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Abstract. This paper aims to introduce and study two new operators (.), and ¢l¢ (-) by utilizing
the notion of primal defined by Acharjee et al. Also, we investigate some fundamental properties
of them. In addition, we showed that the operator I (.) satisfied the Kuratowski closure axioms.
Therefore, we obtain a new topology denoted by 75, which is finer than the original one. More-
over, the topology 75 obtained via the operator ¢l (-) is finer than 7, where 7, is the family of
all w-open subsets of a primal topological space (X, 7, P). Furthermore, we not only examine the

fundamental properties of this class of sets but also provide some counterexamples.
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1. Introduction

One of the most popular ways of building topology is to add another structures such as
filter [16], ideal [16], grill [12], and primal [1]. The concepts of filters, ideals, and grills are
the structures studied for many years and among the most important concepts of topology.
In 2014, Kuratowski introduced the concept of ideal [16] from filter [16]. The notion of
ideal comes across as the dual structure of filter. The notion of grill [12] was defined and
studied by Choquet in 1947; for more details, see [17, 18]. However, the dual of the notion
of grill has not been introduced by any authors until 2022. In 2022, the concept of primal
[1] was defined and studied by Acharjee et al. They introduced primal topological spaces
via the notion of primal. The notion of primal is the dual of the notion of grill. This
topic has won its importance aspects of interest. This concept has been analysed by many
authors in a short period of time; for more details, see [2-9, 11, 20].
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Undoubtedly, another important concept in general topology is the types of open sets.
Some of these types of sets are regular open sets [22], §-open sets [23] and w-open sets
[15]. The notion of w-open set comes across a weaker concept than the concept of open set
while the notion of d-open set is a stronger concept than the concept of open set. These
types of sets have been studied by many authors in different directions.

Some other types of sets such as fuzzy sets, soft sets, and rough sets play an important
role in pure and applied sciences. The notion of fuzzy sets was introduced by Zadeh [24]
and studied in many directions in the recent past. After then, the notion of soft sets was
defined by Molodtsov [19] and also investigated by many authors in many directions; for
more details, see [13, 14].

Recently, Pawlak introduced and studied the concept of rough set in [21]. The concepts
of fuzzy sets, soft sets, and rough sets have many applications in the literature. These
kind of sets are very important in terms of having applications. Fuzzy sets, soft sets and
especially the concept of rough sets are still intensively studied in the literature. Also,
these kind of sets has been considered with different structures such as filter, ideal, grill,
and primal as well.

In this study, we will define the operator ¢l with the help of the definition of primal
topological space given by Acharjee et al. [1] in 2022 and the operator cl, or w-cl [15]
given by Hdeib in 1982. Accordingly, we will introduce the topology 75 and examine
some important set theoretical properties. We also examined the relationship between the
definitions given before and gave examples to the contrary. In addition, we showed that
the operator cl, is a Kuratowski closure operator. We also showed that the topology 75 ,
given with the help of the operator cl{,, is finer than both 7 and 7,,. Some examples related
to the notions were given.

2. Preliminaries

Throughout this present paper, X and Y represent topological spaces. For a subset A
of a space X, cl(A) and int(A) denote the closure of A and the interior of A, respectively.
The family of all closed (resp. open) sets of X is denoted C'(X) (resp. O(X) or 7) and
the family of all closed (resp. open) sets of X containing a point x of X is denoted by
C(X,z) (resp. O(X,x) or 7(x)).

Now, we recall some of the definitions in the literature and used in this study.

Definition 1. Let A be a subset of a space X. A is said to be w-open [10] if for every x € A,
there exists an open set U containing x such that U \ A is countable. The complement of
an w-open set is called an w-closed. The family of all w-open (resp. w-closed) sets of X
will be denoted by wO(X) or 7, (resp. wC(X)). The family of all w-open (resp. w-closed)
sets of X containing a point x of X will be denoted by wO(X,x) (resp. wC(X,z)). The
intersection of all w-closed sets containing A is called the w-closure of A and is denoted
by cly,(A) or w-cl(A).

