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1. Introduction

Nowadays, one can see a rapid growth of interest in the theory of rough sets and its ap-
plications, evident from the number of international conferences and workshops dedicated
to investigating the progression of rough set theory, as well as the high-quality papers pub-
lished as a result of this attention. This theory was initiated by Pawlak [40, 41] in the early
1980s as a non-statistical technique to analyze data tables acquired from human experts
or measurements. The philosophy of rough set theory in addressing the complex problems
individuals face in practical life is based on dividing a set of data containing uncertainty
into three regions. The first region includes the confirmed information extracted from this
set, terminologically known as the lower approximation. The second region represents
the information for which we cannot determine its belonging or non-belonging to the set,
known as the upper approximation. The third region, known as the boundary region, is
defined as the difference between the upper approximation and the lower approximation.

Rough set theory begins with the concept of an equivalence relationship, which is a
strict term when modeling many realistic problems. This strictness prompted many re-
searchers and authors to search for alternative methods to the equivalence classes, leading
to the development of the neighborhood idea. Initially defined by Yao, he [50, 51] formu-
lated the concepts of right neighborhoods and left neighborhoods as the equivalents of the
equivalence classes derived from Pawlak’s original model. Over time, with the desire to
increase the confirmed information, other models were proposed to improve the approxi-
mation operators and accuracy measures. For instance, rough set paradigms introduced by
using minimal neighborhoods [3], containment neighborhoods [5], maximal neighborhoods
[8, 16], subset neighborhoods [10, 52], adhesion neighborhoods [36], etcetera.

Attention was paid early by [48] to the similarity between the behaviors of lower
and upper rough approximations and interior and closure topological operators. There-
fore, topological structures have been proposed to study information systems and ap-
ply topological operators as alternative tools for these approximations; see, for instance
[4, 17, 22, 34, 43, 46, 49, 53]. Diverse techniques have been introduced to create topolog-
ical spaces utilizing neighborhood systems. For example, one can take the neighborhood
of each point as a subbase of a topology [33] or initiate the topology using the following
formula: ¥y ={V C X :Vy € V,G,\(y) C V} [45]. To develop decision-making methods
for information systems from a topological standpoint, several authors have employed ab-
stract topological principles and their generalizations, such as nearly open sets [1, 2, 6, 7],
supra topology [9], minimal structures [18], infra topology [13], and bitopology [44].

The authors of [32, 47] put forward the notion of ideal over a set X as a nonempty
subcollection of the power set of X which is closed under finite union and hereditary
property. In [28], new topologies are derived from an old one using ideals. With a strong
desire to increase the amount of confirmed information, which gives the decision-maker a
greater opportunity to make more accurate decisions, the ideal structure was integrated
into generalized approximation spaces. The concept was first employed by Kandil et al.
[29]. This concept was later exploited by researchers in the study of information systems,
explaining the advantages of this tool in various ways, including topological approaches,
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as illustrated in many published manuscripts [11, 12, 14, 21, 23, 24, 27, 39]. Researchers
have the freedom to choose the tool that is most efficient for addressing the problem and
achieving the greatest possible amount of desired characteristics of Pawlak paradigms.
Michael [38] came up with a brilliant idea to enlarge a family of semi-open sets using
ideals, then some authors [25, 26] followed this technique to aggrandize the classes of
a-open, (-open, and pre-open sets.

This work deals with generalized approximation spaces using a topological approach
and enhances the prominence of using ideals via rough set theory studies, as a tool to de-
mystify the data. We suggest a broader general framework of topological approximation
spaces via ideals, satisfying the desirable characteristics of original models and enhanc-
ing decision reliability. The presentation of this article is organized as follows: Section
2 covers the fundamentals required to make the paper self-contained. Then, in Section
3, we define a new class of nearly open sets, namely, £-03,-open sets, which is strictly
stronger than the class of £-8y-open sets. We draw the main properties of this class and
articulate its relationships with the preceding ones with the aid of examples. Section 4 is
devoted to constructing rough set models utilizing the class of £-03,-open sets. We com-
pare the approximation operators, boundary regions, and accuracy values of the proposed
paradigms with those presented in other studies. In Section 5, we display a new type
of rough membership functions and apply to describe the main concepts of the proposed
rough set models. We provide a practical example in Section 6 to illustrate the superiority
of the current models over the former models and their applicability in addressing realistic
problems. Lastly, we draw conclusions from the present study and summarize its most
important findings in Section 7. The presentation of this article is organized as follows:
Section 2 covers the fundamentals required to make the paper self-contained. Then, in
Section 3, we define a new class of nearly open sets, namely, £-03,-open sets, which is
strictly stronger than the class of £-3y-open sets. We draw the main properties of this class
and articulate its relationships with the preceding ones with the aid of examples. Section
4 focuses on developing rough set models using the £-63,-open sets. We compare the
approximation operators, boundary regions, and accuracy values of the proposed models
with those in existing studies. In Section 5, we introduce a new type of rough member-
ship functions and apply them to explain the central concepts of the proposed rough set
models. Section 6 provides a practical example that demonstrates the advantages of the
current models over previous ones and their effectiveness in solving real-world problems.
Finally, in Section 7, we conclude the study by summarizing its key findings.

2. Preliminaries

In this segment, we cover the main contributions via topological (generalized) approx-
imation spaces that are required to understand the main contributions and significance of
this manuscript.

Definition 1. [32, /7] An ideal L over the universe X # 0 is a subfamily of the power
set of X satisfying the below terms.
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) VeladZel=VUZeL.
i) VeLand ZCV =Z¢eL.

Through this content, X indicates for a finite nonempty set.

Definition 2. [9] Let R be a binary relation on X. Then, the A-neighborhood of an
elementy in X, symbolized by Gy(y), A € {a,b,a,b,i,u,i, u}, is given by:

(i) Galy) = {x€ X : yRx}.
(ii) Gp(y) = {x € X : xRy}.
(iii) Ga(y) = Nyega(xGa(x), or Ga(y) = 0 when there does not exists Ga(x) containing y.

(iv) Gy(y) = NyegyGb(x), or Gy(y) = 0 when there does not exists Gy (x) containing
y.

(v) Gi(y) = Gal(y) N Gn(y).
(vi) Guly) = Ga(y) UGn(y).
(vil) G;(y) = Galy) NGy(y)-
(viii) Ga(y) = Galy) UGgly).

Moving forward, we utilize this symbol A throughout this manuscript to refer to the
types of neighbourhoods of {a, b, a,b,i,u,i,u}.

