EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
Vol. 17, No. 4, 2024, 2405-2430
ISSN  1307-5543 — ejpam.com
Published by New York Business Global

Some Results of Conformable Fourier Transform

Bahloul Rachid!, Rechdaoui My Soufiane?, Thabet Abdeljawad3456:*,
Bahaaeldin Abdalla®

LV LIMATI Laboratory, Department of Mathematics, Polydisciplinary Faculty,

Sultan Moulay Slimane University, Beni Mellal, Morocco

2 MIAS Laboratory, MAMCS Team, Higher School of Technology, My Ismail University,
Meknes, Morocco

3 Department of Mathematics and Sciences, Prince Sultan University, Riyadh 11586,
Saudi Arabia

4 Department of Medical Research, China Medical University, Taichung 40402, Taiwan

5 Department of Mathematics and Applied Mathematics, School of Science and Technology,
Sefako Makagatho Health Sciences University, Ga-Rankuwa 0208, South Africa

6 Center for Applied Mathematics and Bioinformatics (CAMB), Gulf University for Science
and Technology, Hawally, 32093, Kuwait

Abstract. Based on a new definition of a-periodicals functions with 0 < o < 1 introduced by
Khalil et al (2014), we introduce a new definition of conformable Fourier transform for such a class
of functions. Further, we establish some operational formulas, and we set the relation between the
newly defined conformable Fourier transform and the classical Fourier transform. Finally, some
classical results of periodical functions are obtained and some illustrative examples are constructed.
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1. Introduction

The fractional calculus [11, 14, 17] attracted many researches in the last and present
centuries. The impact of this fractional calculus in both pure and applied branches of
science and engineering started to increase substantially during the last two decades ap-
parently.
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Traditionally, the arbitrary order of integration and differentiation has been described
by nonlocal fractional operators with kernels reflecting their memories. Recently, the con-
formable derivative operator T (z)(t) = limj_o w was introduced in the
literature by Khalil [9] to allow integrating and differentiating with respect to arbitrary
order without having memory in the structure and hence falling in a similar category to
local fractional calculus and fractal calculus [16, 21]. Since then, many classical problems
have been generalized to the conformable case [12, 13]. Later, several modification of
conformable derivatives have been appeared such as: the fractional Beta derivative [15]

e(pt -1 ))— C .
defined as D} (f(p)) = limc o Jorelor FE”))) 7% and the M-truncated derivative [19] defined
as D(]J\(/,Iﬁf(t) = lim._,q F(Bs,i(et” %)= f(t) where Eﬁ,z(z) = ZZ:O F(BZT}:’U

€

Cauchy type problems are very well-known important in many fields of science and en-
gineering. Several results regarding the capture of candidate solutions of the conformable
differential equations can be found in [18]. This new definition has been developed by
Abdeljawad [1] and by El-Ajou [6]. For more developments on the conformable differenti-
ation, we refer to [3, 5]. The usability of the conformable derivative notion has wide areas
of interest in both theoretical and practical aspects (see [10], [20]).

The authors of ([2], [24]) provided some applications through partial differential equa-~
tions (PDEs) in the conformable sense. Precisely, Maxwell’s equations have been consid-
ered in the conformable fractional setting to describe electromagnetic fields of media in
[23]. The conformable differential equation (CDE) has been used for the description of
the subdiffusion process in [24]. Also, some applications in quantum mechanics have been
treated in the context of CFD (see for example [2]).

Fourier series is one of the most important tools in applied sciences. For example one
can solve partial differential equations using Fourier series. Further one can find the sum
of certain numerical series using Fourier series. Fractional partial differential equations
appeared to have many applications in physics and engineering. There are many defini-
tions of fractional derivative.

The conformable fractional Fourier series for a-periodical functions is introduced by
Khalil et al [8]. They proved that the fractional Fourier series of a piece wise continuous
a-periodical function converges pointwise to the average limit of the function at each point
of discontinuity, and to the function at each point of continuity.