Definition 2. Let X be a non-empty set. A collection P C 2% is called a primal on X
[1] if it satisfies the following conditions:
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(a) X &P,
(b) if A€ P and B C A, then B € P,

(¢c)if ANB € P, then AcP or BeP.

Definition 3. [1] A topological space (X,7) with a primal P on X s called a primal
topological space and denoted by (X, 7,P).

Definition 4. [1] Let (X, 7,P) be a primal topological space. We consider a map (-)°
2X 2% g5 A°(X,7,P) ={x € X : (YU € O(X,z))(A°UU® € P)} for any subset A of
X. We can also write A® as A°(X, T, P) to specify the primal as per our requirements.

Definition 5. [1] Let (X, 7,P) be a primal topological space. We consider a map cl® :
2X — 2% as cl®(A) = AU A°, where A is any subset of X.

Definition 6. [1] Let (X, 7, P) be a primal topological space. Then, the family 7© = {A C
X|el®(AC) = A°} is a topology on X induced by topology T and primal P.

i

¢ and its basic properties

3. The operator (.)

Definition 7. Let (X, 7,P) be a primal topological space. We consider a map ()¢, : 2% —
2% as A(X,7,P) = {x € X : (YU € wO(X,))(A°UU® € P)} for any subset A of X.
We can also write AS, as AS (X, T, P) to specify the primal and the topology if necessary.

Corollary 1. Let (X, 7,P) be a primal topological space and A C X. Then, A3 C A°.

Remark 1. Let (X, 7,P) be a primal topological space and A C X. There is no relationship
between A and A as shown by the following examples.

Example 1. Let X = {1,2,3} with the topology 7 = {0, X}. We consider the primal
P ={0,{1},{2},{1,2}} on X. Now, if A= {1}, then A={1} £ 0 = AZ.

Example 2. Let (R, 7) be indiscrete topological space. Consider the primal P = 28\ {R}.
For the subset A = [0,0), we have —1 € A but —1 ¢ A. Therefore, AS, € A.

Theorem 1. Let (X, 7,P) be a primal topological space and A C X. If A is w-closed, then
A C A

Proof. Let A € wC(X) and x € AS,. Suppose that x ¢ A.

r € Al = (VU € wO(X,z))(A°UU° € P)

¢ AewlC(X)= A° € wO(X, 1) };‘A U(A)=AUA=X€eP

This is a contradiction because any primal does not involve the set X.
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Theorem 2. Let (X, 7,P) be a primal topological space. Then, the following statements
hold for any two subsets A and B of X.

(a) 05 =0,

(b) A3 € wC(X),

(c) (A2)5 € AL,

(d) If AC B, then A, C B,
(e) AL UBS =(AUB),

(f) (AnB)g, € AZ N B

Proof. (a) Suppose that (¢, # (). Then, there exists € X such that x € (¢,. Thus, we
have UU P =U°U X = X € P for every U € wO(X, x) which is a contradiction.
(b) We have always AS C w-cl(AZ)...(1)
Conversely, now let z € w-cl(AS).
x € w-cl(AS) = (VU € wO(X,2))(UN A #0)
= (VU e wO(X,2))(Fy € X)(y € U)(y € A2)
= (VU € wO(X,2))(Fy € X)(y € U)(VV € wO(X,y))(VCU A° € P)
V=U }
= (VU € wO(X,z))(U°U A° € P)
=zc Al
Then, we have w-cl(AS) C AS ... (2)
(1),(2) = AL, = w-cl(4) = A € wC(X).
(c) Let AC X.

A x Y a8 e wo(x) Teasmt (go90 C A2,

(d) Let A C B and z € A?,. We will prove that x € B,
< C C
x €A, = (VU € wO(X,2))(U°U A° € P) }:> (VU € wO(X, 2))(U U BE € P)
ACB
=z € B
(e) Let A,B C X.

