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Abstract. Groups and graphs are two concepts of algebraic mathematics. This paper focuses on
group structures that can be expressed in graphs known as identity graphs. We investigate the
energy of the identity graph for a group of integers modulo n, Z,,, for odd and even n corresponding
to adjacency, Laplacian, and signless Laplacian matrices. It can be seen that the Laplacian and
signless Laplacian energies are always equal and are always an even integer. Meanwhile, the
adjacency energy is never an odd integer for n is odd.
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1. Introduction

Groups and graphs are two concepts of algebraic mathematics. A group is an algebraic
structure from a non-empty set with a binary operation and satisfies associative property,
there is an identity element and each element has an inverse. Furthermore, graph theory is
a discrete mathematics study that discusses vertices and edges. In this paper, we discuss
group structures that can be expressed in graphs, the name is identity graph.

Kandasamy and Smarandache in 2009 [5] described finite groups as graphs. They call
this the identity graph because the main key in constructing the graph is determined by
the group’s identity elements. The discussion on labeling of the identity graph can be
found in [10].
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The graph energy concept was pioneered by Gutman in 1978 [4]. It should be noted
that the graph energy is never an odd integer [1, 9]. Moreover, several results on the energy
of a graph defined on groups can be found in [11, 13, 15]. They worked on non-commuting
graphs with Wiener-hosoya, closeness and degree subtraction matrices. Meanwhile, for
Sombor energy can be seen in [12]. Shi et al [17] found the energy of picture fuzzy graphs,
in line with the signless Laplacian energy [11] and Cayley of interval-valued fuzzy graphs
[2]. Kumari et al. [6] presented the quotient energy of the identity graph for Z,, for prime
number p and Romdhini et al. [14] showed the spectral properties of power graph for
dihedral groups. Meanwhile, the spectral discussion of the square power graph can be
seen in [18]. In addition, Shanthakumari et al. [16] described the Euclidean degree energy
and Lokesha et al. [8] investigated the skew energy of a graph.

Inspired by this, we work on the identity matrix. Our focus in this paper is a group
of integers modulo n, Z, = {0,1,2,...,n—1}. We construct the identity graph based
on the group elements as vertices. We develop some graph matrices corresponding to this
graph concerning the adjacency, Laplacian, and signless Laplacian matrices. We formulate
the graph’s characteristic polynomial, spectrum, and energy, and analyze the relationship
between those energies. We also observe the energy values to draw interesting conclusions.

2. Preliminaries

In this part, we recall the fundamental definition and theorem that are useful for our
main results. We start with the definition of the identity graph.

Definition 1. /5] The identity graph of a group G, denoted by ', is a graph whose vertex
set is the elements of the group and two distinct vertices u and v will be connected by an
edge if uv = e with every member of G\{e} is adjacent to e, where e is the identity element

of G.

Throughout this paper, we denote the identity graph for Z, as I'z,. The next two
theorems are the description of I'z, , for n is odd and even.

Theorem 1. [5] If Zy, = {0,1,2,...,n — 1} is a group of order n, n > 3 with odd n, then
the identity graph of Z,, contains ”51 of K3.

Theorem 2. [5] If Z,, = {6, 1,2,...,n — 1} is a group of order n, n > 2 with even n, then
the identity graph of Z,, contains ”52 of K3 and a K.

The construction of the graph matrices of I'z, is based on the definition of the ad-
jacency, Laplacian, and signless Laplacian matrices. We refer these definition to ([3]) as
presented below:

Definition 2. (/3]) The adjacency matriz of order n x n associated with I'y, is given by
A(T'z,) = lai;] whose (i,7)-th entry

S 1, ifv; # v; and they are adjacent
Y1 0, otherwise
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Definition 3. (/3/) The n x n diagonal degree matriz of I'z,, is given by D(I'z,,) = [d;j]
whose (i, j)-th entry
dij = { v,y if Vi =

0, otherwise

where d,,; 1s the vertex degree of v;.

