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Abstract. This paper aims to estimate the logarithmic coefficients for the class of functions with
bounded turning. Hence, the upper bounds of the second-order for three types of determinants
(Hankel, Toeplitz, and Vandermonde) whose entries are logarithmic coefficients for this class of
functions are obtained. Some interesting consequences of these results are also highlighted, offering
new findings within the class of functions with bounded turning.
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1. Introduction

Let A denote the class of all functions f (z) of the form

fz)=z+ Zanz”, (1)
n=2

which are analytic in the open unit disk £ = {z € C:|z| <1}. We denote by S the
subclass of A consisting of univalent functions in E.

A typical problem in geometric function theory is to study a functional consisting of
combinations of the Taylor coefficients a,,n > 2 for the subclass of univalent functions
such as Hankel and Toeplitz determinants, but this is not limited to this. The unknown
upper bounds of these determinants for the class of univalent functions have attracted
researchers, making this an open and intriguing topic for further study. The Hankel
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determinant is an extremely useful tool in the study of singularities. This is particularly
important when analyzing power series with integral coefficients [6, 9]. Meanwhile, the
Toeplitz determinant has a variety of applications in both pure and applied mathematics,
statistics, and probability; for example, it is used in algebra, quantum mechanics, queuing
networks, signal processing, partial differential equations, and time series analysis [49].

Pommerenke [38, 39] and Ali et al. [7] defined the Hankel determinant Hg,, (f) and
Toeplitz determinant Ty, (f), n,q > 1, whose elements are Taylor coefficients a,,n > 2
for functions f (z) € A, respectively, as follows:

Qn an4+1 - Qn4qg-1
Gp41 Gp42 Un+tq
Hya(fy=| M o)
Qn+g—1 Qntq " QAn42¢—2
and
Qnp An+1 o Qpgg—1
Gp4-1 Gnp, co Andg—2
(=] e )
an+qg—1 Qniq—2 *°° Qnp

A recent work delves into the interesting world of Hankel and Toeplitz determinants in
the context of considering logarithmic coefficients as the entries. This idea generalizes
the traditional concept of both determinants (2) and (3) by replacing their entries with
the logarithmic coefficients of f (z) € A. Kowalczyk and Lecko [22, 23], as well as Giri,
Kumar, and Mohamad et al. [15, 35], introduced the Hankel and Toeplitz determinants
of logarithmic coefficients ~,, n > 1 for functions f (z) € A, respectively, as follows:

Tn T+l 0 Untg-1
Tn+1 Tn+2 Tn+q
Hon (v5) = : : : : ’ (4)
Yn+g—1  Tnt+q 7 Int2¢-2
and
Tn Tn+1 Tt Intg-1
Yn+1 Yn o Yndq—2
Tym (vf) = : ) : : (5)
Tnt+q-1  In+qg—2 Tn
The logarithmic coefficients ~,,, n > 1 of f (z2) € A are defined by
o
z
log f2) i ) =2 E:l 2" (6)
n=

Differentiating (6) and equating coefficients of z" provides the logarithmic coefficients in
terms of Taylor coefficients for f (z) € A, which specifically, for n = 1,2, 3, 4:

1

"= §a2, (7)
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1 1,
72—2<a3—2a2 >, (8)

1 1
B=g <a4 — azasz + 3023) ; 9)
and ) ) .
V4 = 5 <a5 — ag2a4 + a22a3 — 5&32 — 4@24> . (10)

Milin [31-33] highlighted the importance of logarithmic coefficients for estimating the Tay-
lor coefficients of univalent functions. Subsequently, this led to de Branges [4] establishing
the Bieberbach conjecture. Logarithmic coefficients also play a significant role in conformal
mapping, which helped Kayumov [20] solve Brennan’s conjecture. Since then, numerous
studies on logarithmic coefficients have continued, with examples found in [3, 12, 14, 42].