Definition 3. [/5] If 2y : X — P(X) is a mapping that assigns for eachy in X a Gy in
P(X), then we called a 3-tuple (X, R,Z)) a Gx-space.

Theorem 1. [30, 31, 45] It may generate a topology 9y on X using Gy-neighbourhoods
by the next formula
I={VCX:WeV,Gyy CV}

FEvery member of 9y is named a A-open set and we call a subset a A-closed set if its
complement is a A-open set.

The class of Ty is given by T'y = {F C X : F' € Uz}, where F' is the complement of
F.

Definition 4. [45] The \-lower and \-upper approzimations, A-boundary region and A-
accuracy of V. C X, inspired by the topological space (X,0y) given in above theorem, are
respectively formulated by the subsequent formulas:

R\(V) is the union of all X\-open sets which are contained in V'; that is V = inty\(V),
where inty is the topological A-interior operator.

RA(V) is the intersection of all A-closed sets containing V; that is, V = clx\(V), where
cly is the topological A-closure operator.

BNDL(V) =RaA(V) = R\(V).

ACCH\(V) = :%28;;} , for each subset V # ().
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Remember that a subset V is named M-exact if Ry(V) = R, (V). Otherwise, V is
A-rough.
In what follows, we recall some definitions of A-nearly open sets.

Definition 5. [15, 20/ Let (X, R,Z)) be a Gy-space. V C X is said to be
(i) A-preopen (Px-open), if inty(clx(V)) D V.

(ii) A-semiopen (Sx-open), if cly(inty(V)) D V.

(iii) ay-open, if V- C inty[cly(int\(V))].

(iv) Br-open (semi preopen), if V- C clylintx(clx(V))].

(v) 6By-open, if V' C cly[int\(cl{(V))], where cl3(V) = {y € X : V Nnintr(clr(G)) #
0,G €9y andy € G}.

(vi) Ng,-set if V.= N3, (V), where \g, (V) =n{G:V C G,G € Bro(X)}.

The families of A-nearly open subsets of X are assigned by nxo(X), wheren € {a, P, S, 3,3/, /\B}
The complements of the A-nearly open sets are known as A-nearly closed sets and denoted

by me(X).

Henceforth, we mean by 7 the elements of the set {P, S, a, 3,008, \ ﬁ}, unless otherwise
stated.

Definition 6. [15, 20] Let (X,R,Z)\) be a Gy-space and V. C X. The ny-lower and
na-upper approximations, ny-boundary regions and ny-accuracy of V are respectively given
by:

@:}(V) =U{G € nyo(X) : G CV} = ny-interior of V.

RA(V)N{H € mre(X) : V C H} = nr-closure of V.

BNDJ(V) = Rg(V) - RI(V).
ACC(V) = :%*,E“;;}, where |RY(V)| # 0,|R3(V)| denotes the cardinality of RA(V).

A

Definition 7. [20] A subset V' of a Gy-space (X, R,Z)) is called:

(i) 0B-definable (38-exact) if Ry (V) =R (V) or BNDSP (V) = 0.
(ii) 68y-rough if Ry (V) # RP(V) or BNDYP (V) £ 0.
(i) Ag,-definable (\s, -exact) f Ra* (V) = R’ (V) or BNDL (V) = 0.

(iv) Ag,-rough if Ry (V) # RAY (V) or BNDYH (V) # 0.

Definition 8. [22, 23] Let L be an ideal on X. We call a subset V of a Gx-space
(X, R,E)):
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(1) L-ax-open providing that there exists G € 9y s.t. (V—int\(cly((G)) € L and (G-V) €
L.

(ii) L£-Py-open providing that there exists G € Uy s.t. (V —G) € L and (G —cly(V)) € L.
(iii) L-Sx-open providing that there exists G € ¥y s.t. (V —cly\(G)) € L and (G—-V) € L.

(iv) L-Bx-open providing that there ezists G € Uy s.t. (V—cl\(G)) € L and (G—cl\(V)) €
L.

(V) L-68y-open providing that there exists G € 9y s.t. (V—cl\(G)) € L and (G—cl§(V)) €
L.

(vi) L-Ng,-set, if V=L = N\g,(V), where L-N\g, (V) ={G:V € G,G € LPro(X)}.

These sets are called L-A-nearly open sets, the complement of the L-A-nearly open
sets is called L-A-nearly closed sets, the families of L-A-nearly open sets of X denoted by
L-nyo(X) and the families of L-A-nearly closed sets of X denoted by L-nxc(X).

Proposition 1. [25]

(i) Every 03y-open is L-0[3y-open.

(it) Every \g,-set is L-/\g, -set.
Proposition 2. [23] The next implications hold true:

UA(I')) = L-ayo(L-arne)  L-Pro(L-Pxc)
(8 NI
L-Sxo(L-Sxc) = L-Bro(L-Prc) = L-0Bro(L-08xc)-

19)\(F,\) = E—Oé,\o<£—a)\c) E—P)\o(ﬁ—P)\c)
\ \
L-Sxo(L-Sxc) = L-Bro(L-Brc) = L-N\g,, (L-Ng,.)-

() = arolare)  Pro(Pro)
(8 N2
Sxo(Sxc) = Bro(Bac) = 6Bx0(08)¢)-

IA(2) = axolaxnc)  Pro(Pro)
A8 (3
Sxo(Sxc) = Bro(Brc) = N, o (Nsyo)-

Definition 9. [22, 23] The L-ny-lower and L-nx-upper approrimations, L-nx-boundary
regions and L-nx-accuracy of V are respectively given by:

Ef\:in(v) =U{G € L-no(X) : G TV} = L-ny-interior of V.

ﬁf_n(v) ={H € Lnc(X):V CH} = L-ny-closure of V.

BNDETI(V) =Ry (V) = RET(V).

) i
ACCE(WV) = B e [RET'(V)] 0.

Ry "WVl
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Remember that a subset V' is called an £-ny-definable (£-ny-exact) set if ﬁffn(V) =
Rf_n(V). Otherwise, V' is an £-ny-rough set.

Theorem 2. [23] For a subset V of a Gy-space (X, R,Z)), we have:
(i) R{(V) CRA(V) € RY(V) € RR(V) € RY(V) CRY(V).
(i) R{(V) CR{(V) € RY(V) € RR(V) € RY(V) € R (V).

(i) R, (V) € RP\(V) C RY (V).