Definition 4. ([3/) The n x n Laplacian matriz of T'p,, is given by L(T'z, ) = D(T'z, ) —
A(Tyz,).

Definition 5. ([3]) The n x n signless Laplacian matriz of I'z, is given by SL(I'z,) =

The characteristic polynomial of A(I'z, ) is defined by
Par,,)(N) = [Mn = A(T'z,,)] (1)

where I, is an n X n identity matrix. Similarly, notation for other matrices can be used
in the same manner.
To formulate the determinant in Equation 1, we need row and column operations to
simplify the process. Let R; be the i-th row and C; be the i-th column of Pyr, 1(A).
Furthermore, the roots of Pawy,) () = 0 are the eigenvalues of I'z, . The graph energy
definition is based on the eigenvalues of I'z, as presented below.

Definition 6. [4] The adjacency energy of I'z, can be written by
n
EaTz,)=>_ I\l
i=1

where A1, Aa, ..., \n are eigenvalues of A(T'z,).

The spectrum of I'z, in accordance with the adjacency matrix is

Speca(Tz,) = {(0)™, (A2)*, ..., ()™},

where ki, ks, ..., k, are the respective multiplicities of eigenvalus. The spectral radius of
I'z, corresponding with the adjacency matrix is

pa(Tz,) = maz{|\| : X € Speca(I'z,)}.

The energy value of I'z,, is classified as hyperenergetic if the energy of I'z, is greater
than 2(n — 1) [7].
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3. Main Results

In this section, we begin with the analysis of the degree of every vertex in I'z,,. We
need this property for constructing the matrices of I'z, .

Theorem 3. Let I'z, be the identity graph on Z,. For n is odd, then
(i) the degree of 0 on Tz, is deg(0) =n —1, and
(ii) the degree of a on I'z, is deg(a) =2, for a # 0.

Proof. From Theorem 1 for odd n, the identity graph of Z,, contains "T_l of K3. Since
the identity of Z,, is 0, then 0 is adjacent to all other vertices in Z,. This means that the
degree of 0 is equal to n — 1. Meanwhile, for @, where a # 0, we know that the inverse
of @ is n — a, since a + (n —a) = 0. This implies that @ and n — a are always adjacent.
Therefore, the degree of @ is 2.

Theorem 4. Let I'z, be the identity graph on Z,. For n is even, then
(i) the degree of 0 on Tz, is deg(0) =n —1,
(it) the degree of % on Tz, is deg(3) =1, and

(iii) the degree of @ on I'z, is deg(a) =2, for a # 0, 5.

n—2

Proof. Recall the fact from Theorem 2 that the identity graph of Z, contains 5= of
K3 and a K for even n. By the same argument with the proofing part of Theorem 3 that
0 is the identity of Z,, then the degree of 0 is n — 1. Now, we concern with 5 € Zp. Since

the inverse of g is itself, then % is only adjacent to 0 which means the degree of g is 1.

Meanwhile, for a # 0,%, we have a 4+ (n — a) = 0. Consequently, @ is adjacent to n —a
and also to 0 which we mentioned earlier. Therefore, the degree of @ is 2.

Theorem 5. Let M, «, be the matrix as follows:

a ¢ ¢ ... ¢
c b0 ... 0 ¢
c 0b ... ¢ O
M = ;
c 0 ¢c ... b 0O
| cc 0 ... 0 b

where n is odd, and real numbers a,b,c. The characteristic polynomial of M is

n—3

Pu() = (¥ = (a+b+dtalbte) —n 1) (A—b-0) T (A=b+0)"3".
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Proof. Let n be an odd number. The characteristic polynomial of M is given by

A—a
—c
—c

Prr(X)

—C

A=b

—C

A—b
0

—C
—C

A—=b

where the numbers a, b, ¢ are real. We need to simplify the above determinant by applying
row and column operations.