On the other hand, Vijayalakshmi et al. [44] introduced the Vandermonde determinant
Vgn (f), where n,q > 1 and a,,n > 2 are the coefficients of the Taylor series in (1):

1 an e anq_l
1 an+1 e an_"_IQ*l

Van(H)=| . . : : Jap = 1. (11)
I antg-1 - an-i—q—lq_1

This determinant has many applications in a variety of domains. For example, it is used in
digital signal processing to compute the discrete Fourier transform (DFT) and the inverse
discrete Fourier transform (IDFT), and it also plays an important part in approximation
problems [44]. The Vandermonde determinant, often known as a discriminant, is also an
important tool in linear algebra; refer to [26] and the references therein for details.

Therefore, following the generalization of the Hankel and Toeplitz determinants in (2)
and (3), where their entries are replaced by logarithmic coefficients, and acknowledging the
significance of both the Vandermonde determinant and logarithmic coefficients, we now
define the Vandermonde determinant of logarithmic coefficients for functions f (z) € A as
follows:

1 Vn . %qfl
I Ymn T 'Yn-i-lq_l

Van (vp) =1 . : : : : (12)
1 Tntg—1 - 'YnJrqflq_l

Consequently, if ¢ = 2 and n = 2, then from (4), (5), and (12), respectively, yield the
second-order of three types of determinants, namely Hankel, Toeplitz, and Vandermonde,
as follows:

Hao (vf) = y274 — 137, (13)
Too (vf) = 72% — 732, (14)
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and
Vaa (vr) =73 — 72 (15)

In [2, 5, 8, 24, 28, 43, 46, 48], sharp bounds for the Hankel determinant of logarithmic
coefficients were recently established for several subclasses of univalent functions. Works
by [1, 35] also investigated both Hankel and Toeplitz determinants with logarithmic coef-
ficients as entries, specifically for the subclass of starlike functions with respect to other
points. While there has been limited study on Toeplitz determinants in this context, it is
important to note that, in general, the upper bounds for both Hankel and Toeplitz deter-
minants remain unknown for classes of functions. In fact, to the best of our knowledge,
no one has yet studied the Vandermonde determinant of logarithmic coefficients.

Thus, motivated by the previous studies, in this paper, we aim to estimate the upper
bounds of the logarithmic coefficients |v,|, specifically for n = 1,2,3,4. Hence, we focus
on estimating the upper bounds of the second-order Hankel, Toeplitz, and Vandermonde
determinants whose entries are logarithmic coefficients, as given in (7)-(10), for functions
belonging to the following class of bounded turning functions:

Definition 1. A function f(z) given by (1) is said to be in the class G («,9) if the
following condition is satisfied:

Re (eio‘f' (2)) >4, z€E,
where |a] < m, 0 <6 <1, and cosa > 9.
This class was introduced by Mohamad [34].

Remark 1. Selecting specific values for the parameters o and ¢ in the class G (a, 0) yields
the following classes:

(i) If we choose « = &6 = 0, then G («, ) reduces to R which satisfies Re f' (z) > 0. The
functions from R are said to be of bounded turning.

(ii) If we choose a = 0, then G (v, §) reduces to R (8) which satisfies Re (f' (z)) > 6. The

class R () is called the class of bounded turning functions of order §.
(iti) If we choose § =0, then G (a, 8) reduces to R (o) which satisfies Re (¢ f' (z)) > 0.

Pioneering researchers like Goel and Mehrok [16], Macgregor [30], Noshiro [37], Silverman
and Silvia [45], and Warschawski [47] were among those who explored the classes R, R (9),
and R («), and further investigation into the class of bounded turning functions has also
been extensively studied by other researchers, see, for example, [13, 18, 19, 21, 25, 27, 36,
40], suggesting different directions than the current study.
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2. Preliminary results

Let P denote the class of positive real part functions p (z), also known as Carathéodory
functions, of the form

p(z) =1+ paz", (16)
n=1

which satisfy Rep (z) > 0 for z € E.
To verify our main findings, we require a few sharp estimates in the form of lemmas valid
for functions with a positive real part, as follows:

Lemma 1. ([10]) For a function p (z) € P of the form (16), the sharp inequality |py| < 2
holds for each n > 1. Equality holds for the function p(z) = 2

1—2z

Lemma 2. ([11]) Let p(z) € P be a function of the form (16) and p € C. Then
|pn — porpn—k| < 2maz{l,2p— 1|}, 1<k <n—1.