(vi) Ry(V) SR (V) S RE Mo (v),

(vii) Ry (V) CRY (V) CRAUV) CR(V) CRA(V) C RS
(vii) Ry (V) CRY (V) CRAV) CRA(V) SRy (V) € RS
L

(ix) RSP (V) CR\(V) CRA(V).

No(vy RV (V) C RV) CRUV) CRR(V) CRA(V).

/\5(

(x) Ry
V) SR (V) CRE(V) CRUV) S RY(V) S RY(V).

M(vy RV (V) CRAV).

s

(xi) R,
sy 5L

(xii) R,

When we combine an ideal £ with a Gy-space (X,R,Z)), we write the quadruple
(X, R,E\, L); this quadruple is symbolized by £ — Gy-space.

Proposition 3. [23] For a subset V of an L — Gy-space (X, R,Ex, L), we have:
(i) R{P(V) SRy (V) CREPN(V).

(i) Ry (V) € RYS(V) S RETA(V) RV,

(iii) Ry (V) SRy T(V) SRy (V).

(iv) Ry (V) SRy (V) SRy C(V) SRy (V).

(v) REP(V) S RYP(V) < RSN,

(vi) RE™(V) € RES(V) S RY (V) c RF M),

(vii) RE M) cRY vy cRY T ().
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(viti) R“ M (v) c RYP(v) CRY (V) <Ry (V).

Definition 10. Let (X, R,Z)) be a Gy-space and V' C X. The 0y-closure is given by
d(V)={ye X :VNc(G)#0,G e, andy € G}.

Definition 11. [/2] The rough membership function of a subset V of X is defined, under
an equivalence relation R on X, as p¥ : X — [0,1], where

Viy) = |[Y|}b/72]7:‘v\’y cX.

[yJr denotes to an equivalence classes.

Definition 12. [23] The A-rough membership functions of a subset V of X is given by
& — [0,1], where

G |4
i) = R

Definition 13. [35] The A-rough nearly membership function of a subset V of X is defined
by u> — [0,1] as follows

A(y) = 1 Le 9y (y)
py (v) = { min({(y)) :  otherwise
where G (y) = {05y € ma(y) and m(y) € mo(X)}.n € {a, P, S, B}.

Definition 14. [22, 23] The L — A-nearly rough membership functions of a subset V' of
X is defined by ME ™ —10,1], as follows

£—77>\ . 1 : 1 6 ¢€'an (y)
py M(y) = . Lemy ] .
min(y; " (y))) :  otherwise

where Y™ (y) = {EZ20 oy € £—(y) and £ —m(y) € Lmo(X)}.
Lemma 1. [23] Let V' be a subset of an L — Gy-space (X,R,Ex,L). Then
() my(y) =1=p(y) =1=puy ™(y) =1,Vye X.
(i) p(y) =0= p(y) =0=py ™(y) =0,Vy€ X.
Definition 15. [45] Let (X, R,Z)) be a Gy-space, y € X and V C X:
(i) Ify € R\(V), then y A-certainly belongs to V', denoted byy €,V .
(ii) Ify € Ra(V), then y A-probably belongs to V , denoted by y €,\V .

(iii) If y € RU(V), then y A-nearly certainly (nx-certainly) belongs to V', denoted by
y E\Vin € {a, P, S, B}
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(iv) If y € RU(V), then y A-nearly probably (nx-probably) belongs to V, denoted by
y ExVin € {a, P, S, B}

Definition 16. /23] Let (X, R,Z)) be a Gy-space, y € X and V C X:

(1) Ify € Ef_"(V), then y is A-nearly certainly with respect to L ( L — nmx-certainly)
belongs to V', denoted by 'y gf_”A.

(ii) Ify e ﬁf_n(V), then 'y is A-nearly probably with respect to L (briefly L—mnx-probably)
belongs to V', denoted by 'y @f_"A.

Proposition 4. [23] The subsequent properties hold true for each subset V.
(i) ifye,A=yeclA=y gf‘”A.

(i) fy ey "A=>yElA= yE\A.

3. L-05,-open sets

This section aims to adopt a fresh class of nearly open sets called £-03,-open sets,
serving as an introduction to building rough set paradigms. This type of nearly open
sets is established by replacing the empty difference of 5-open sets with the belonging
of difference to the ideal, which enlarges the class of 838-open sets. We conclude the core
characterizations of this class and elucidate its relationship with the forgoing classes.

Definition 17. A subset V' of an L—G-space (X, R,ZEx, L) is called L-05-open providing
that 3 G € Uy s.t. (V —cl\(G)) € L and (G —cl§(V)) € L. We call a complement of a
L-9By-open set an L-03,-closed set. The classes of all L-0y-open and L-0,-closed are
respectively symbolized by L-08,0(X) and L-05,-(X).

Example 1. Let

X = {YIayQ>y37y47y5}7£ = {®7 {y3}}>

and

R = {(y1,y1), (y1.¥2), (y2,¥2), (¥3,¥3), (¥3,¥a), (Y4, ¥3), (Y4, Ya), (¥5,¥2), (Y5, ¥3), (¥5,y4) }-

Then, the topology generated by a relation R in the case of A = ais 9 = {X, 0, {y2},{y1,y2},
{ys,va}, {y2,ys,ya}, {y,y2, v3,va}, {y2,y3, v4,ys}} and L-05,0(X) is the power set of X.

We demonstrate in the next result that the class of £-83,-open sets is wider than the
classes of £-6(,-open sets, E—AﬁA—setS.

Proposition 5. (i) Every L£-05y-open set is L-05-open set.

(ii) Every L-\g,-set is L-08-open set.
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Proof. 1t is evident by Definitions 8 [23] and 17.

Remark 1. Ezample 1 yields an evidence that the converse of Proposition 5 fails. By

this example, we remark that L-08,0(X) = P(X), L-0.0(X) = P(X) —{{ys}}, and L-

/\ﬁaO(X) = {Xv 07 {yQ}a {y3}’ {}/4}7 {y5}a {ylv Y2}» {}/2, Y3}7 {Y2a y4}7 {yQ’ y5}7 {y37 y4}’ {Y3a y5}7

{ya,ys}, {ysy2,ys}, {v1,y2,y5}, {y1, 2, vab {y2,y3,ya}, {y2, 3,5}, {v2, va,y5}, {ys, y4, y5}

) {YL Y2,¥Y3, Y4}7 {Y17 Y2,¥Y3, y5}7 {Y17 Y2, Y4, Y5}7{Y2, Y3,Y4, Y5}} NOU], {Y5} 18 an
L-08,0(X)-open set, but it is neither an L-68,0(X)-open set nor an L-\g_-set.

