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Abstract. The construction of invariant solutions is a key application of Lie symmetry analysis in
studying partial differential equations. The generalised double reduction method, which uses both
symmetries and conservation laws of a PDE or system of PDEs, provides a powerful framework for
constructing such solutions. This paper contributes to the application of the generalised double
reduction method by analysing two (2 4+ 1)-dimensional equations: the Zakharov-Kuznetsov (ZK)
equation and a nonlinear wave equation. We extend the work of Bokhari et al. [6, 7] on the nonlin-
ear wave equation by performing a second symmetry reduction using previously unused inherited
symmetries. For the ZK equation, we identify its Lie point symmetries, construct four conservation
laws using the multiplier method, and determine their associated Lie point symmetries. This al-
lows for symmetry reductions using each conservation law. This paper provides a detailed account
of the generalised double reduction method, including the exploitation of inherited symmetries at
each reduction step.

2020 Mathematics Subject Classifications: 22E70, 35C05, 35K15, 35Q80, 68-04

Key Words and Phrases: Double reduction, Zakharov-Kuznetsov equation, Lie symmetry anal-
ysis, conservation law, invariant solution

1. Introduction

Partial differential equations (PDEs) are widely used as models of real-world physical
phenomena. Analytical solutions to PDEs are highly desirable whenever possible. Lie
symmetry analysis [4, 5, 9, 32, 33| provides powerful routines for seeking analytical solu-
tions of PDEs known as group-invariant solutions. This approach has been successfully
applied to find exact solutions of many PDEs, including those in physics, engineering, and
other fields [1, 16, 23-27, 34, 36, 42, 43].
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Based on pioneering work by Kara et al. [18-20] (see also [40, 41]), Sjoberg [38, 39]
showed that the association of conservation laws with symmetries provides a new avenue
for obtaining invariant solutions of PDEs. This association results in double reduction of a
PDE. For a PDE of order ¢ with two independent variables and m dependent variables that
admits a nontrivial conserved law, with at least one associated symmetry, Sjoberg [38, 39|
developed a double reduction method that reduces the PDE to an ODE of order (¢ — 1).
There are many articles on the application of the double reduction method involving two
independent variables and one dependent variables [8, 14, 15, 17, 37].

Recently, Bokhari et al. [7], and also Anco and Gandarias [2] generalised the double
reduction theory to the case involving several independent variables. According to Bokhari
et al. [7], a nonlinear system of gth-order PDEs with n independent and m dependent
variables can be reduced to a nonlinear system of (¢ — 1) th-order ODEs. The reduction
is possible only if in every reduction, there is at least one symmetry associated with
a nontrivial conservation law. Naz et al. [31] utilised the double reduction theory to
find some exact solutions of a class of nonlinear regularised long wave equations. Other
applications of the generalised the double reduction theory include Bokhari et al [6], Sait
et al [35] and Muatjetjeja et al [28].

The first part of this paper is essentially the extension of the seminal paper by Bokhari
et al [6] on the generalisation of the double reduction theory. In [6] the theory was applied
on the nonlinear (2 + 1)-dimensional wave equation

uge — (f(w)ue), — (9(w)uy), =0 (1.1)

involving two arbitrary functions f(u) and g(u). We have presented an extended account
of the application and included a second multi-reduction of the conservation law of the
equation by finding and using inherited symmetries that were not determined. We have
also included for illustrative purposes solutions of the wave equation for particular speci-
fications of the arbitrary functions.

In the second part of the paper we consider another equation, the (2 4 1)-dimensional
Zakharov-Kuznetsov (ZK) equation [3, 12, 13, 29]

Ut + [y + VUU, + QUgzy + Blgyy = 0, (1.2)

where u, v, a, and § are arbitrary constants, are found by employing the generalised double
reduction theory. The ZK equation originated from the study of weakly nonlinear ion-
acoustic waves in a strongly magnetised plasma consisting of cold ions and hot isothermal
electrons. It was first introduced by Vladimir Zakharov and Boris Kuznetsov in 1974 [45]
and serves as a two-dimensional generalisation of the well-known Korteweg-de Vries (KdV)
equation, alongside the Kadomtsev-Petviashvili (KP) equation [10, 44].