(1) Rugiy; —> Rusa g — Rugaj fori=1,2,..., 5%,
Then we have
A—a —c —c —c —c
—c A—b 0 0 —c
—c 0 A—0b —c 0
Pu()=| . : : :
0 0 —A+b—c A—b+c 0
0 —A+b—c 0 0 A—b+c
(ii) Cuts_; —> Cuss_; 4 Cnia ,, for i =1,2,..., 251
2 2 2
Consequently,
A—a —2c —2c —c —c
—-c MA=b-c 0 0 —c
—c 0 A—b—c —c 0
Pl = ; ;
0 0 0 A—b+c 0
0 0 0 0 A—b+c
(lll) Cl — Cl + ﬁc& + ﬁc?) + ...+ A*Z*CC"Tl
Hence we can write
A=aAboc=fn=l) g, —2¢ —c —c
0 A—b—c 0 0 —c
0 0 A—b—c —c 0
Py(A) = . . .
0 0 0 A—b+c 0
0 0 0 0 A—b+c
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It follows that
n—3

Pu(N) = (M = (a+b+ A +alb+e)—En-1))A-b-e)T A-b+0)7,

due to it is an upper triangular matrix.

Theorem 6. Let n is even and M, x, be the matriz as follows:

a dd .. ddd..dd
db 0 ..000 ..0d
d0b ...000 ...do0
d 0 0 b 0 d 00
M=14 00 0 ¢ 0 00|’
d 0 0 d 0 b 00
d0d .. 000 ...b0
 dd 0 ... 000 ... 0 b

where a, b, c,d are real numbers. The characteristic polynomial of M is

Py(N) =N = (a+b+c+d)N+ ((a+c)(b+d) +ac—d*(n—1)A+ (b+d)(d* — ac) + cd*(n — 2))
A=b—d)22A—b+d)z " ..

Proof. Let n is even, and a, b, ¢, d are real numbers. The characteristic polynomial of
M is given by

A—a -d —d ~d —-d —d —d —d
~d A—b 0 0 0 0 0 —d
—d 0 MA—b 0 0 0 —d 0
—d 0 0 A—b 0 —d 0 0
PuN) =\ _, 0 0 0 MA—c O 0 0
—d 0 0 —d 0 MA—b 0 0
—d 0 ~d ... 0 0 0 ... A=b 0
—d —d 0 ... 0 0 0 ... 0 X—b

We need to simplify the above determinant by applying row and column operations.

(i) Rojryi — Royipi— Rogqy, fori=1,2,...,5 - 1.
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Then we obtain
A—a —d —d —d —d —d —d —d
—d A—b 0 0 0 0 0 —d
—d 0 A—b 0 0 0 —d 0
—d 0 0 A—b 0 —d 0 0
Py =\ _, 0 0 0 A—c 0 0 0
0 0 0 ~A+b—d 0 A—b+d 0 0
0 0 “A+b—d 0 0 0 A—b+d 0
0 —A+b—d 0 0 0 0 0 A—b+d
(i) Cojp1y —> Coyqj+ Coygyy, fori=1,2,...,5 -1
Consequently, we have
A—a -2 —2d —2d —d —d —d —d
—d A—b—d 0 0 0 0 0 —d
—d 0 A—b—d 0 0 0 —d 0
—d 0 0 A—b—d 0 —d 0 0
PuN =1 _g4 0 0 0 A—c 0 0 0
0 0 0 0 0 A—b+d 0 0
0 0 0 0 0 0 A—b+d 0
0 0 0 0 0 0 0 A—b+d
(111) Cl—>Cl+LCQ+L03+...+LCn 1—|—LCH.
X—b—d A—b—d " X—b—d- 5~ X—b—d~' 3
Then, we can state that Pys(A) is
()\—a)()\—)\b—d);d2(n—2) —9d —9d _2d 0 _d —d —d
0 A—b—d 0 0 0 0 0 —d
0 0 A—b—d 0 0 0 —d 0
0 0 0 A—b—d 0 —d 0 0
—d 0 0 0 A—c 0 0 0
0 0 0 0 0 A—b+d 0 0
0 0 0 0 0 0 A—b+d 0
0 0 0 0 0 0 0 A—b+d
. d
(iv) Ch — C1 + A—CC%-H'
It follows that Pps()\) is
—a —c —b—d)—d?((n— n—c —b—
Q=0Q=0Q bt (=D r=)+(=b=d) Coa o4 Cod o 4 4
A—b—d 0 0 0 0 0
0 0 A—b—d 0 0 0 —d
0 0 0 A—b-d 0 “d 0
0 0 0 0 A—c 0 0
0 0 0 0 0 A—b+d 0
0 0 0 0 0 0 A—b+d
0 0 0 0 0 0 0