Also, the next result clarifies that the class of £-0/,-open sets is wider than the classes
of §3,-open sets and Aﬁ)\—sets.

Proposition 6. (i) Every d3,-open set is L-0-open set.
(ii) Every N\g,-set is L-05-open set.

Proof. By using Propositions 1 [23] and 5.

Example 2. Let

X = {Y1aY2aY3aY4},£ = {(Z)’ {y3}}’

and

R = {(y1,y1), (Y1,¥2); (Y2, ¥1)5 (Y2, ¥2) (¥3,¥3) (Y4,¥3) (Ya,¥a)) }-

Then, the topology generated by a relation R in the case of A = ais 9, = {X, 0, {ys}, {y1,y2},
{y1,y2,y¥3}}. Now, L-05,0(X) is the power set of X and 08,0(X) is P(X)\{{ya}}. One
can check that {ys} is an L-05,0(X)-open set, but it is not 65a0(X)-open.

Example 3. Let

X ={y1,y2,y3, ¥4}, L = {0, {y3}}

and

R = {(y1,y1), (y1,¥3), (¥2,¥1), (¥2,¥3), (¥3,¥3), (Y4, Y1)}

Then, the topology generated by a relation R in the case of A = a is 0o = {X, 0, {ys}, {ya}, {y1,y3},

{ys,ya}, {y1,y3,ya}}. Notethat L-05,0(X) = P(X) and \g O(X) = {X,0,{y2}, {ys}, {ya},
{y1,y3}: {y2,va}, {y2, va} {yz, yabs {y1, v2, ya}, {y1, va, ya}, {y2, y3, ya}}-

The next proposition elucidates that the the class of £-03,-open sets is proper wider
than the class of £-§5y-open sets. Therefore, the class of £-03,-open sets is also wider
than the classes of all £-A-near open sets introduced in Definition 8 [21], i.e., £-3)-open,
L-Py-open, L£-Sy-open and L-ay-open sets. Moreover, it is wider than the classes of
083y-open sets. Hence, it is also wider than all classes of A-near open sets introduced in
Definition 5 [15], i.e., By-open, Py-open, Sy-open and ay-open sets.
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Proposition 7. The next implications hold true:

UAI')) = L-ayo(L-arne)  L-Pro(L-Pxc)
(8 N2
L-Sxo(L-Sxc) = L-Bro(L-Brc) = L-0B\o(L-68x¢c)
N2
L-0B0(L-0Bxc)-

19)\(F)\) = ﬁ-a,\o(ﬁ—a)\c) ﬁ—PAo(ﬁ—P)\c>
! U
‘C'S/\O(L"_S)\C) = E_BAO(‘C-ﬁ)\C) = E-/\/B)\O(E-/\/B)\C)
\

L-08,0(L-0B5¢)-

Iy = axolarxe)  Pro(Pao)
NS N3
Sxo(Sxac) = Bro(Bac) = 06x0(085¢)
i3
L-08,0(L-0B5¢)-

Ia(T'x) = arolane)  Pro(Pac)
4 4
Sxo(Sxc) = Bro(Brc) = Ngy o (Asyo)
4

L-08\0(L-9Bxc)-

Proof. By Propositions 2 [23], 5, 6 the proof is obvious.

Theorem 3. The union of two L-03,-open subsets is L-03-open. That is, the family of
L-05-open subsets is closed under finite union.

Proof. Take arbitrary two £-03,-open subsets V and W. Then, there are open sets G
and H s.t. the four sets (V' \ cl\(G)), (G \ cl§(V)), (W \ clx(H)) and (W — cl§(B)) belong
to L. Since (G\ cl§(VUW)) C (G\c§(V)) € L, (H\c§(VUW)) C (H\cl§(W)) € L, we
have (G\ cl§(VUW))U(H\cl§(VUW)) € L. Let Z = GUH, then (Z—cl§(VUW)) € L.
Also, (V \ elr(Z2)) € (V \dA(G)) € L and (W \ clx(Z)) € (W \ clx\(H)) € L. Then,
(V\ela(Z))U(W\cla(Z2)) € (V\ea(G)U W \clr(H)) € Land so (VUW)\cl\(Z)) C
(V\ex(G))U (W \clr(H)) € L. Hence, VU W is an L-08,-open subset.
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In Algorithm 1, we present the steps to calculate the family of £-03,-open subsets.

© 0 N O Ok W

N e T ol i
S © W g O ks W N RO

Input : The universal set X, a relation R, and an ideal £ under consideration.
Output: The family of £-63,-open subsets.

Ask the the expert(s) to give a relation £ over X;
Choose a A type;
for everyy € X do
‘ compute Gy (y)
end
Construct a topology ¥y ={V C X :Vy € V,G)(y) C V} on X;
Initiate C1 = {Cl,\(V) Ve 19)\};
Construct a 6-topology 9§ = {V € 9, : int§ (V) = V};
Define F = P(X) \ 9y;
Initiate Co = {cl§(W) : W € F};
Ask the the expert(s) to give an ideal £ over X;
for every W € F do
if IV edy s.t. W\dr(V)) €L and (V\ d§(W)) € L then
W is an L-03,-open set;
wWeF*
else
‘ W is not an L£-0y-open set
end

end
L-0B8,0(X) =10\ UF*.

Algorithm 1: Determination of the family of £-0/3,-open subsets

4. Approximations spaces by using £-63,-open sets

Herein, we establish novel rough paradigms inspired by the family of £-63,-open sets.

We focus on the role of the proposed rough paradigms in developing decision-making meth-
ods through the preservation of most properties of the standard model given by Pawlak
and heighten the accuracy measures of extracted knowledge compared to paradigms stud-
ied in the literature. Additionally, we make comparisons between the proposed models for
all cases of A\ with the assistance of counterexamples.

Definition 18. Let V' be a subset of an L — Gy-space (X, R,Ex,L). We respectively
define the L-0-lower, L-03-upper approximations, L-03,-boundary regions and L-0 -
accuracy of V' as follows:

Ef_%(‘/) =U{G € L-0B,o(X) : G C A} = L-03-interior of V.
ﬁf_eﬂ(v) =M{H € L-OB\o(X):V C H} = L-OB-closure of V.
BND P (v) =Ry (v) - RY P (V).