Over time, researchers have investigated various aspects of the ZK equation, including
its local, global, and scattering properties, as well as seeking novel exact solutions through

techniques such as the (%) -expand method, Lie symmetry analysis, and the homotopy

perturbation method [10, 11, 16, 22, 44]. Research to find analytical solutions of the ZK
equation and its variants has continued aimed at contributing to the understanding of
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complex physical phenomena modelled by the ZK equation that arise in diverse fields
[10, 16, 22, 44].

The main goal of our present work is to obtain reductions of the ZK equation by
exploiting the generalised double reduction theory [7]. We obtain four non-trivial con-
servation laws of the ZK equation (when g = 0 and v = 1) by the multiplier method.
The generalised double reduction theorem is then applied leading to second-order ODEs
in each of the cases where multireduction is possible. Our application of the generalised
double reduction method is instructive in that we demonstrate the use of “nonassociated”
symmetries in the reduction routine. We show that an associated symmetry with a re-
duced conserved form may be inherited from a nonassociated symmetry with the original
conserved form.

2. Fundamentals of the Double Reduction Theorem

In this section, we present the double reduction routine for a gth-order (¢ > 1) partial
differential equation with n independent variables z = (2!, 22, ..., 2") and one dependent

variable v = u(x), namely
F(z,u,uny, woy, - - - Uq)) =0, (2.1)

where u(,) denotes the collection {uq} of gth-order partial derivatives. In this connection,
we first present the following well-known definitions and results (see, e.g., [7, 18, 21, 30]).
Definition 2.1. The total derivative operator with respect to x* is

0 0 0 ,
where u; denotes the derivative of u with respect to x*. Similarly, u;; denotes the derivative
of u with respect to x* and x7.

Definition 2.2. The Lie-Bdcklund operator is

o,

X=¢—

¢ ox*

where A is the space of differential functions. The operator (2.3) is an abbreviated form
of the infinite formal sum

0 .
+77% 51777 € A7 (23)

. 0 0 0
X=¢~+n "l ZQ@..@*, (2.4)

out " ou " Diiniy i,

where the additional coefficients are determined uniquely by the prolongation formulae,
i = Di (W) + &uy

Girie = Divo.py, W) + Eujiy g, s> 1,

in which W is the Lie characteristic function,

(2.5)

W =n—&u;. (2.6)
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Definition 2.3. An n-tuple T = (TI,TQ, .. ,T") , 1=1,2,...,n, such that

DT" =0 (2.7)
holds for all solutions of (2.1) is known as a conservation law of (2.1).

Definition 2.4. A multiplier A for Equation (2.1) is a non-singular function on the
solution space of (2.1) with the property

D;T' = AFE (2.8)
for arbitrary function u (a:l, z2, ... ,x") .

Definition 2.5. The determining equations for multipliers are obtained by taking the
variational derivative

0

AE 2.
= (AE) = (29)
where the Euler operator 0 /du is defined by

0 0 0 0 0

—=——-D,— + D, - D cee 2.1

(SU 8u (9 + 9 a ’L] 9% uie auz]k * ( 0)

Definition 2.6. A Lie-Backlund symmetry generator X of the form (2.3) is associated
with a conserved vector T of the system (2.1) if X and T satisfy the relations

X(T)+T'D;¢ =T'Djg', =0, i=1,...,n, (2.11)

Theorem 2.1. Suppose D;T" = 0 is a conservation law of the PDE system (2.1). Then
under a similarity transformation of a symmetry X of the form (2.3) for the PDE, there
exist functions T" such that X is still symmetry for the PDE D;T" = 0, where Tt is given

by

T! T!
T2 T2
—_\T :
=J(A™h) s (2.12)
™ "
where
511‘1 ﬁlxg 5133” Dlii‘l leg Dlin
A DQ..’L‘l D2.x2 Dgxn 7 A_1: Dgl‘l D2x2 Dgxn ’
Dpx1 Dpxo ... Dpzp Dni1 DpZs ... Dnin

and J = det(A).
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Colollary 2.1. (The necessary and sufficient condition for reduced conserved form [7]).
The conserved form D;T* = 0 of the PDE system (2.1) can be reduced under a similarity
transformation of a symmetry X to a reduced conserved form DTt =0 if and only if X
is associated with the conservation law T

Colollary 2.2. (see [7]). A nonlinear system of qth-order PDEs with n independent and
m dependent variables which admits a nontrivial conserved form that has at least one
associated symmetry in every reduction from the n reductions (the first step of double
reduction) can be reduced to a (¢ — 1) th-order nonlinear system of ODEs.