—d

coo---

A—b+d
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The matrix form is upper triangular, consequently, we derive the following formula:
PyN) =N —(a+b+ec+d)I+ ((a+c)(b+d) +ac—d*(n—1)A+ (b+d)(d® — ac) + cd*(n — 2))
A=b—d)22(A=b+d)2"".

3.1. Adjacency Matrix

In this part, the goal is to provide the energy formula of I'z, associated with the
adjacency matrix. We begin with the case for n is odd.

Theorem 7. Let I'z,, be the identity graph on Z,. The adjacency energy of I'z, for odd
n s
Ea(lz,) =n—2+V4n — 3.

Proof. According to Theorems 1 and 3, we can construct an n X n adjacency matrix
of I'z, as follows:

01 2 n—2 n—1
0 0 1 1 1 1
1 1 0 0 0 1
2 1 0 O 1 0
Al'z,) = (2)
n—21{1 0 1 0 0
n—1\1 1 0 0

Following the principle of Theorem 5 with a = b =0 and ¢ = 1, then we derive
Py N =2 -A=(n-1))A-1)"F A+1)"F
The roots of Pyr,, )()\) =0 are \; = 1 of multiplicity 252, Ay = —1 of multiplicity 25+,

and A\34 = 1 5 Y= 4” 3 of multiplicity 1, respectively. Consequently, the spectrum of I'z,,

Speca(T,) = {(1 ; m)l W 7 (- m>l} .

2 2 2 2

It is clear that the spectral radius of I'z,, is

1 +4n—3
pa(lz,) = 5+ Y22

Therefore, the adjacency energy of I'z, is as follows:
n—3 n—
Batrz) = (M52 i+ (P50 ) a0+ [ =0
=n-—2++v4n — 3.




M. U. Romdhini et al. / Eur. J. Pure Appl. Math, 17 (4) (2024), 2915-2929 2923

Theorem 8. Let 'z, be the identity graph on Zy,. The characteristic polynomial of A(T'z, )
for even n is

Pag, )N = (W =X = (n = DA+ 1) (A= 1) 2(A4+1)5 7L,

Proof. According to Theorems 2 and 4, we can construct an n X n adjacency matrix
of I'z, as follows:

01 2 2-1 3 Z+1 n—2 n—1
0 (0 1 1 11 1 1 1
T (10 0 0 0 0 0 1
2 [1 0 0 0 0 0 1 0
111 0 0o 0 1 0 0

(Fz) T |1 0 0 0 0 0 0 0 ®)

Z4+1|1 0 0 1 0 0 0 0
n-2|1 01 ... 0 0 0 .. 0 0
n-1\1 10 ... 0 0 0 .. 0 0

According to Theorem 6 with a = b= ¢ =0, d = 1, consequently, we derive the following
formula:

Paryy(N) = (A =22 = (n = DA+ 1) (A= 1DE2(A+ 1) 3L,

3.2. Laplacian Matrix

This part focuses on the Laplacian matrix of I'z, , for odd and even n, followed by
calculating the energy.