L—-0p _
AWy = By VN here [RY 77 (V)] # 0.
Ry v
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Proposition 8. Let VW be subsets of an L — Gy-space (X, R,ZEx,L). Then,

() REPP(v) v e Ry (V) equality hold if V =0 or X.

—L—08

Gi) Vew =Ry Pwv)cRY Pw).

(iii) VC W = Ry (V) c RSP (w).

—L—08

(iv) Ry (v aw) CcRx Ry

V)NRx —(W).

(v) Ry Pvuw) 2 RY P (V) URT (W),

—L—68

(vi) Ry P(vuw) 2Ry Ry

(VYURS (w).

(vii) R (v nw) c REP V) nREP ().

(vitl) R (V) = Ry (V)L R (V) = R (V)
(ix) Ry Ry (v) =R (V)

(x) Ry PRV =Ry (V).

() R RS (V) € RYPREPW)).

—L-6p

(xii) REPRY vy Ry PR ).

Proof. The proof is warranted by using the properties of £-03,-interior and £-03,-

closure operators.

Definition 19. A subset V' of an L—Gy-space (X, R,Zx, L) is named an L-08-definable
(an L-08-ezact) set ifﬁfieﬁ(‘/) = Ef_%(V). Otherwise, V is an L-03-rough set.

In Example 1 V' = {y3} is £-03,-exact.
To articulate the relationships between the present rough paradigms (Definition 18)
and those given in Definition 9 [22, 23], we provide the next two results.

Theorem 4. Let V be a subset of an L — Gy-space (X, R,Zx,L). Then:
(i) RS P(V) C Ry P(v) < REP(v) < REP (V).

(i) Ry (V) € RES(V) CRYTA(V) S RY(V) S RV,

(iii) RE~"(V) SRy P(V) SR Aoa(v) C REO(V).

(iv) RE(V) CRES5(V) C RYA(V) C RENoa (V) C REI5n(V).

—r—08 —L—88

v) Ry Py cRY vy cRYP(v) cRYT ().
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() Ry V) R SRV € RYU(V) SRV,
(vii) RZ () c REMv(v) c REP(v) < RET ().
(vii)) R (v) cRE M) cRY P (v) <Ry (V) < RY C(V).

Proof. 1t is warranted by Proposition 3.

Corollary 1. Let V be a subset of an £ — Gy-space (X, R,Zx, £). Then:

(i) BNDS (V) € BNDSP(v) € BNDSP (V) € BNDE P (V).

(ii) BNDS (V) C BNDY (V) € BNDS P(V) C BNDS5(V)) € BNDE (V).
(iii) BN'DE (V) C BND“Mer(V) € BNDS P (V) € BNDS P (V).

(iv) BNDE5 (V) € BNDFMNaa(V) € BNDEP(V) € BNDES(V) € BNDE(V).
(v) ACCE P (V) < Accs P (v) < Acos P (v) < aces P (v).

(vi) ACCE™(V) < ACCES(V) S ACCT (V) < ACCy (V) < Accy P (v).
(vii) ACCEP(V) < ACCEP(V) < ACCFNox(V) < ACCE 5 (V).

(vili) ACCE~(V) < ACCES(V) < ACCETP(v) < ACCHNos(V) < ACCE 025 (V).

Remark 2. By Fxample 1, we will illustrate that the converse of the implications in
Theorem 4 and Corollary 1 is not always true as follows.

(i) IfV = {ys}, then RE~P(V) = ARy (V) = A, BNDE (V) = 0, ACCE (V) =
1, and RE-P(V) = 0,REP (V) = A, BNDE9B(V) = A, ACCE8(V) = 0.
(ii) IfV = {y}, then RE°(V) = ARy (V) = A, BNDE (V) =0, ACCE (V) =
1, and REMsa(V) = 0, RENoa(V) = A, BNDE Noa(V) = A, ACCE Mo (V) = 0.
Corollary 2. Let V be a subset of an L — Gy-space (X, R,ZE\,L). Then:

(1) V is L-ay-exact = V is L-Sx-exact = V is L-fx-exact = V is L-08y-exact = V is
L-05-ezxact.

(ii) V is L-Py-exact = V is L-fx-exact = V is L-05-exact = V is L-0-ezact.

(iii) V is A-exact = V is L-ay-exact = V is L-Sx-exact = V is L-Byr-ezact = V is
L-Ng,-exact =V is LG, -ezact.

(iv) Vis L-Py-ezact = V is L-Py-ezact = V is L-\g, -ezact = V is L-03, -ezact.
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(v) Vis L-08y-rough = V is L-03y-rough = V is L-B\-rough = V is L-S\-rough = V
18 L-ay-rough.

(vi) V is L-95y-rough = V is L-6B-rough = V is L-Bxr-rough = V is L-Py-rough.

vii is L-03,-rough =V is L- -rough =V is L-Bx-rough = V is L-S)-rough =
ii) V is L-05, h =V is L-N\g, h=V isL-f h =V is L-S h
V' is L-ay-rough.

(vii) V is L-Og,-rough = V is E—/\B/\—mugh = V is L-Bx-rough = V is L-Py-rough.

Remark 3. By FEzample 1, we will illustrate that the converse of the implications in
Corollary 2 fails.

(i) If V.= {ys}, then it is L-08,-exact, but it is not L-JF4-exact and consequently, not
L-Ba-exact, not L-S,-exact, not L-aa-exact and not L-Py-exact.

(it) If V.= {y}, then it is L-00,-exact, but it is not L-\ B,-exact and consequently, not
L-Ba-exact, not L-Sa-exact, not L-aa-exact and not L-Py-ezact.

We elucidate the interrelations between the present rough paradigms (Definition 18)
and the those displayed in Definition 4 [45] and Definition 6 [15, 20].

Theorem 5. Let V be a subset of an £ — Gy-space (X, R,Zx,L). Then:
(i) RY(V) CRE(V) € RY(V) € RE(V) € RY(V) € RY (V).

(i) RS(V) S RL(V) CRY(V) S RI(V) CRY (V) € Ry (V).

(i) R§(V) C RA(V) € RY(V) € RY(V) C RY (V) € RE5a (V).

(iv) R3(V) C Ri(V) € R}(V) CRE(V) € RN (V) C REOan(V).

(v) R\(V) S RY (V).

2
=
IN
)
=
IN
ke
s
IN
2
=

(vi) Ry P(V) cRY (V) €
(vii) Ry (V) RV (V) CRA(V) CRA(V) € ﬁiw) C RY(V).