Colollary 2.3. (The Inherited Symmetries [7]). Any symmetry Y for the conserved form
D;T* = 0 of PDE system (2.1) can be transformed under the similarity transformation of
a symmetry X for the PDE to the symmetry Y for the PDE D;T* = 0.

3. Application of the generalised double reduction theory to the
nonlinear wave equation (1.1)

It was established in [6, 7] that for arbitrary functions f(u) and g(u), the nonlinear
(2 + 1) wave equation (1.1) has the conserved vector

(Tt?TI?Ty) = <_utaf(u)uz;g(u)uy) ) (3.1)

and admits the Lie point symmetries

X1=Q7 XQZQ

ot ox (3.2)
xs= 2 x, =2 4.2 4,9 |
57 By’ at " Toar Yoy

Furthermore, the symmetries X7, X9 and X3 are associated with the conserved vector
(3.1), ice., if X = k1 X1 + ko X + k3X3, where k;’s are arbitrary constants, then

Tt Dt Dy&t D¢t Tt
X| 7% | = | Dig® D&% Dy&* T
Y D&Y Dy&¥ D&Y Y
’ yTt (3.3)
+ (D€' + D" + Dye¥) | T | =0.
TY

So we can get a reduced conserved form by the combination of them X = % +f<;26% —Higa%,

where the generator X has a canonical form X = %. From the characteristic equations

dt _dv_dy_du_dr_ds_dg_du (3.0
1 &k k3 0 0 0 1 0o '

we obtain canonical coordinates
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r=y—kKgt, s=x—kot, q=t, w(rs) =u. (3.5)
The inverse canonical coordinates are
t=q, T=kKoq+Ss, Y==kr3q+T, U=Ww. (3.6)

It follows therefore that the partial derivatives u;, u, and u, expressed in terms of the
canonical variables (3.5) are

U = —RoWs — KgWy, Uy = Ws, Uy = Wy. (3.7)

According to Theorem 2.1, we obtain the reduced conserved form

" Tt
s | =74 | 1 |, (3.8)
T1 TY
where
Dt Dyx D,y 0 0 1
A= | Dt Da Dy |=[0 1 0 |, (3.9)
Dqt Dq:L’ qu 1 ko K3
Dyr Dys  Dyg —K3 —Ko 1
AL = Dyr Dgs Dgq | = 0 1 0|, (3.10)
Dyr Dys Dyq 1 0 0
with J = det(A) = —1. Substituting for the partial derivatives in (3.8) using (3.7), we
obtain
T = /igwr + Kokrgws — g(w)wy,
T° = Kakzwy + "i%ws - f(w)w& (3.11)
T9 = —Kg3w, — Kows.

Therefore, the reduced conserved form is

D, T" + D;T® = 0. (3.12)
After writing the symmetries (3.2) in the canonical variables (3.5), we obtain
> 0 0 > 0 5 0 5 0 0
X1 = K3+ —, Xo=—, Xg=—, Xy=r—+s-— 1
B e P I L R e L M (3:13)

and it turns out that they are all inherited by (3.12). Furthermore, all the inherited
symmetries (3.13) are associated with the conservation law (3.12), i.e., if X = §;X; +
09X9o + 03 X3 + 04Xy, then

< /(T D, &7 D" T" . o[ TN
X(TS)_(Dré'S DS§S><T5>+(DT£ +DS£)<TS>_0' (3'14)

We consider reduction of the conservation law (3.12) under two cases: under the inherited
symmetry Y| = r% + s%, and under the inherited symmetry Y, = % + 7%, where 7y is
an arbitrary constant.
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3.1. Reduction of (T",T?) under Y; = r% + s%

The generator Y] = r% + s% has a canonical form Y = 8% when
dr ds dw dn dm dv
— =l === 3.15
r S 0 0 1 0 ( )
or 5
n=-, m=Inr, ov(n)=w. (3.16)
r
The inverse canonical coordinates are given by
r=e", s=e"n, w=uv, (3.17)

and so the partial derivatives in the conserved vector (77,7%) in terms of the canonical
coordinates (3.16) are given by

Wy = —€ "Ny, ws = —e 'nu,. (3.18)