ACX=ACAUBY 45 C(AUB)
-

<o
(@) w »=A°SUBS C(AUB)S...(1)
BCX=BCAUB= B}

Conversely, let = ¢ AS U B?.
x ¢ A UBS = (x ¢ A)(z ¢ BS) = (AU, V € wO(X,2))(U°U A° ¢ P)(VCU B ¢ P) } N
W:=UnV
= (W ewO(X,x))(WeU A ¢ P)(WeUB® ¢ P)



P. Sagmaz, M. Ozkog / Eur. J. Pure Appl. Math, 17 (4) (2024), 2800-2811 2804

= (W ewO(X,z))(WCU(AUB) = (WU A) N (WU B°) ¢ P)
=z ¢ (AUB)]

Then, we have (AU B);, € A2 UBS ... (2)

(1),(2) = (AUB)S = A% U B?.

(f) Tt is clear from (d).

Theorem 3. Let (X, 7,P) and (X, 7, Q) be two primal topological spaces and A C X. If
P C Q, then AZ(P) C A2 (Q).

Proof. Let x € AS(P) and P C Q.
AL (P VU € wO(X,2))(UU A° € P et ae
z € AL(P) = (VU € wO(X, z))( PGQQ) }:(VUGWO(X,J;))(U UA® e Q)

=z e A%(Q).
Theorem 4. Let (X, 7,P) and (X,0,P) be two primal topological spaces and A C X. If
T C o, then AS(X,0,P) C A2 (X, T, P).

Proof. Let z € AS(X,0,P) and 7 C 0.
x € AS(X,0,P) = (YU € wO,(X,z))(U°U A° € P) } N

7TCo

= (VU € wO-(X,2))(U°U A° € P)
=z € AL(X,T,P).

Theorem 5. Let (X, 7,P) be a primal topological space. Then, the following statements
hold for any two subsets A and B of X.

(a) A C cl(A),
(b) cl(AZ) € cl(A),
(¢) A5\ BS € (AN B,

(d) AG\ B = (A\ B); \ B,

Proof. (a) Let z ¢ cl(A). Our aim is to show that = ¢ AS.

¢ cl(A) = (3U € %(géx)))(g ;Of(‘; 23 } — (3U € wO(X, 2))(A C U°)

= (AU € wO(X,2))(X = AUACUUA“ ¢ P)
=z ¢ AS.
(b) Let A C X.

ACX =AY Ccl(A) = c(AL) Cel(cl(A)) = cl(A).
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(c) Let A,B C X.
B)UB
Q[ \ B)U BJ;, = (A\ B);, U B;
\ BS C (A\ B).

(d) Let A, B C X.

A BCX=A\BCA= (A\B)}, CA° = (A\B),\ B CA\ B

ABCX(——CQAQ\Bf)Q(A\B)zi(AZ\Bﬁ)\BizAZ\BQQ(A\B)Z;\Bzi}

= (A\ B); \ B = A3\ Bg.

Theorem 6. Let (X, 7,P) be a primal topological space and A, B C X. If A is w-open in
X, then AN B C (AN B)S.

Proof. Let x € AN B,
r€ANB, = (xe€A)(xr e BY) = (v € A)(VU € wO(X,2))(U°U B° € P) } N
A e wO(X

= VW e wO(X,z))(UNA€wO(X,z))(UNAUB =U‘U(ANDB)° €P)

=z e (ANB)S.

Corollary 2. Let (X, 7,P) be a primal topological space and A,B C X. If A is open in
X, then AN B, C (AN B)S,.

Theorem 7. Let (X, 7,P) be a primal topological space.

(a) If WC(X)\{X} C P, then X5 = X;

(0) If WC(X)\{X} C P, then A C AS, for all A € wO(X).
Proof. (a) Let x € X and U € wO(X, z).
UecwoX,z) = UCE(;)C\(){())(} {ng } — UCUX=UUD=U°eP
Then, we have x € XJ. Thus, X C X7 which means X = X.
(b) Let A € wO(X).
A€ wO(X) ™ME™C 41X C(ANX) = A

AC AC.
c(x )\{X}gpgxzzx}: -

Theorem 8. Let (X, 7,P) be a primal topological space and A,B C X. If B € P, then
(AUB);, = A = (A\ B)g,.
Proof. Let A, B C X.
Theorem 5
A,BQX = AZ\BO_(A\B) \B :}AQZ(A\B)Q(].)
BeP=DB=10 “ “

Theorem 2
ABCX TSTTALUB =(AUB), L 4o _ auB)R...(2)
BeP=B =10
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(1),(2) = (AU B);, = Ag, = (A\ B)g.