(viii) RS2 (V) € R (V) CRY(V) CRYV) CRE(V) CRA(V).

R
(ix) RE (V) SRV (V) CRL(V) CRL(V) CRy(V) S RA(V).

—r-03 —

(x) Ry (V) SRaA(V).

Proof.

(i) By Theorem 2 [23], R§(V) C RE(V) C R)(V) C RI(V) C
U{G € 8B8yo(X) : G C A} C U{G € L-0B,0(X) : G
Proposition 6).

R (V) and RY(V)) =
C A} = RYP(V) (by
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(ii)—(iv) It is similar to (i).

(v) By Theorem 2 [23], Ry\(V) C RO (V), and by (1) R? (V) € RE%P(V). Hence,
Ry(V) CRY (V).

(vi)—(x) They are similar to (i)—(v).

The subsequent corollary points out that the greater the size of the boundary region,
the lower the accuracy measures.

Corollary 3. If V is a subset of an L — Gy-space (X, R,Zx, L), then the next properties
are satisfied.

(i) BNDE9 (V) C BNDSP (V) C BNDY(V) € BNDY(V) C BNDE(V) € BNDS(V).
(ii) BND*=9\ (V) € BNDYP (V) C BN'DS (V) C BN'D] (V) C BND5(V) C BND(V).
(ili) BA'DE%x (V) € BNDY (V) € BN'DE(V) € BN'D)(V) € BNDL(V) € BNDS(V).
(iv) BN'DE-9,(V) C BN'DY (V) € BNDY (V) C BND(V) C BN'DS (V) € BNDL(V).
(v) BNDY (V) C BNDy(V).

(vi) ACC(V) < ACCK(V) < ACC(V) < ACCH(V) < ACCY (V) < ACCy (V).

(vi)) ACCS(V) < ACCK(V) < ACCR(V) < ACCR(V) < ACCP (V) < Accy P (v).

(viii) ACCS(V) < ACCE(V) < ACCY(V) < ACCL(V) < ACCIY (V) < ACCE (v).
(ix) ACCS(V) < ACCS(V) < ACCL(V) < ACCE (V) < ACCY (V) < ACCE™% (v).

(x) ACCA(V) < ACCS (V).

Remark 4. The converse of the implications in Theorem 5 and Corollary 8 is not true
in general as shown in

(i) Ezample 2, if V = {yi}, then Rﬁ—%(V) Ry = A, BNDEB(V) =
0, ACCE=98, (V) =1, and R® (V) = 0, R a( ) AandBNpéﬁa(V):A,Acc5ﬁa(V)=
0.

Sy = ABNDEB(V) =

(ii) Example 3, if V. = {y}, then R (V) a
(V) = A BNDE Noa(V) = A,

0, ACCE=%%(V) =1, and R*~ /\Ba(V) 0, R"
ACC  Nsa(v) = 0.

AR
/\

Corollary 4. For a subset V of an L — Gy-space (X, R,Ey, L), we have the next results.
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(1) V is ax-exact = V is Sy-exact = V is fx-exact = 00y -exact = V is L-0F-ezact.
(ii) V is Py-exact = V is By-exact = V is §5y-exact = V is L-03-exact.

(iii) V is ax-ezact = V is Sx-ezact = V is fx-ezact = V is Ny, -ezact = V is L-0g, -
exact.

(iv) V is Pyx-ezact = V is Bx-ezact = V is \z, -exact = V is L-0p, -ezact.
(v) V is A-exact = V is L-0,-exact.

(vi) V is L-0By-rough = V is 0f3y-rough = V is Bx-rough = V is Sx-rough = V is
a)-rough.

(vii) V is L-08-rough = V is §3-rough = V is Br-rough = V is Py-rough.

viii) V is L-05,-rough = V is -rough = V is Bx-rough = V is Sy-rough = V is
B B
a)-rough.

(ix) V is L-fg,-rough = V is /\/BA—rough = V 1is By-rough = V is Py-rough.
(x) V is L-05y-rough = V is A-rough.

Remark 5. The converse of Corollary 4 is wrong in general. We demonstrate this claim
in the following.

(i) Example 2, if V. = {y4}, then it is L-00,-exact, but it is neither §3,-exact nor
R-ezact.

(i1) Examptle 3, if V.= {y}, then it is L-0,-ezact, but it is neither \g_-ezact nor
a-ezact.

Remark 6. We can say that the present rough set models (Definition 18), with the com-
parison of Abd El-Monsef et al.’s method 4 [45], Amer et al.’s method [15] and Hosny’s
method 6 [20] and Hosny’s method 9 [22, 23], enlarge the confirmed knowledge by mazi-
mazing the L-03,-lower approrimations and minimizing the L£-08,-upper approrimations
as illustrated in Theorems 4 and 5. That is, the present approach successfully shrinks the
boundary region, which refer to size of ambiguity. Furthemore, Corollaries 3 and 1 con-
firm that the our accuracy introduced in Definition 18 is greater than the previous ones in
Definitions 4 [15], 6 [15, 20] and 9 [22, 23].

In Algorithm 2, we present the steps to calculate a subset’s boundary region and
accuracy measure and determine whether an £-03,-definable set or an £-03,-rough set.
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Input : The universal set X, a relation R, and an ideal £ under consideration.
Output: Boundary region BN Df_gﬁ and accuracy measure ACC’f_% of a
subset.

Carry out steps 1-20 given in Algorithm 1;

for a subset E C X do

compute Effeﬂ(E) =U{G € L-05,\o(X) : G C E};
5 compute ﬁffeB(E) =N{H € LOB,o(X): EC H};
6 compute B/\/foGB(E) = ﬁf_(w(E) - EffeB(E);

L£L—08
7| compute ACCS(B) = o T
A

B W N =

8 end

o Print BNDY " (E);

10 Print ACCY % (E);

11 if ACCS % (E) =1 then

12 ‘ Print E is an £-03,-definable set
13 else

14 ‘ Print E is an £-03,-rough set
15 end

Algorithm 2: Calculate the boundary region and accuracy measure of a subset

5. L-05,-rough membership functions

In this segment, we introduce the notion of £-63,-rough membership functions as a
generalization of classical rough membership functions. We exploit this notion to describe
the approximation operators given in the preceding section.

Definition 20. Let (X,R,Z),L) be an L — Gy-space, y € X, and V C X.

(i) ifye Eﬁ\:*aﬁ(V), then'y is A-03-certainly with respect to L ( L—08-certainly) belongs
to V, denoted by y €~V .