By using the formula (2.12) we get the reduced conserved form

(o )=s0a" (7). (319)

where

and J = det(A) = —e?™.
From (3.18) and (3.19) we obtain that

T" = v, (2k263n — K30* +n?g(v) — K3 + f(v)),

T™ = vy, (K30 — Koks — ng(v)) . (3.20)
Therefore, the reduced conservation law is
D,T" =0, (3.21)
or
Un (2R2ksn — k302 4+ nPg(v) — K3 + f(v)) = &, (3.22)

where k is a constant. The solution of the nonlinear wave equation (1.1) follows from the
solution of (3.22) via (3.16) and (3.5).

For illustrative purposes, let us consider particular choices of the arbitrary functions
in equation (1.1). If we let f(u) =1, g(u) = u and set ko = 1 and k3 = 0, then the ODE
(3.22) reduces to

n?v(n)v’(n) = k, (3.23)
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the solution of which is ok
=t =, (3.24)

n

where A is an arbitrary constant. In light of the change of variables (3.16) and (3.5), with

ke =1, k3 =0, n = xT_t and v = wu, the solution (3.24) translates into the following

solution of the nonlinear wave equation (1.1):

ok
== (3.25)

z—1
3.2. Reduction of (T",T*) under Y; = % + 7%
From the generator Y5 the canonical coordinates are
n=s—ar, m=r, v(n)=w, (3.26)
and the inverse canonical coordinates are given by
r=m, S=ym-+n, w=o. (3.27)

Therefore, the partial derivatives in (77, 7*) in terms of the canonical coordinates (3.26)
are given by
Wy = —YUp, Ws = Up. (3.28)

By using the formula (2.12) we get the reduced conserved form

A T (T
(Tm>_J(A b (Ts>, (3.29)
A— D,r D,s (01
~\ Dpr Dps ) \1 v )’
Al D,n D,m _( 1
Dsn Dsm 1 0/’

and J = det(A4) = —1.
From (3.28) and (3.29) we obtain that

where

T = v, (£(v) +77g(v) — (52 — V53)°) ,

(3.30)
T™ = vy (k3(yk3 — K2) —79(v)).
Therefore, the reduced conservation law is
D, T" =0, (3.31)

vn (F(0) +72g(v) — (k2 — yk3)?) =k, (3.32)
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where k is a constant. The solution of the nonlinear wave equation (1.1) follows from the
solution of (3.32) via (3.26) and (3.5).

If for illustrative purposes we let f(u) = g(u) = u in the nonlinear wave equation (1.1),
and set v = 12, the ODE (3.32) reduces to

(Mv(n) +v(n) — L)v'(n) = k, (3.33)
where )
M:H—%, L= </€2—’€§>
K5 K2
The solution of (3.33) is
A —2kn — 2Lw + (M + 1)w? = 0, (3.34)

K3

where A is an arbitrary constant. In light of (3.5) and (3.26), and if we set v = {2, we
obtain

2
t
n:ﬁi—@—/ﬂgt—i—x and w = u. (3.35)
K2 K2
Therefore (3.34) becomes
A 1
/-c(\/ZtJr'%y—x)+2—Lu+2(M+1)u2_0, (3.36)
K2

which is the solution in implicit form of the non-linear wave equation (1.1).

4. Symmetries and Conservation Laws of the ZK Equation

First, we will derive the Lie point symmetries of (1.2), in the case p = 0,v = 1, af # 0,
ie.,
Ut + Uy + QU + Blgyy = 0. (4.1)

If the operator

0 0 0 0
X :fl(ﬂﬂfayvu)a + 52(@%%“)% "‘53(@%%“)@ + n(tvwayau)%

is a generator of a Lie point symmetry of (4.1), then it must satisfy the invariance condition

X[g} [Ut + Uy + QUgzy + /Bumyy] (1) = 0, (42)
where X®) is the third prolongation of X and can be computed according to (2.5). Equa-
tion (4.2), after expansion and separation, yields an overdetermined system of linear first-
order partial differential equations for the unknown coefficients ¢!,£2,¢3, and 1. The
solution of the system leads to the following Lie point symmetries of (4.1):