Theorem 9. Let P be a primal on topological space (X, 7) and A C X. If A° ¢ P, then
A = ().

Proof. Suppose that A # ().
A #£D= Fre X)(z e A2) = (VU € wO(X,x))(A° CU°U A° € P)

P is a primal on X }:>A €p

This contradicts with the hypothesis.

4. The operator ¢/, and its associated topology

Definition 8. Let (X, 7,P) be a primal topological space. We consider a map cl®, : 2% —
2% as cl®(A) = AU A°, where A is any subset of X.

Theorem 10. Let (X, 7,P) be a primal topological space and A, B C X. Then, the fol-
lowing statements hold:

(a) clg(0) =0,
(b) el (X) = X,
(c) ACcl(A) Ccl®(A),
(d) If AC B C X, then cl$(A) C cl(B),
(e) cl5(A) U dls(B) = cl5(AU B),
(f) el (elg(A)) = clg(A).
Proof.
(a) Since 0, = 0, we have clZ(0) = 0 U 02, = (.
(b) Since X3 C X, we have cl(X) = X UX? = X.

(c) Let AC X.
ACX = A3 C A= AC AUAS = clS(A) C AU A® = cl°(A).
(d) Let AC BC X.
ACB= A, CB,=c(A)=AUAS C BUBS =l (B).
(e) Let A,B C X.

cd(AuB) = (AUB)U(AUB)
(AUB)U (A U B?)
= (AUAS)U(BUBYS)
= dS(A)ucl(B).
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(f) Let A C X. It is obvious from (¢) and (d) that ¢S (A4) C clg (clS(A)) ... (1)
el (el (A)) = el (A) U (elg (A))G = el (A) U (AU AQ)G = clg (A) U AG U (AQ)G,
ACX = A% cwC(X) = (A3 C A
= cld(clS(A)) CelS(A)...(2)
(1), (2) = ¢l (A) = clg (el (A)).

Corollary 3. Let (X, 7, P) be a primal topological space. Then, the operator cl, : 2X
2% defined by cl®(A) = AU A, where A is any subset of X, is a Kuratowski closure
operator.

Definition 9. Let (X, 7,P) be a primal topological space. Then, the family 75 = {A C
Xlclg (A°) = A} is a topology on X induced by topology T and primal P.

Theorem 11. Let (X, 7,P) be a primal topological space. Then, we have T C 7° C 75.

Proof. We have 7 C 7° from Theorem 3.6 in [1]. Now, let A € 7°. We will prove that
AeTl.
A e 7%= cl(A°) = A° }

< ) C c
ACX = (AC)Z; - (AC)OiClZ(AC) gclo(Ac) = Clw(A JC A

A C cl® (Ac) } = A= Cliz(Ac)
= AeT].

Theorem 12. Let (X, 7, P) be a primal topological space. Then, we have 7 C 7, C 75.

Proof. We have T C 7, from [10]. Now, let A € 7,,. We will prove that A € 75.
A, B (40)0 C AC = (I3(A%) = ACU (A°), C ACU A° = A°
AC X = A°C (A9
= A° = cl(A°)
= AerTl.

Corollary 4. We have the following diagram from Definitions 1, 6, 9.

Th-open — T°-open — TS-open

T T T

Ts-open —» T-0pen —» T,-0pen

Remark 2. The converses of the implications given in the above diagram need not to be
true as shown by the following examples.

Example 3. Consider the topology 7 = {U|0 ¢ U} U {R} with the primal P = 28\ on
R. Then, [0,00) € 75 but [0,00) & Ty.