(ii) ify € ﬁf_%(V), then y is X\-03-probably with respect to L (briefly L — 08 -probably)
belongs to V', denoted by 'y ety

It is called A\-03-strong and \-03-weak membership relations with respect to L respectively.

Remark 7. According to Definition 18, the L-08,-lower and L-05-upper approximations
for any V C X can be written as:

() RSP (V)={ye X:yet v}

(i) Ry (V) ={ye X 1y v,
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Lemma 2. Let (X, R,Z), L) be an L — Gy-space and V C X. Then

(i) if y €579V, theny € V.

(i) ify € V, then y?ﬁf@ﬂkv.

Proof. Straightforward.

Proposition 9. Let (X, R,Z), L) be an L — Gy-space and V C X. Then
(i) ifye A=y eld=yey W=y et 0y,
(ii) ify€“ " A=y e "A=yElA= y V.

Proof. We prove (i) and the other similarly. y €A =y €14 =y gfan by Propo-
sition 4. Let y gf\:*"V. Then, y € Effn(V) =y € Eﬁ\:*oﬁ(‘/)( by Proposition 4) =
y €708V,

Remark 8. The converse of Proposition 9 is not true in general, as it is shown in Example
1

(i) if V = {ys}, then yo €5V but yo €LV,
(ii) va = {y1}7 then Y2 gﬁ*@ﬁav; but Y2 g’c_/\ﬁav_

Definition 21. Let (X,R,=Z)) be a Gy-space, L be an ideal on X,V C X andy € X.
The L — 0B -rough membership functions of V' are defined by M\L/_%X — [0, 1], where

if 1€y "2 (y).

otherwise.

and " (y) = %y € L—0B5(y), L —08,(y) € L9B0(X).

Remark 9. The L — 03, -rough membership functions are used to define the L-003-lower
and L-08-upper approximations as follows:

() REP (V) ={ye X:uy " (y) =1},

L—0
Ky BA( )—{ WE 9ﬁ>\(y))

(i) R (V)= {y € Xy ") > 0},

(iii) BNDE (V) = {y e X : 0 < puy " (y) < 1},

Proposition 10. Let (X, R,Z), L) be an L — Gy-space and V,W C X. Then
(i) if py "M (y) =1y 6700V

—L—083

(i) if py "y) =0 ye X —Ry (V).

(iii) if 0 < ,uﬁ gﬂk(y) <l&ye B./\/’Df_eﬂ(‘/).
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(iv) if u5 "M (y) =1 =y " (y), ¥y € X

(V) if tyop M (y) = maz(uy " (y), ug "M ),V y € X.

(Vi) if s (y) < min(uy " (y), ug " () Yy € X.

Proof. We prove (i), and the others similarly. y %ﬁjﬁxv Sy EL %;_06 (V). Since
Bf_eﬁ(‘/) is £ — 03 ,-open set contained in V, thus Ry OV _ IRy (DI _ g Then,

Ry IRV
1le wﬁ 95*( ) and accordingly ,u ’BA( )=1.

In the next, we prove an important result showing the interrelations between the
relations of A-rough membership [35] 12, A-nearly rough membership [45] 13, A-nearly
rough membership w.r.t £ [22, 23] 14, and £-03,-rough membership functions.

Lemma 3. Let (X, R,Z), L) be an L — Gy-space and V C X. Then

() () =1=pP(y)=1=pu () =1=uy y)=1YyeX.

s L—0

(i) ) (y) = 0= puP(y) = 0= ™(y) = 0= py " (y) =0,¥y € X.
Proof.

() pp@y)=1=puP(y) =1= uf/—"*( =1 directly from Lemma 1. Let uﬁ MN(y) =1,
E0P\(y)=1,Vy € X.

) =
then y € Ef_n(V) =yeE Ef_%(v) = Ky

(i) pp(y) =0= puP(y) =0= ,uf/_m( )=20 dlrectly from Lemma 1. Let uﬁ ™ (y) =0,

theny € X — Ry "(V)=ye X —Ry (V)= u " y)=0VyeX.

Remark 10. By Example 1, one can see that the converse of Lemma 38 fails.

Remark 11. According to Lemma 3, the current Definition 21 is also generalization of
the approaches in [35] and 11 [42].

6. Practical application

We allocated this part to examine the proposed models to cope with a real situation in
the field of Chemistry. We explain how our models improve the outcomes of generalized
approximation spaces over the previous models displayed in [15, 22, 23, 45]. The authors
of [19] presented information systems of amino acids (AAs) with some characterizations.
To facilitate the mathematical computations, we shall select a sample of that information
system as given in Table 1; that is, we choose data of five AAs, say, C = {y1,y2,Y3,Y4,Y5}
described by five attributes as follows vy is PIE, 5 is surface area (SAC), v3 is molecular
refractivity (MR), vy4 is side chain polarity (LAM), and v is molecular volume (Vol).
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Table 1: Quantitative attributes of five amino acids.

m 120 123 |20 Vs
y1 | 0.23 | 254.2 | 2.126 | -0.02 | 82.2
y2 | -0.48 | 303.6 | 2.994 | -1.24 | 112.3
y3 | -0.61 | 287.9 | 2.994 | -1.08 | 103.7
ya | 045 | 2829 | 2933 | -0.11 | 99.1
y5 | -0.11 | 335.0 | 3.458 | -0.19 | 127.5

Table 2: Ga of each element of C inspired by each relation Ry.

Gialy:) Gaalyi) G3aly:) Gyaly:) Gsaly:)
yi | {vi,ya} C C {y1,v4,¥5} C
y2 C {y2,y5} {y2,¥3,y4,¥5} C {y2,y5}
y3 C {y2,y3,v4,¥5} | {y2,¥3,v4,¥5} C {y2,¥3,Y4,¥5}
Y4 {ya} {y2.y3:ya,y5} | {y2,v3,y4,¥5} | {y1,ya,y5} | {y2,y3,ya,y5}
y5 | {y1,y4,¥5} {ys} {ys} {y1.y4,y5} {ys, Y5}

Let us take relations on C as: Ry = {(yi,y;) : vi(vr) — yi(ve) < %} for i,7,k =
1,2,3,4,5 s.t. oy, is the standard deviation of the quantitative attributes.
The right neighbourhood Gy, of each element of C generated by each one of these
relations R is presented in Table 2.
Now, we associate each element of C with all its G, by the following relation

5
Ha(yi) = () Gralyi)-
k=1

For the sake of brevity, we conduct the computation for four AAs, say, Y =C\ {ys} =
{y1,y2,y3,y4}. Therefore, we first reduce Table 2 to Table 3.