0 0 0 0 0
Xi=gp Xe=gp Xs=5, Xa=tg 5, s
o o8 0 ) (4.3)
X5—3t§+x%+ya—y—2u%.
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The conservation laws for (4.1) are constructed by the multiplier approach. We consider
multipliers of the form A(z,t,u, ugz, Uy, Ut, Ugz, Uzy, Uiz, Uyy, Ust, Uty) Tor (4.1). The deter-
mining equation for the multipliers is

)
50 (A (ug + uty + QUgze + Bligyy)] = 0, (4.4)

where % is the standard Euler operator (2.10). Expanding and then separating (4.4)

with respect to different combinations of partial derivatives of u results in the following
overdetermined system for the multipliers:

A
Ay =0, Ap —— =0, Aty =0,
u
A
Ay — Zyy =0, Au,uyy =0, AUyyUyy 0,
A
Am + —t = 07 Aux =0, Auy = O, (45)
U
alA
A =0, Au,, — 5“ 0, iy = 0,
Autgg = 07 Autz = 07 Auzy 07
provided that af # 0. The solution of system (4.5) is
A = citu — 1z + couyy + %um + ;—;u2 + c3u + cq, (4.6)

where ¢1, c2, c3 and ¢4 are arbitrary constants. From (4.6), we obtain single parameter
multipliers

1 o
Ay = tu — Ay = — w4+ Zuyy, A= Ay=1. 4.
1=tu—=, 9 uyy+2ﬁu +Bu , 3= u, 4 (4.7)

According to (2.8), the multipliers in (4.7) satisfy
A (up + utly + Qg + Bugy,) = DyT" + D, T* + D,TY (4.8)
for arbitrary functions u(¢, x,y). We obtain four nontrivial conserved vectors
= (TLTETY), To= (TLT3,1Y), Ty= (TLT5TY), Ti= (TLT5TY), (49)

where T/, T, T/, i =1,...,4, are given by

( 2
t
T = % —uzx,
. tud ulx o, 5 I}
T T = EE + g, — gtux + atutyy — xULy + ituuyy — Bry,y, (4.10)
t t
v-" S+ Bu, - £ S
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¢ 3

;o Ulyy U QUULg
T, = 5 + % + 9
. wlu ut avu ouu aULU a2 u?
B T8 = ougeuy, + 5 35t 25” - 25’”” + 22, Ly 5t 62@”’, (4.11)
T2y = Utuy - %7
2 2
( u2
T§ = ?7
. 3 au? Buu
Ty = \T§ = — =% + auug, + =2, (4.12)
3 2 2
Ty _ Butizy B Bugy
(73 2 2
(T} = u,
u?
Ty + (Tf = o Tt + By, (4.13)
\Tf =0,

5. Double Reduction of the ZK equation

To determine symmetries associated with the conserved vectors (4.9), we set a lin-
ear combination of the symmetries (4.3), i.e., X = Z?:l k;X;, where k;’s are arbitrary
constants, and then apply the association condition

T D&t D&t D¢t T T
X T _ Dt§2 Dr€2 Dyé‘Q ) ( T= ) 4 (thl +Dz£2+Dy§3) ( T =0
TV D3 D&% D¢ Tv TV
(5.1)
for each of conserved vector T; in (4.9). We obtain that T} is associated with only X3, T
and T3 are associated with the linear combination k1 X1+ ko Xs+r4Xy, and T} is associated
with the linear combination x1 X7 + xk9X9 + k3X3 + k5X5. For the multi-reductions that
follow we use these associations:
X3 — 1T}
X1+ ke Xo + k3 X3 — Tp
X1+ koXo + k3 X3 —> T3 (52)
X1+ koXo + k3 X3 — T
X5 — Ty.

5.1. Multi-Reduction of the ZK equation by T3

We obtain the first reduction of the conserved vector T3 by writing the vector in
canonical variables determined from the associated symmetry

X = X1 + koX9 + k3 X3. (53)
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Writing (5.3) in the canonical form X = a%v we obtain from the corresponding character-

istic equations

A _dr _dy _du_dr_ds_dg _dw 6.4)
1 ke k3 O 0 0 1 0 '
the canonical coordinates
r=y—=kxgt, S=x—kot, g=1t, w=u, (5.5)
where w = w(r, s). Inverse canonical coordinates are given by
t=q, T=~Koq+s, Y=~K3q+7r, U=Ww. (5.6)
From Theorem 2.1, we obtain the reduced conserved form
7y (T
T:;Z =J (A ) T3z , (5.7)
T3 13
where
Dt Dyx D,y 0 0 1
A = Dt Dsx Dgy | =1 0 1 0 , (5.8)
Dyt Dyr Dygy 1 ko K3
Dyr Dys  Dyg —K3 —Kko 1
AL = Dyr Dys Duq | = 0 1 0|, (5.9)
Dyr Dys Dyq 1 0 0
and
J =det(A) = —1. (5.10)