If |2 — 1| > 1, then the inequality is sharp for the function p(z) = %Z or its rotations.
1427
1—zm

If 121 — 1] < 1, then the inequality is sharp for the function p(z) = or its rotations.

3. Main results

This section presents the proof of our main findings, primarily focusing on the upper
bounds of logarithmic coefficients and three types of determinants (Hankel, Toeplitz, and
Vandermonde) for the class G («, 9).

3.1. Logarithmic coefficients for G(«, )

We now estimate the upper bounds of the logarithmic coefficients for functions belonging
to G (o, 9).

Theorem 1. If f (2) =z + > an2™ € G («,0), then
n=2

tas
‘/yl‘ S %7

las

‘72| < (;) 3
tas taég

< (X0 4 70

and

|| < — 4+ — +

tas ta52 ta64
5 4 8’

where tos = COsa — 0.
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Proof. Let a function f(z) € G (a,0) given by (1). Then there exists a function
p(z) € P such that [34] '
ef'(z) —isina— ¢

=p(2),
_— (2)

0 (0]
where to5 = cosa— 6, p(z) =1+ Y pp2”, and f/(2) =1+ n > a2 L.
n=1 n=2

Moreover, it can be observed that

tase™ " pp—
ap = %7 n>2, (17)

and specifically, for n = 2,3,4,5, we get

as = tazse;iapl’
as = taée;iap2’
4 (18)
a4 = taéezlzapii,
a5 = tasegmm.
Substituting (18) into (7)-(10) yields
t EG_M 1
o= %’ (19)
t 66—io¢ .
Y2 = a48 (8p2 — 3tase pi), (20)
tm;e*m —ia 2 —2ia, 3
V=g (6ps — 4tase " “pip2 + tas e DY) (21)
and
_ ta(Seiiap4 . ta62€72iap% _ ta62€72mp1p3 + ta53673iap%p2 _ tozti46741’&]7411 (22)
w 10 36 16 24 128
Hence, we can express (19)-(22) as follows:
tase " p1
nl===—7 (23)
t 56_m 3t 56_m
ol = 25 (5 (2= 2ot ). (2)
tase ™ 2t o501 e
sl = =5 (6 <p3 = =S | + tas®e T )| (25)
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i 1 10t 5e tase “py 2 se tasie 3pt
"74‘ = [tase "™ <_10 <p4 - 05))6 p%) + = 16 p3 — QTPIZE + aTgl .
(26)
Applying Lemma 2, it can be observed that
‘Pz - 73t“6§_mp%‘ < 2max {1, ‘7&“‘56:(174‘} =2,
}pg e p1p2’ < 2max{l, ’74%5@;”—3‘} =2,
(27)

T PN Y )

‘pg _ Qtaé;f_mplpz‘ < Qmax{l, ‘4%%_““3‘} —9.

Thus, the upper bounds of |y;| and |v2| result from applying Lemma 1 and Lemma 2,
respectively. Meanwhile, the upper bounds of |v3| and |y4| result from using both Lemma
1 and Lemma 2, as well as triangle inequality. This completes the proof of Theorem 1.

3.2. Second-Order Hankel Determinant of Logarithmic Coefficients for
G(a,d)

Now, in this subsection, using the results from Theorem 1, we estimate the upper bound
of the second-order Hankel determinant of logarithmic coefficients, specifically for n = 2
and ¢ = 2, for functions belonging to G («, 9).

Theorem 2. If f(2) =2z + > apz" € G(a,9), then
n=2

tas 2

H
| 22(’Yf) = 5160

(36 |5tase "™ + 4] + Yas |Btage ™™™ + 12| 4 30tas” + 80tqs + 135) ,
where to5 = cosa — 0.

