell et. al. in [8] proving that
all sufficiently large trees have this property. Seoud et. al. in [7] further contributed by
providing necessary and sufficient conditions for a graph to admit a prime labeling. For
more details about prime graphs see for example [2], [5], [6], [10].

In this paper, we discuss when the disjoint union of some graphs is a PG. We prove that
W U P, is a PG if and only if m is even or n is odd. Also, we show that Cs, U Cop U Wopy,
and (o, U Cy, U Cyy, U Wy, are PGs. Finally, we study some properties of the disjoint
union between a complete graph and any graph such that this union is a PG. Readers
are advised to refer to the appropriate references or sources for clarification on terms and
concepts that have not been defined in the text in [3] and [4].
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2. Prime labeling of union of some graphs

In this section, we generalize a result in [11], we prove that W,,,UP, is a PG if and only
if m is even or n is odd. Also, we show that Cy, U Cs, U Ws,,, and Cy,, U Cyy, U Coy, U Wo,,
are PGs.

The following lemma imposes certain restrictions on the independence number of PGs.

Lemma 1. [14] “For any PG G, we have a(G) > {M} 7
The authors in [11] proved that “the disjoint union of a PG of even order and a graph
of order 3 is a PG.” In the following theorem, we generalize this result.

Theorem 1. Let G1 and Go be PGs of orders n and m respectively. If for any prime
p <m —1, we get p divides n, then G1 UGy is a PG.

Proof. Let uq,us, ..., u, be the vertices of G1, v1, v9,...v;, be the vertices of G,

f:V(G1) — {1,2,...,n} be a PL of G; and
g:V(G2) — {1,2,...,m} be a PL of Gs.
Define h : V(G1 UG2) — {1,2,...,n+ m} by

h(u;) = f(u;) forall 1 <i<mn, and

h(v;) = n+g(v;) forall<j<m.
If u; and u; are adjacent in G1. Then (h (u;),h (u;)) = (f (us), f (uj)) =1 because f is a
PL.
Suppose v; and v; are adjacent in G and

d = (h(vi),h(vj)) = (n+g(ui),n+g(u;)).

Thus d divides g (u;) — g (u;) and |g(u;) —g(uj)] < m —1. If d > 1, then d has a
prime divisor say p. Therefore, p < d < m — 1 and by assumption p divides n. But
p divides n + g (u;) and p divides n + g (u;). Thus p divides g (u;) and p divides g (u;)
and hence (g (u;),g(uj)) > p which is a contradiction, because g is a PL. Therefore,
(h(vi),h(vj)) =1 and so h is a PL of G1 U Gs.

Vaidya et. al. in [13] proved the following theorem
Theorem 2. [13] “Wy, U P, is a PG.”
Next, we show when, in general, W,, U P, is a PG.
Theorem 3. W, U P, is a PG if and only if m is even or n is odd.

Proof. We separate the proof in the following cases,

(i) Suppose m is odd and n is even. Let m = 2k + 1 and n = 2h. Then
\WmUan B [2k+2+2h

a(WinUP,) = a(Wy)+a(P,) = k+h < [ 9 2

} =k+h+1.

By Lemma 1, we get W,,, U P, is not a PG.
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(ii) Suppose m is even. By Theorem 2, W, U P, is a PG.

(iii) Suppose m and n are odd. Let uy be the apex vertex of Wy,, u1,ug, ..., uy, be
the consecutive rim vertices of W,, and vivs...v,, be the path P, and define f :
V(WnUP,) — {1,2,....,m+n+ 1} as follows:

1+1,0<:<2
f(“’)_{ i+2,3<i<m
N m+i+2,1<5<n-1
fop={ IS

Since f(ug) =1, f(up) is relatively prime to f(u;) for all 1 <1i < m. Also,
(f(’u,g),f(Ug)) = (375) =1, (f(ul)vf(um)) = (2777’ + 2) =1, because m is odd.

Now, (f(vn-1),f(vn)) =(m+n+1,4) =1, because m + n + 1 is odd.

The labels assigned to adjacent vertices within the graph W,, U P,, exhibit a property
of being mutually prime because these labels are two consecutive integers. So f is a
PL.

Theorem 4. The disjoint union of two wheels is not a PG.

Proof. Let W,, and W,,, be any two wheels. Then
n m
memﬂ:(wm+wmmﬁﬂ+b}
n+m - W, UWn|l [n+m+2] [n+m

IN

[+1

By Lemma 1, we get W,, UW,, is not a PG.

Patel et. al. in [9] proved that “the disjoint union of an even wheel and an even cycle
is a PG.” In Theorem 5, we prove that Cs, U Cs,, U Wy, and Cy, U Cy, U Cs,, U Wy, are
PGs.

Theorem 5. (s, U Cy,, U Wo,, and Csy, U Cop U Co,, U Woy,, are PGs for all n,m.

Proof. Let uy,us, ..., ug, be the vertices of the first cycle, uon11, u2n+2, ..., Uan be the
vertices of the second cycle, uqn i1, Uant2,---, Uen be the vertices of the third cycle, vy be
the apex vertex of W,, and vy, vs, ..., V2, be the consecutive rim vertices of Wa,,.