Expressing the first and second partial derivatives u;, uz, U, Ugy and ugz, in terms of
the canonical coordinates (5.5), we obtain

Ut = —R2Ws — K3Wr,

Ugy = Wss,

Uy = Ws,

Uty = —R2Wss — K3Wrs,

Uy = Wy,
v (5.11)
Uyy = Wer.

Substituting for the partial derivatives uy, and w,, in (5.7) using (5.11), we obtain

Tr — “3w2 . 5wwrs Bwrws
3 2 2 2
2 3 2
Kow w ww aw
1= _?_62M_ witss £ 512
2
w
T = ——
3 2 ’

leading to the reduced conservation law

D, T} + D,T3 = 0.

(5.13)
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Equation (5.13) inherits the symmetries X7, X2 and X3 from (4.3), which when written
in terms of the canonical variables (5.5), are:
0

N 9 N
X1 = /@'35 + 52%, Xo =

0 = 0

— Xy = —. 14
0s’ 57 or (5.14)

It turns out that all the symmetries in (5.14) are associated with the conservation law
(5.13), i.e.

X 1 DTT Dsr 3 T s 4
X(%f)_(Dés DES)(%)HD@ +Ds§)<%>=0, (5.15)

if X = 51)?1 + 62)?2 + 53)?3, where 0}s are arbitrary constants.
So, we can get a further reduction of the conserved vector (77, T%) by

0 0
Y =— —, 5.16
or + T os ( )
. . ) 0
where 7 is an arbitrary constant. The generator Y has a canonical form ¥ = — when

om
T T 0 0" 1" 0 (5.17)
which results in canonical coordinates
n=s—~yr, m=r, v=uw, (5.18)
where v = v(n). The inverse canonical coordinates are given by
r=m, S=ym-+n, w=o. (5.19)

Therefore, the partial derivatives in the components (5.12) in terms of the canonical co-
ordinates (5.18) are given by

2
Wy = —YVUp, Ws = TVn, Wpr =7 Unn, Wrs= —YUnn, Wss = Unn. (520)

According to Theorem 2.1, we have that

()0 ()

D,r Dys (01
A_<Dmr Dms>_<1 ’y)’ (5.22)

1 _( Dimm Dm \ [ —y 1
A _<D5n Dsm | 1 0 )’ (5.23)

where
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and
J =det(A) = —1. (5.24)

Substituting the partial derivatives in (5.20) into (5.21) results in a reduced conserved
vector with the following components:

r 2 vn L, v
T35 = (a+ B77) Uvnn_? +§U (753—"12)"‘?7
1 kgv? 1
T?f = 557”721 - 32 - 557”’”1171-
This leads to the reduced conservation law D, T3 = 0, from which we obtain the second-
order ODE

(5.25)

2 v, L, v
(@ +B77) { vonn — 5 | + 507 (vks — k2) + 5 =k, (5.26)

where k is an arbitrary constant.

5.2. Multi-Reduction of the ZK equation by T},

We see from (5.1) that the symmetries associated with Ty are X1, X9, X3 and X5. We
perform multi-reduction by 7Ty under two cases, namely reduction from using the linear
combination X = X; + k2 X9 4+ k3X3 and reduction from using Xs.