Example 4. Let X = {a,b,c} with the topology T = {0, X, {a,b}}. We consider the primal
P =25\ {X, {a,b}} on X. Then, {a,c} € 7 =1, =2% but {a,c} ¢ 7° = 1.
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Theorem 13. Let (X, 7,P) be a primal topological space. Then, the following statements
hold:

(a) if P =0, then 75 = 2%,

(b) if P =25\ {X}, then 7, = 7°.

Proof. (a) We have always °C2 . Now, let A € 2%,
A€ 2% = clf(A°) =
P=0 :> Ac
Then, we have 2% C 75
(1),(2) = 75 =2%.

_A } = clS(A°) = A°= A e
- (2)

(b) We have 7, C 75...(1). Now, let A € 75. We will prove that A € 7.
AeTs=cl(A°) = A° = AU (A°)S = A° = (A9, C A°...(2)
Now, let © ¢ (A°)S,.
x ¢ (A9 = (AU e wO(X,x))(U°UA ¢ P)
P =2Y\{X}
= (U € wO(X, 2))(U N A =)
=z ¢ w-cl(A°)
Then, we get w-cl(A€) C (A°)? ...(3). Thus, we have w-cl(A¢) C A° from (2) and (3).
Therefore, w-cl(A°) = A°. Hence, A is w-open.

} = (U € wO(X,2))(U° U A = X)

Remark 3. The converse of Theorem 13(b) need not to be true as shown by the following
example.

Example 5. Let X = {a, b, c} with the discrete topology T and P = 2X\{X, {b,c}}. Then,
T =T but P # 2%\ {X}.

Theorem 14. Let (X, 7,P) be a primal topological space and A C X. Then, A € 15 if
and only if for all x in A, there exists an w-open set U containing x such that USUA ¢ P.

Proof. Let A € 75.

Aere el (A) = A°

AU (A°)8 = A

(A9)g € A°

A C ((A9)3)°

(Vo € A)(z & (A9)3)

(Vo € A)(3U € wO(X,2)) (U U (A = U U A ¢ P).

tese0e

Theorem 15. Let (X, 7,P) be a primal topological space and A C X. If A ¢ P, then
Aerf.
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Proof. Let A ¢ P and x € A.
(U:=X)(zre A= (Ucwo(X,x)(A=UUA)
A¢P

Therefore, we get A € 75 from Theorem 14.

}:>UCUA§§73

Theorem 16. Let (X, 7,P) be a primal topological space. Then, the family B = {T N
P |Tem, and P ¢ P} is a base for the topology 75 on X.

Proof. Let B € B.
BeB= (ET S Tw)(EiP Qé P)(B Z’TﬁP)> } Theog;m 15 (T,P c TS)(B :Tﬂp)
Tw © 7,
= Bert]
Then, we have B C 75...(1)
Now, let A € 75 and x € A.
reAerd= (AU € wO(X,2))(U°UA¢P)
B:=UnNU°UA)
Therefore, B is a base for the topology 75 on X due to (1) and (2).

}:>(BEB)(95€B§A)...(2)

Theorem 17. Let (X,7,P) and (X, 7,Q) be two primal topological spaces. If P C Q,
then Ts(g) - Tz(P).

Proof. Let A € T:j( )
A€ TS(Q) = (Vz € A)(AU € wO(X,2))(U°UA ¢ Q) }
PCO
= (Vz € A)(IU € wO(X,z))(U°UA ¢ P)
:>A€T£(7)).

5. Conclusion

In this article, we introduced and studied two new operators, denoted by (-)¢,

el (+), via the notions of primal and w-open set. Also, we revealed their fundamental
properties. Although the first one is not a Kuratowski closure operator, the second one
appears as a Kuratowski closure operator. Thus, we obtained a new topology 75 which is
finer than both 7° and 7. Also, we built a basis for this new topology 7 and revealed
several fundamental results. Moreover, we obtained some relationships between this new
topology and the other topologies existed in the literature. We hope that this paper will
stimulate further research on primals and rough sets as ideals.

In future work, we will study different operators by utilizing soft sets and rough sets
via primals. Also, we will generate new topologies from primals and other types of sets in
the literature.

and
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