(i) To show that Cy, U Coy, U Woy, is a PG. We have the following two cases:
(a) 1. If 3 does not divide n + 1, define
f:V(Co UCoy UWay,) — {1,2,...,4n + 2m + 1} as follows:

flu) = i+2, forall<i<d4n,
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fwj) = j+1lforj=0and]l,
f(vj) = 4n+j+1, forall 2<j < 2m.
)

We get (f(u1), f(u2n)) = (3,2n +2) = 1, because 3 does not divide n + 1.

Also, (f(u2n+1), f(uan)) = (2n + 3,4n + 2) = 1 because if d = (f(uan+1), f(van)),
then d divids 2n+3 and hence d is odd and d divids 2(2n+3) — (4n+2) = 4.

Thus d = 1. Clearly, any other adjacent vertices have relatively prime la-

bels. So, f is a PL.

ii. If 3 divides n + 1, define
V(O U2 UWayp) — {1,2,...,4n 4 2m + 1} as follows:

f(u;)) = i+3, forall 1 <i<d4dn-—1,

f(’U,4n) = 37

f(vj) = j+1forj=0andl,

f(vj)) = 4n+j+1, forall 2 <j<2m.

Since 3 divides n+1, 3 does not divide 2n+4 and 4n+2. So, (f(u2n+1), f(uan)) =
(2n+4,3) =1 and (f(van—1), f(uan)) = (4n +2,3) = 1. It is clear that all
other adjacent vertices have relatively prime labels. Therefore, f is a PL.

(ii) To show that Coy, U Coy U Cop U Wy, is a PG. We have the following two cases:

(a) If 3 does not divide 4n + 1, define
f:V(Coy Uy U Cop UWap,) — {1,2,...,6n + 2m + 1} as follows

fu;)) = 6n+ifori=1,2,

f(u;)) = idforall3<i<6n,
f(v;)) = j+1forj=0and]l,
f(v;) = 6n+j+1forall2<j<2m.

We have
(f(u2), f(ug)) = (6n+2,3) = 1, because 3 does not divide 6n + 2,
(f(u1), f(ugn)) = (6n+1,2n) =1, because 1 = (6n+ 1) — 3 (2n)

and
(f(uznt1), fluan)) = (2n+1.4n) =1,
because 2 = 2(2n+ 1) — 4n and 2 does not divide 2n + 1.
Also,
(f (uant1), f(ugn)) = (4n+1,6n) =1,

because 3 = 3(4n+1) —2(6n) and 3 does not divide 4n + 1.
Thus f is a PL.
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(b) If 3 divides 4n + 1, define
f:V(Cap UCCop UCop UWay,) — {1,2,...,6n + 2m + 1} as follows

f(u;)) = 6n+ifori=1and 2,
f(uon) = 4n,
f(uan) = 6n,
f(uen) = 2n,
f(ui) = iforalli1,2,2n,4n and 6n,
f(v;) = j+1forj=0and]l,
f(v5) 6n+j+1forall 2<j<2m.

Then,

(f(u1)7 f(uQ’rL)) = (677‘ + 1,4?1) = 17
because 2 = 2(6n+ 1) —3(4n) and 6n + 1 is odd,

(f(ugn—1), f(u2n)) = (2n —1,4n) = (2n — 1,2n) =1,

(f(UQ),f(U3)) = (6n+273) = ]-7
because 3 does not divide 6n + 2.

(f(u4n+l)7 f(uﬁn)) = (4n + 172“) = 17
because 1 = (4n+1) —2(2n).

(f(ugn-1), f(uen)) = (6n—1,2n)=1,
because 1 = 3(2n)— (6n —1).

Now, since 1 = 2(2n + 1) — (4n + 1) and 3 divides 4n + 1, 3 does not divide
2n + 1. Therefore,

(f(UQn-‘rl)a f(u4n)) = (2n + 17 6”) = (277’ + 17 QTl) =1L
Also, 3 does not divide 4n — 1 because 3 divides 4n + 1. Thus
(f(uan—1), f(u4n)) = (4n —1,6n) = (4n — 1,2n) = 1.

Therefore f is a PL.
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3. prime labeling of union of complete graphs and graphs with maximal
size

In this section, we will study some properties of the disjoint union between a complete
graph and any graph such that this union is a PG.
Seoud et. al. in [12] define a maximal PG as follows:

Definition 1. [12] “A mazimal PG is a PG of n vertices such that adding any new edge
yields a non-PG. Usually this graph is denoted by R(n).”

Theorem 6. [14] “The largest complete subgraph in the mazimal PG of n vertices is of
order m(n) + 1, where w(n) is the number of primes less than or equal to n.”

Remark 1. Let H be the largest complete subgraph in the maximal PG of n vertices.
Then we can label the vertices of H by the primes less than or equal to n together with
1 namely, 1,p1,p2, ..., Pr(n)- Also, we can replace the label p; by p,’f for some k > 2 and
pf < n because for any a € Z%, (a,p;) = 1 if and only if (a,pf) =1.