The rest of this paper is structured as follows : In section 2, we introduce the basic
definitions and properties of a-conformable functional derivative T (f)(t) for 0 < a < 1
and f : [0,400[— R is a-periodic function, define by khalil et al [9]. In section 3, we
prove some results and examples of a-periodic functions which are important for the next
section. In Section 4, we give a new definition of conformable Fourier transform for a-
periodical functions.
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In the first result (Theorem 8), we show that there exists a relationship between the
conformable Fourier transform and the classical Fourier transform as follows:

Fol ()} (k) = F{f((at)=)} (k)

for all £ € Z. In the second and third result (Theorem 9 and Theorem 11), we give

the results of the conformable Fourier transform for the conformable fractional integral
I,(f)(t) defined by Abdeljawad [1], as follows:

FalLa() () (k) = (Zilﬁf%)fa(f(t)(k)

for all k € Z* and for the conformable derivative introduced by khalil et al [9] as follows,
Fo(TO (1) (k) = (2ikm 5 ) Fa(f(t)(k) and in the general case for n € N,

FalTU(F)E)(K) = Qikn LY Fal /() E), ¥ € {0.1,...m}

A following classical result is also obtained for a-periodical functions

Fal(a*a [)-oo(t))(k) = Ea(a(t))(2ik7T]%)Fa(f((t))(k)

©

where (a *q f)—co(t) = [2 a((t* — Ozs)é)f((as)é)ds and Ly (a(t))(N) is the conformable
Laplace transform of the function a(t), given by Z.Al-Zhouri et al [22]. Many examples
are given to support the results presented. Finally, the conclusion is presented in Section
5.

2. Basic definitions and tools

In this section, we introduce the definition of conformable fractional calculus and its
important properties.

Definition 1. [9] Given a function f : [0,4+oco[— R, the conformable fractional derivative
of order « is defined by:

1—a) _
T(a)(f)(t)_%g%f(t_’—hth ) f(t)

forallt >0 and 0 < a < 1.
Definition 2. Let 0 < a <1 and f : [0, +oo[— R.

(i) The function f is called a-differentiable on [0,+oo[, if f is continuous. T'® f(t)
exists for all t €]0, +oo[ and T £(0) = lim,_,g+ T f(t) exists.

(ii) The function f is called continuously a-differentiable on [0, +00) if f is a-differentiable
on [0,400) and T f(t) is continuous on [0, 40co|.
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Definition 3. Let 0 < a <1,n € N and f : [0, 400[— R.

(i) The function f is called n times a-differentiable on [0, +oo[ if f is continuous, Vj €
{0,..n} TUD f(t) = T(T@ (T (f)))(t),] times, exists for all t €]0,+00[ and
70U £(0) = limy;_,q+ TUY f(t) exists.

(i) The function f is called n times continuously a-differentiable on [0,4+00) if f is n
times a-differentiable on [0, +00) and ¥j € {0,...,n} TU) f(t) is continuous on
[0, +o00[.

(iii) The function f is called infinitely continuously a-differentiable, if f is n times con-
tinuously a-differentiable for all n € N.

Note that for n =0, f is n time a-differentiable if there is continuous.
Example 1. Let f(t) = e€!, t € [0, +o0].
(i) For allt >0 and 0 < o <1

(t+ht' =) _ (t)
o e e
T (f)(t) = lim -
ehtl_a -1

=t1%! lim ————
h—0 htl—a

(11) For allt >0 and 0 < a <1

TR () =TT () (1) = T (#=2e)
(t + htl=e)l-oglt+ht'™) _ yl-aet
= lim
h—0 h
_ —a\l—a htl—>
=t17%! lim (1—ht™*) " 1
h—0 h

=t177%'q'(0),

where g(t) = (1 — ht=*) e~ and ¢/(0) = (1 — )t~ + t1=*. Then, we get

TR () =t (1 — )t~ + ¢179).

Theorem 1. [9] Let a € (0,1] and f is a-differentiable at a point t > 0. Then
(i) TO(F)(t) =t f'(1).
(i) T (et) = c t'=%e, c € R orC.

(iii) T (L) = 1.
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Example 2. [9]

(i) T (t?) = pt*?.

(i) T (et = ikt —*ekt | e Z.