5.2.1. Reduction via X = X7 + k2 X2 + k3X3

The canonical variables (5.5) obtained earlier under T3 apply here. Therefore, the reduced
conserved form resulting from T} is

T] (T
Ty | =J@A Y | 18 |, (5.27)
T Ty

where A, A~!, J and the partial derivatives are the same as the ones computed earlier in
(5.8)— (5.11). Therefore, we obtain

Ty = k3w,
w?
T} = kow — 5 = Bwry — Qg (5.28)
T4q = —w,
and the reduced conservation law
D, Ty + DT = 0. (5.29)

Like in the T3 case, the symmetries X, Xo, and X3, in (4.3) written in terms of the
canonical variables (5.5), become

- _ 9
X1 = K3g + Koo Xo = 55’ X3 = I (5.30)
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and are inherited by (5.29). Also, they are all associated with the conservation law (5.29).
Using Y = % +’y%, where v is an arbitrary constant, as in the 73 case, we find canonical
coordinates

n=s—yr, m=r, v=uw, (5.31)

where v = v(n). Taking advantage of the calculations done in the T3 case, in which the
same canonical variables were used, the reduced conserved vector is given by

(5)-swr ()

where A, A=! and J are given by (5.22), (5.23) and (5.24), respectively.
Substituting the partial derivatives in (5.20) into (5.32) results in the following com-
ponents of the reduced conserved vector:

2

v
TZI = —KU + YK3V + ? + Unn (a + ﬁ72) s (533)
T7 = —Kgv.
This leads to the reduced conservation law D, T} = 0, from which it follows that
v? 9
v(fyﬁii - K2> + 9 + Unn (a + By ) =k, (5'34)

where k is an arbitrary constant.

5.2.2. Reduction via X = X5

We obtain the first reduction of the conservation law Ty by writing it in canonical variables
determined from writing the associated symmetry X = X5 in the form X = a%. From the
associated characteristic equations

dt  dz @ _du dr ds dq dw

_— = — = _— = —— = — = — 5-35
3t T Y —2u 0 0 1 0’ ( )
we obtain the canonical coordinates
7'»27’ 5:7, :7’ w:t u’ 536
i 173 (5.36)
where w = w(r, s). Inverse canonical coordinates are given by
t=e%, z=els, y=elr, u=e 2w, (5.37)

and the partial derivatives in the conserved vector Ty, in terms of the canonical coordinates,
are

=e M =e M 5.38

Uy = € W, Uy =€ TWpy. (5.38)
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The reduced conserved vector is therefore

Ty . T}
T | =J(AY | 18|, (5.39)
7y Ty
where
Dt D,x D,y 0 0 €4
A = Dgt Dgx Dgy | = 0 el 0 (5.40)
Dgt Dgx Dygy 3e31 eds elr
DtT DtS th - 3;4//3 - 3{1/3 %
A7 = Dyr Dys D.q | = (1) B 0 |, (5.41)
Dyr Dys Dyq 7 0 0
and
J = det(A) = —3¢°. (5.42)

Substituting the partial derivatives (5.38) into (5.39), we obtain

Ty = rw,
T; = sw— 31202 — 38wy — 30Wgg (5.43)

Tf = —w.

Then the reduced conservation law is
D, Ty + DT = 0. (5.44)

None of the symmetries from (4.3) are inherited by (5.44), and therefore no further reduc-
tion of (5.44) is performed in this case.
5.3. Multi-Reduction of the ZK equation by T,

We see from (5.1) that the symmetry associated with T3 is X = % + f@za% + ﬁga%, the
same symmetry used in the multi-reduction by T5. Therefore, the first reduction can be
achieved through the canonical coordinates

r=y—kst, s=x—kot, q=t, w=u, (5.45)
where w = w(r, s). The resulting reduced conserved form is
7 T,

Ts | =J(A"Y) | 1% |, (5.46)
. T
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where A, A~!, and J are given by (5.8), (5.9) and (5.10), respectively. Substituting for
the partial derivatives in the conserved vector T5 using (5.11), we obtain

RoWlWyrs — KoWpWs — K3WS — QR3WWss — K3W2
h="" > "6 25 2
s = row? n KWWy . kw2 | QRgWWys w74 B wwy,
64 2 23 283 83 2 (5.47)
akzwaws  awlwgs  Buw?, o?w?,
23 - 23 Ty T QWrrWss — Wa
po o W wwn | aww
27 6B 2 23

Then the reduced conservation law is
D, Ty + D15 = 0. (5.48)

Like in the T3 case, the symmetries X7, X, and X3, in (4.3) written in terms of the
canonical variables (5.5), become
> 0 0 > 0 > 0
LT g TG 27 0s 5T o
and are inherited by (5.48). Also, they are all associated with the conservation law (5.48).
Using Y = % + ’y%, where « is an arbitrary constant, we find canonical coordinates