Proof. Using (8)—(10), we can establish

9 tog2e—2ic . 9 i 3\2
V3T = a62304 (6P3 _24ta§€ lappo +tase lapl) i 9
_ tas2e~2ia [ 36p3 — 48tase” U pipaps + 16t 052e 203 p '
2304 +12t05%e > pips — Stas’e P pip2 + taste D]
and
. ta528_2ia(8p2—3ta6P%8_ia) pa _ tasP3e”™™  t,spipgeTi + tasPip2e” 21 to58ple i
7274 = 18 10 36 16 24 128

32t(1 —ia,,3 .
o g2e-2i < 192]532174 _ 6‘; py 24ta66 zap1p2p3 4 20ta6 e 2zap2p2 )
= ad = h 6 .
P

2304 7ot —i0 2 4 ,—4ia
_9ta536 3’Lap4p a6€5 PiP4 + 9ta526 2 3p + Nas 68
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Therefore, we have

. | tagteo (19 4oy emio o 73%56 P2+ 4tpsPe2p2py? — 36p3
22 (V) = —5a— o :

—ia 2 4 —4dic

2304 _7%6657?1?4 — Btas2e Hpdpy — taa e~Siaptp, 4 fos’e 102
(28)

Taking the modulus of both sides of equation (28) and rearranging the terms according

to Lemma 2, we obtain

32ty —ia,2
Has (7)) = tas” izgm % - Vipips) + 20 (g — yop2) + 36p3 (20)
2304 # (p4 _ V***plpg) + toaige 3zap1 (p2 . I/****p%)
where v* = %ﬂ’y** = w’ P — —5%27643_107 and v = tose
We see that
lps — v pips| < ‘M :
lp2 — v pi| <2,
(30)

I

Ips — v pips| < ‘M)

’p2 _ V****p%‘ < 2. )

Thus, from (29), considering the triangle inequality, Lemma 1, and (30), we obtain the
desired inequality. This concludes the proof of Theorem 2.

3.3. Second-Order Toeplitz Determinant of Logarithmic Coefficients for
G(a,0)

In this subsection, using the results from Theorem 1, we determine the upper bound of
the second-order Toeplitz determinant of logarithmic coefficients, specifically for n = 2
and g = 2, for functions belonging to G («, 6).

Theorem 3. If f(2) =2+ ) apz™ € G(«,0), then
n=2

To2 (vf) | < 16 + 37t os” + A tas” + 3 |8tase ™™ — 3|,

tas (
144
where tos = cos o — 0.

Proof. In light of (8) and (9) give

2 1 —q 2 —2ia, 2)\2
727 = 3304 (St@e "y — Btas’e 2p])
tos2e 2ic i, 4

= lad o (64p3 — 48tase "pips + HtasZe Hpt)
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and

V3% = 5357 (6taspse ™™™ — dtas prpoe 2 + tosple

tagle %o < 36p3 — A8taspipapae ' + 12tas"plpsc®e )
e~ 170}

ia fsm)Q

= 304 +16ta52pipae ™2 — 8tos®pipee ™3 + tosp§

Therefore, we obtain

Tos (vf) = tasle 2 ( 64p3 — 48tase ™ *pips — 36p3 + 4A8tase " Up1paps + MasZe” 2p] )
3 - 6 Y
b1

2304\ — 12tas%e 2 pips + Blas e S plpy — 16tas e 21pip] — toste e
(31)
and we can express (31) as follows:

) f 2304 +36p3 (p3 _ H***p1p2) + 1615045267220[]?%2?% + ta64674zap? )

(32)

where k* = 48t se ' K — 8tose "™ and K*** = 48t 5e” "

64 ’ 12 ’ 36 :

According to Lemma 2, we can conclude that
[p2 — K*pi| < 2maX{1, ‘Mf”’} =2,
dtase =311 _
|p3s — K**p1pa| < 2max{1, %‘} =2, (33)
|p3 o H***pIPZ‘ < 2max {17 8taée;ia73’} —9 ‘Staée;iafg‘ '

Using Lemma 1, (33), and the triangle inequality, we obtain the desired bound from (32).
This concludes the proof of Theorem 3.

3.4. Second-Order Vandermonde Determinant of Logarithmic Coefficients
for G(a,d)

In this subsection, we obtain the upper bound of the second-order Vandermonde determi-
nant of logarithmic coefficients, specifically for n = 2 and ¢ = 2, for functions belonging
to G («,9).