Theorem 9. Let I'y,, be the identity graph on Z,. The Laplacian energy of I'z, for odd
n s
Er(I'z,) =3(n—1).

Proof. Based on Theorem 3, we have n x n degree matrix of I'z as diag(n —
1,2,2,...,2,2). According to Definition 4 and Equation 2, we can construct an n x n

? Y Y

Laplacian matrix of I'z, as follows:

L(T'z,) =D(I'z,) — A(T'z,) (4)
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0 1 2 ... n—-2 n-1

0 n—-1 -1 -1 ... -1 -1

1 -1 2 0o ... 0 -1
2 -1 0 2 ... -1 0

- . . . . . (5)
n—21 —1 0o -1 ... 2 0
n—1\-1 -1 0 ... 0 2
According to Theorem 5 with a =n — 1, b = 2, and ¢ = —1, then we obtain

-3 n—1
2 .

Prr, y(N) = AA—n)(A—1)"2 (A —3)

The roots of PL(FZn)()\) = 0 are A\; = 0 of multiplicity 1, Ao = n of multiplicity 1, A3 =1
of multiplicity ”ng’, and Ay = 3 of multiplicity "Tfl Consequently, the spectrum of I'z,, is

Speer(Tz,) = {0 (1)"2",(3)"7, (0)' }.
It is clear that the spectral radius of I'z,, is
pr(l'z,) =n.
Therefore, the Laplacian energy of I'z, is as follows:

n—1 n—3

Butz,) = Wl + ("5 ) 31+
_3(n—1).

) 1]+ @0

Theorem 10. Let I'z, be the identity graph on Z,. The Laplacian energy of I'z, for even
n s
Ep(T'z,) =3n—4.
Proof. From Theorem 2, we have the degree of every vertex in I'z, for even n. Then the
diagonal matrix of I'z is D(I'z,) = diag(n — 1,2,2,...,2,1,2,...,2). Based on Definition

4 and Equation 3, we can construct an n x n Laplacian matrix of I'z, as follows:

L(I'z,) =D(Tz,) — A('z,) (6)
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B 0 1 2 -1 5 Z+1 ... n—-2 n-1
0 m-1 -1 -1 -1 -1 -1 ... -1 -1
1 -1 2 0 0 0 0o ... 0 -1
2 -1 0 2 0 0 o ... -1 0
e 2 0o -1 0 0 )
z -1 0 0 0 1 0 0 0
Z+1| -1 0 0 -1 2 0 0
n-2\-1 0 -1 ... 0 0 0o ... 2 0
n-1\-1 -1 0 .. 0 0 0o ... 0 2

Following the guideline in Theorem 6 with a =n—1,b=2, c=1, and d = —1, then we
can write the following expression:

Prryy(N) = AA —n)(A — )31 (A - 3)5 L.
The roots of PL(an)()\) = 0 are \; = 0 of multiplicity 1, Ay = n of multiplicity 1, A\3 = 1

of multiplicity § —1, and Ay = 3 of multiplicity § — 1. Consequently, the spectrum of I'z,
is

Specr(Tz,) = {(m)" . (3)F ()3, (0)' }
It is clear that the spectral radius of I'z,, is
pr(I'z. ) =n.
Therefore, the Laplacian energy of I'z,, is as follows:

Eu(Tz,) = () fnl + (5 = 1) 18]+ (5 = 1) [+ (1) [0]
=3n — 4.

3.3. Signless Laplacian Matrix

Next, we show the energy of 'z with respect to the signless Laplacian matrix, for odd
and even n.