Theorem 7. Suppose K,, is the complete graph of order n and G, is any graph of order
m such that K, UGy, is a PG. Then

Proof.

(i) By Theorem 6, n = |V(K,)| <7 (n+m)+ 1. So,
m(n+m)>n-—1.

(ii) Since at most one of the vertices of K, has even label, the set
S = {u € V(Gp,) : the label of u is even} is an independent set of G,,, with cardinality
at least ["‘*‘Tm] — 1. So, a(Gy,) > [me] —1.

Let G, be a graph with maximum size such that K,, UG, be a PG. We will examine
when G, is connected. Firstly, we need the following lemma and corollary.

Lemma 2. [}]“(Bonse’s inequality) Let k > 5 and p1,pa, ..., px be the first k primes. Then

k
p12c+1 < [ pi where pgy1 is the prime next to py.”
i=1

Also, if k = 4, then p;, = 7 and ppy1 = 11 and its clear 112 < (2)(3)(5)(7). So, we have
the following corollary.

Corollary 1. Let k > 4 and p1,pa, ..., pr be the first k primes. Then
k

pi_i_l < [ pi where pi41 is the prime next to py.
i=1
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Theorem 8. Let G, be a graph with mazximum size such that K, U G,, be a PG and
m(n+m) >n. Then Gy, is connected.

Proof. Since 7 (n +m) > n, then the number of primes less than or equal to n +m
is greater than or equal to the number of vertices of K,, and these primes are mutually
relatively prime. So, we can use a subset of these primes to label the vertices of K, and
hence one of the vertices of G, will be labeled by 1. This vertex is adjacent to all other
vertices of G,,, because G, is a graph with maximum size such that K, U G,, is a PG.
Thus, G, is connected.

Theorem 9. Let G,, be a graph with mazimum size such that K, U G,, be a PG and
m(n+m)=n—1. Then

(i) Gy, is the trivial graph (m = 1) whenever n +m =4 or 5.
(ii) Gy, is disconnected whenever 6 < n+m < 25 or 30 < n+m < 49.

(11i) Gp, is connected whenever 25 < n+m < 30 orn+m > 49.

Proof. By Remark 1, label the vertices of K, by the primes less than or equal to n+m
together with 1 and label the vertices of G, by the composite numbers less than or equal
ton +m.

(i) In+m =4, thenm(n+m)=2. Son=mn(n+m)+1=3. Thus m = 1. Similarly,
if n4+m = 5.

(ii) If 6 < mn+m < 25, then the vertex of G,, whose label is 6 must be an isolated vertex
in GG;, because any composite number less than 25 is not relatively prime to 6. Thus
G, is disconnected. If 30 < n+m < 49, then any composite number less than 49 is
not relatively prime to 30 So, 30 is isolated and thus G, is disconnected.

(iii) Let p1,po, ..., pk be the primes less than or equal y/n in ascending order. We refer to
the vertices of Gy, by their labels. We partition the vertices of G,, into the following
sets

Ag = {p%ap; "'729%}

and
j=i—1

A; = {s: p; does not divide s} — U A; foralli=1,2,. . k.
j=0
Notice that Ag, A1, As, ..., A are mutually disjoint sets. We want to show that G,,, =

i=
U Ai. Suppose there is a composite number ¢ less than or equal to n 4+ m such that

=0
p; divides ¢t for all : = 1,2, ...k. If 25 < n+m < 30, then 2 divides t, 3 divides ¢t and 5
divides t. So, t > 30 which is a contradiction. If n+m > 49, then by Corollary 1 we
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get 10,€+1 < H p; where pg41 is the prime next to pg. So, n+m < pkH < H D <t

because p; d1V1des tforalli = 1,2, ..., k which is a contradiction. Now, Let u v 6 Gm
We want to find a path between u and v and this shows that G, is connected. We
have the following cases:

(a) If u,v € Ap, then u — v is a path in G,

(b) If u,v € A; for some i = 1,2, ...k, then u — p? — v is a path in G,,

(c) If u € A; for some ¢ = 1,2,..k and v € A; for some j = 1,2,...k such that
17, thenu—p?—p?—visapathinGm

(d) If w € Ag and v € A; for some j = 1,2,...k, then u —p? — v is a path in Gy,
whenever u # pjz and u — v is a path in G,,whenever u = p?.
Therefore, G, is connected.

Example 1. (i) Consider the complete graph K5 and let G4 be a graph with mazimum
size such that K5 U Gy is a PG.
Then, m(9) =4 =5 —1 and since K5 UGy is a PG, we can label the vertices of K
by the numbers 1,2,3,5,7 and hence Gy is the following graph

()
» © ©

Gy

So, G4 is disconnected.

(i) Consider the complete graph Kig and let Gi5 be a graph with maximum size such
that K10 U G5 is a PG.
Then, w(25) =9 =10 — 1 and since K10 U G15 is a PG, we can label the vertices of
Kig by the numbers 1,2,3,5,7,11,13,17,19, 23 and hence G5 is the following graph
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So, G15 is connected.
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