Table 3: Ga of each element of ) inspired by each relation Ry.

Gialy:) | Goalyi) G3zalyi) | Gaalyi) | Gsalyi)
y1 | {y1,y4} Yy Yy {y1,ya} Yy
y2 Y {y2} {y2,y3,y4} Y {y2}
y3 y {y2:ys:ya} | {y2,ys,y4} Y {y2,y3,y4}
va | Aya} | {y2,ys.ya} | {y2,ys,ya) | {yi,ya} | {y2,ys,ya)

Now, we associate each element of )V with all its G, by the following relation

4
Ha(y:) = ] Gralyi)-
k=1

Accordingly, we obtain the following neighbourhoods:

o Ha(yr) = {y1,y4},
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o Ha(y2) = {y2},
o Ha(ys) = {y2,y3,ya}, and
o Ha(ys) = {ya}.

Thus, the topology initiated by these neighbourhoods (using the formula ¥, = {V C
Y:VyeV H(y) CV})is:

Ua = {®7 Y, {y2}7 {}/4}, {Y27y4}7 {Y1, Y4}, {YL Y2, Y4}7 {Y27 Y3, Y4}}'

The family of all S-open, §-open and 6-open subsets of this topology respectively are:

,Bao(y) = {Q)v Y, {y2}7 {y4}7 {}/2, y4}7 {Y1, y4}7 {YQ, y3}7 {Y3, )/4}7 {y17y2a y4}7 {y17Y37y4}7 {YQ, y37y4}}7
5ao(y) = {@,y, {y2}7 {Y1,Y4}7 {}/1,)/2,}/4}}7 and
HaO(y) = {@,y}

If we take £ = {0, {y1}} as an ideal structure on Y, then we find the following:

o L-Ba0(Y) = {(Z)v Vidya}, Ayal, {1, y2 1, {y2, ya}, {y1, va}, {y2, ys}, {ys, ya}, {y1, y2, ya},
{y1,y3,ya}s {y2,y3, ¥4} {y1,¥2,¥3}} = Bao (V) U {{y1, y2}, {y1,y2,y3} },

i ‘C_(S/BaO(y) = {®7 y7 {yl}v {y2}7 {)/4}7 {y1, y2}7 {}/2, }/4}; {yla y4}7 {Y2, YB}7 {Y3, Y4}7 {}/1,}/2, y4}7
{1, y3, ¥4}, {y2,¥3,¥a}, {y1,y2,¥3}} = L-Bao(Y) U {{y1}, {y1,y3}}, and

o L0Ba0(Y) = P(Y).
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T ] T 0 /¢ {14} v/¢ {14} {VA ek ek}
! 0 T 0 I ] I ) {vA €A 1A}
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T 0 T 0 I 0 ¢/t {14} {EAeh 1K}
1 0 ! ] T ] e/1 {1k} &
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According to the computations of boundary regions and accuracy measures of subsets
displayed in Table 4, we remark the following points: there are different techniques intro-
duced in the literature to approximate subsets using some forms of subsets of topological
spaces. Our rough approximation space minimizes the upper approximation and maxi-
mizes the lower approximation, which leads to downsizing (or removing) the boundary
regions. As a result, it outperforms other rough models given in the published litera-
ture like [15, 22, 23, 45], which makes it the most refined technique. For instance, the
above table shows that a subset {ys} is considered a rough set according to the models of
[15, 22, 23, 45], whereas this subset and all other subsets are exact according to the model
investigated herein. This observation confirms that the current model is more beneficial
for coping with real-life scenarios since it extracts a greater amount of information and
reduces data ambiguity.

Furthermore, the proposed paradigm adheres to most properties of Pawlak’s model
without any restrictions, as demonstrated in Proposition 8. In this regard, We empha-
size that the methodology of using nearly open sets in topology can achieve some or all
properties of the Pawlak model, depending on the frameworks these families of subsets
form, whether they are topology, supra topology, infra topology, or minimal structures.
To elucidate this point, we note that the family of a-open sets constitutes a topology.
Thus, rough set models inspired by this family will fulfill all the properties of the Pawlak
model. In contrast, the family of semi-open sets constitutes a supra topology. Therefore,
rough set models inspired by this family lose some properties of the Pawlak model related
to the distribution of the union and intersection operators to the upper and lower approx-
imations, respectively. On the other hand, we find that families that do not achieve all the
properties of the Pawlak model expand the confirmed knowledge and produce a greater
accuracy measure than those families that achieve all the properties of the Pawlak model.

7. Conclusions

The notion of rough neighborhoods was introduced in the literature with the aim of
removing the strict term of an equivalence relation that limited the application of the
classical rough set models. Such rough neighborhoods have shown to be useful in several
applications. Some formulas have been proposed to institute a topology from these neigh-
borhoods making topological spaces a vital instrument to represent rough approximation
operators and analyze information systems. One of the important topological tools to
reduce the vagueness of knowledge is nearly open sets. Despite this tool being applied by
many researchers, there remain other types that should be investigated.

This work goes along with this line of research. We have studied generalized ap-
proximation spaces using the ideas of L£-63,-open sets and ideal structures. We have
explored their structural properties and pointed out the importance of the present models
in maximizing the domain of confirmed information and minimizing the boundary region
of uncertainty. Therefore, this work is a foundation for handling complicated paradigms
in decision-making. We also showed the superiority of the proposed rough paradigms over
different kinds of preceding paradigms induced by some nearly open sets. To facilitate the



REFERENCES 3460

way of specifying the family of £-03,-open sets and exploring whether a subset is £-60,-
definable or £-0(,-rough, we have initiated two algorithms. Furthermore, we have defined
the relations and functions of rough membership and established their key aspects. In the
end, we have applied the current technique in a practical situation concerning classifying
some chemical elements.

A promising avenue for upcoming research incorporates extending the present rough
set paradigms to involve fuzzy and soft settings to enhance its ability to handle uncer-
tainty. Additionally, considering other approaches like generating topological spaces by
ideals first and then applying nearly open subsets of these spaces, could further refine the
present paradigms and offer another technique to address imperfect knowledge. Moreover,
discussing the current approaches in generalizations of topology [37] opens avenues for a
deeper comprehension of their mathematical foundations.
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