Theorem 11. Let I'y, be the identity graph on Z,,. The signless Laplacian energy of I'z,
for odd n is

Esi(Tz,) = 3(n —1).
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Proof. Based on Theorem 3, we have n x n degree matrix of 'z as diag(n —
1,2,2,...,2,2). According to Definition 5 and Equation 2, we can construct an n x n
signless Laplacian matrix of I'z, as follows:

SL(Tz,)=D(I'z,) + A(l'z,) (8)
0 1 2 n—2 n-—1
0 n—1 1 1 1 1
1 1 2 0 0 1
2 1 0 2 1 0
= , 9)
n—2 1 0 2 0
n—1 1 1 0 ... 0 2

From Theorem 5 with a =n — 1, b = 2 and ¢ = 1, we can simplify Pg L(an)()‘) as follows:
Psr(ry, ) (A) = (A2 = 2+ m)A +2(n —1))(A = 3)"T (A - 1)"7 .
The roots of PSL(FZn)()\) = 0 are A\; = 3 of multiplicity ”T_?’? A2 = 1 of multiplicity %_1’

A3q = 24“7" + 7””2_24”‘*'12 of multiplicity 1, respectively. Consequently, the spectrum of I'z,,
is

1 1
24+n n?2 —4n 4+ 12 no3 na1 (24N n?2 —4n + 12
Specsr(I'z,) = {< + ) ,(3) 7 ,(1) = >< - ) }

2 2 2 2

It is clear that the spectral radius of I'z,, is

2+n+\/n2—4n+12
2 2 ’

psL(l'z,) =

Therefore, the signless Laplacian energy of I'z, is as follows:

Esi(Tz,) = (”53) 13] + (”;1> |+

=3(n—1).

Theorem 12. Let I'z, be the identity graph on Z,. The signless Laplacian energy of I'z,,
for even n is

ESL(FZH) =3n —4.

Proof. Since the diagonal matrix of 'z, is D(I'z,) = diag(n — 1,2,2,...,2,1,2,...,2).
Based on Definition 5 and Equation 3, we can construct an n x n signless Laplacian matrix
of I'z, as follows:
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SL(Tz,) =D(Tz,) + A(l'z,) (10)
B 0 1 2 51 g g+1 n—2 n-—1
0 n—1 1 1 1 1 1 1 1
1 1 2 0 0 0 0 0 1
2 1 0 2 0 0 0 1 0
n
_ 5%1 1 0 0 2 0 1 0 0 (11)
5 1 0 0 1 0 0 0
F+1 1 0 0 1 2 0 0
n—2 1 0 1 0 0 0 2 0
n—1 1 1 0 0 0 0 0 2

Again, by Theorem 6 witha=n—1,b=2,c=1, and d = 1, we have
Pspry, ) (A) =(N° = (n +3)A2 + 30X —2(n — 2))(A —3)2 (A —1)2 !
=A=2)A = (n+DA+n—-2)A=3)2 21 —1)2"1.

The roots of Psrr, y(A) = 0 are Ay = 2 of multiplicity 1, A2 = 3 of multiplicity 5 — 2,

A3 = 1 of multiplicity § — 1, and A\y5 = ”T“ + 7W of multiplicity 1, respectively.
Consequently, the spectrum of 'z, is

Specsp(I'z,) = {<n+ Ly m) L(3)F72,(2)1, (1)F 1, <n+1 m) }

2 2 2 2

It is clear that the spectral radius of I'z,, is

n+1 Vn?2—2n+9

T = .
psL(I'z,) 5+ 5

Therefore, the signless Laplacian energy of I'z, is as follows:

n+1i\/n2—2n+9
2 2

Bsu(Tz,) = (5 —2) B+ @ 121+ (5 - 1) 11+

=3n—4.

4. Discussion

From the results of the previous section, we can conclude several interesting statements.
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Corollary 1. The Laplacian energy of 'z, is always similar to the signless Laplacian
energy of I'z, .

Corollary 2. The energy of I'z,, is always an even integer associated with the Laplacian
and signless Laplacian matrices.

Corollary 3. The energy of I'y, for odd n is never an odd integer associated with the
adjacency matrix.

Corollary 4. I'z, is hyperenergetic associated with the Laplacian and signless Laplacian

matrices.
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