(5.49)

n=s—°r, m=r, V=uw, (5.50)

where v = v(n). Taking advantage of the calculations done in the T3 case, in which the
same canonical variables were used, the reduced conserved vector is given by

( Tzé;’ > =7 ( % ) ) (5.51)

where A, A~!, and J are given by (5.22), (5.23) and (5.24), respectively.
Substituting the partial derivatives in (5.20) into (5.51) results in the following com-
ponents of the reduced conserved vector:

n 2U72m (K‘Z B 7/{3) (Q,U’I%L + ’03/3) Q’UQUTm U4
Ty = - + + —,
20 26 23 88 (5.52)
m 1 5 1 k3vd  akzvUn, 1 5
= —YKaU,, — =YK2VVnp — - — =Y K3V
2 27 2V, 27 2VUnn 63 23 2’7 3Un

where Q = a + B+2. This leads to the reduced conservation law D, T3 = 0, from which it
follows that
202, (K2 —k3) (QU% + U3/3) Quvivy,, vt
28 28 + 28 83

where k is an arbitrary constant.

=k, (5.53)
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5.4. Multi-Reduction of the ZK equation by T}

The first reduction of the conserved vector T3 is obtained from writing the vector in
canonical variables determined from writing the associated symmetry X = X3 in the form
X = a%. From the corresponding characteristic equations

@ B dj dy du dr ds dgq dw

o 0 1 0 0 0 1 0 (5.54)
we obtain the canonical coordinates
r=t, s=z, q=y, w=u, (5.55)
where w = w(r, s). Inverse canonical coordinates are given by
t=r, =58 y=gq, u=uw. (5.56)

Therefore, the partial derivatives in the conserved vector 77 in terms of the canonical
coordinates (5.55), are

Up = Ws, Uy =0, Upp=1Wss, Uy =0, uy =0. (5.57)

The reduced conserved vector is

1] . T!
T | =J(AY) | 1F |, (5.58)
Y Ty
where
D,t D,z D,y 100
A = D¢ Dga Dy | =01 0], (5.59)
Dyt Dyr Dyy 001
DtT Dt S th 1 0 O
A7l = D,r Dgs Dgg |=| 01 0 |, (5.60)
Dyr Dys Dyq 001
and
J =det(A) = 1. (5.61)

Substituting for the partial derivatives in (5.58) using (5.57), we obtain the components

2

rw
="
1 9 sw,
3 2
1 .62
17 = % + arwwsg — 5047"103 — % — QSWss + QWs, (5.62)

T = 0.
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The corresponding reduced conservation law
D, T{ + DT} = 0, (5.63)

inherits the symmetries X;, X2, X4, and X5 from (4.3), or in terms of the canonical
variables (5.55)

S 0 S 0 > 0 0 S 3 0 1 0 0
Xi=—, Xo=4+, Xu=r—+—, Xs=—cr——-s5— —. .64
YT o > 0s’ ! Taeraw’ > 2" or 2Sas+w8w (5:64)
It turns out that none of the symmetries (5.64) are associated with the conservation law
(5.63). Therefore, no further reduction of (5.63) is performed.

6. Concluding remarks

The work presented in this study significantly enhances the existing body of literature
concerning the application of the generalised double reduction theory. The theory presents
a powerful tool for obtaining invariant solutions of systems of PDEs from the association
of symmetries of the system with its nontrivial conservation laws. Given a system of gth-
order PDEs with n independent and m dependent variables, the theory provides for the
reduction of the system to a system of (¢ — 1)th-order ODEs.

We have applied the generalised double reduction theory to two (2+1)-dimensional par-
tial differential equations, a nonlinear wave equation and the Zakharov-Kuznetsov equa-
tion. For the nonlinear wave equation, we extended the application presented in the
seminal paper by Bokhari et al [6] on the generalised double reduction theory. We pre-
sented a more detailed account of the application and also determined and used additional
inherited symmetries. We furthermore presented exact solutions of the equation for spe-
cific prescriptions of the arbitrary functions in the equation. As for the ZK equation, five
Lie point symmetries of the equation were determined along with four nontrivial conser-
vation laws. Upon establishing association of the conservation laws with the symmetries,
multi-reductions were performed for each of the conservation laws.

Overall, our study has provided a comprehensive guide to using the generalised double
reduction method. We have presented clear illustrative examples and included each key
step of the method.
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