Theorem 4. If f(2) =2+ ) apz™ € G(,0), then
n=2

tas (7 + 2tas?
Vaa ) < e (T Zas)

where tos = cosa — 0.
Proof. Through (8) and (9) yield

taéefia

48

Voo (vf) = (6p3 — 4tase ““pip2 + tasce 2P} — 8ps + 3tase pl). (34)
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By rearranging the terms in (34) according to Lemma 2, we obtain

e}

tase

Voo (7f)| = 13 (6 (p3 — n*'p1p2) — 8 (P2 — N**PT) + tas’e 2p})|, (35)
where n* = 741&,155—1'“ and n** = 73ta6§_m

Furthermore, we discover that

Ips — n*p1pa| < 2max{1, W‘} =2,

(36)

lp2 — n**pi| < 2maX{1, I

3ta§€7ia—4 ‘} — 2.

By implementing Lemma 1 and (36) into (35), as well as applying the triangle inequality,
we achieve the desired bound. This completes the proof of Theorem 4.

4. Consequences and corollaries

Since G (o, ) generalizes R, R (J), and R («), several new consequences of Theorems
1-4 are highlighted out for specific choices of o and § as follows:

Substituting @ = 0 and § = 0 in Theorems 1-4, we get the estimates bounds for the class
R.

Corollary 1. For any function f (z) given by (1) for the class G (0,0) = R, then
(i) Il <5, el <3, sl < 5 | <22
(i) |Haz (vf)| < 53
(i) |To2 (vf) | <

() [Vaz (vy)] <

If we consider @ = 0 in Theorems 1-4, we obtain the estimates bounds for the class R (§).

ey

D!

I o= ~

Corollary 2. For any function f (z) given by (1) for the class G (0,6) = R(0) , then

. P 5 5 1-6)3 5 1-6)2 1-6)4
(Z)|71|§177|72’§1T)’73‘§1T+(6)”’)/4‘§1T_|_(4)+(8)

y (52 ( 3615(1—38) +4[+9(1—8)|5(1—5) +12
<
(i) [H22 ()] < a0 ( +30(1 — 6)° +80 (1 — 6) + 135

(iii) |Tos (vp)] < 4220 (16 F37(1—6)2+4(1—8)* +3|8(1—06) — 3])

. 1-8)(742(1-6)2
(iv) [Vaz (7p)] < AT+ 20207
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Putting 6 = 0 in Theorems 1-4, we have the following results for the class R ().

Corollary 3. For any function f (z) given by (1) for the class G («,0) = R («) , then

(’i) |’71| S %7 ’,)/2‘ § %’ ‘73| S % 4 Coz3a7 ’74‘ S co;a 4 cojfa + 002404

. 36‘56*1'0‘00804—1—4‘—1—900804‘5640‘00804—1—12‘
< COS2Oé
(it) Ha2 ()l < ‘3t ( +30cos3a + 80 cos a + 135

(iii) |To2 (v7) | < 952 (16 + 37cos’a + 4 cos’ar + 3[8e ™ cos a — 3])

. cos a7+ 2cos?
(iv) [Vas (7)) < “oxolt2oa)

5. Conclusion

In this paper, we have obtained the estimates on logarithmic coefficients |y,|, n =
1,2,3,4, thereby extending the properties of G(«,d), R, R (J), and R («). Recent research
has sparked considerable interest in logarithmic coefficients and the Hankel, Toeplitz, and
Vandermonde determinants. This has inspired us to define the Vandermonde determinant
of logarithmic coefficients for functions f (z) € A. As a result of determining the logarith-
mic coefficients, we have established the upper bounds for three types of determinants:
|Ho2 (V)]s |To2 (v¢) |, and [Va 2 (7f)|, where the logarithmic coefficients are considered as
the entries, for functions from G(«,d), as well as R, R (6), and R (a). The lemmas from
the preliminary section have proven invaluable in establishing upper bounds for three
types of determinants of logarithmic coefficients. The findings in this paper could inspire
further research into determining upper bounds for Hankel, Toeplitz, and Vandermonde
determinants with logarithmic coefficients as entries, particularly within other subclasses
of univalent functions, while considering the inverse functions for G(a,d). Additionally,
for new insights, one might refer to [41] for other coefficient-related problems in logarith-
mic functions such as Fekete Szeg6 inequality; however, consider subclasses of bi-univalent
functions, which could expand upon, for example, the works of [17, 29].
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