(ii) T (sin(12%)) = cos(2t%).

(iv) T (2V1) = 1.

(v) T (el) = T@) (f1=aet) = pl=a(gl-aet) = fl=agh((1 — a)t~® 4 t1-o).
Definition 4. [1] The conformable fractional integral of order 0 < o <1 is defined by

L(f)() :/ 1 f(s) ds, t € [0, 400,

0

Lemma 1. [1] Assume that f : [0,400) — R is continuous and 0 < o < 1. Then, for all
t > 0, we have

T (L(f)(H) = f(t)

Lemma 2. [1] Let f : [0,+00) — R be a-differentiable and 0 < a < 1. Then, for allt >0
we have

Io(T(£))(t) = f(t) — £(0).

Let X be a Banach space, and f is a periodic function with period T on R. For a
function f € L'(0,T; X), the k" fourier coefficient of f is given by

T 2w
FEON) =3 [ F o

0

Definition 5. [22] Let f : [0;+o00]— R be a given function and 0 < o < 1. Then the
conformable fractional Laplace transform of f is defined as:

+00 @
LaFOW = [ eV
0
provided the integral exists.
Theorem 2. [22] Let a : [0;+00[— R be a function and 0 < o < 1. Then
1

La(a(t))(A) = L(a((at)«))(A); A € C.

where L(a(t))(\) = f0+°° e Ma(t)dt denotes the Laplace transform of a(t).

Theorem 3. [7] Given a € L*(R") and g : [0,27] — X is a periodic function with period
27 (extended by periodicity to R ), where X is a Banach space. We find that

F(E) (k) = L(a(t)(ik)F(g(t))(F), k cZ (1)

where the function F is defined by F(t) = ffoo a(t — s)g(s)ds = O+OO a(s)g(t — s)ds is
continuous and bounded on R.
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This theorem has been used by many authors to solve some integro-differential equa-
tions using the fourier transform ([7], [4]).

In the next section, we present some results of a-periodic functions.

3. Some results of a-periodic functions

Definition 6. [8] (a-periodic function)
Let 0 < a < 1. The function f :[0,400) — R is called a-periodical with period p > 0, if
there exists a continuous function g : [0,+00) — R such that

0=ofE) -2+ 2)
for all t € [0,400).
Remark 1. :

(i) Note that the continuity of g implies that of f.
(i) The function g(t) = f((at)é) is periodic with period %.

Example 3. Let 0 < o < 1. For all t € |0, (é)é], let us consider the following functions

fi(t) and fo(t)

filt) = 1 1 ¢l
Lot (r<es e
and
a 1 1
T 0t < (59)n
o 1 1
L) =9 -5, (L)s <t< () (3)
o 1 1
%_%7 (%)a<t<(l)a
We have fi(t) = g1(%) and fo(t) = gg(%), where
1
t, 0<t< 50y
q(t) = (4)
=t g <t<
and
1
t, 0<t< gy
gt) =3 53—t oz <t< s (5)
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for allt € [0, 5] g1(t) and ga(t) are countinuous periodic functions with period % for all
t € [0,400] (extended by periodicity to [0,+o00[). Then fi(t) and fa(t) are a-periodic with
period p = (é)i for all t € [0,400].

Theorem 4. Let 0 < a < 1 and assume that f : [0,+00[— R is a a-periodic function
with period p such that

Ia(f)(p) =0 (6)
then I, (f)(t) is a a-periodic function with period p, for all t € [0, +o0l.

Proof. Let 0 < a < 1 and assume that f : [0, +oo[— R is a a-periodic function with
period p. By Definition 4 and using variable change u = %, we have for all ¢ € [0, 400]

Lo = | 51 (5)ds = /Ota S = (7)

0 a
with g1 (¢) is the continuous function defined by g1 (t) = fg f((au)é)du. Then, we have

(e}

g (f + %) =IL.(f)(p)+ 9 (%)

a

using the condition given in Equation 6, we obtain:

—+—)=a(—
« (0 [0

).

g1(

Then the function g; is a continuous periodic function with period %a. Thus I, (f)(¢) is
a-periodic with period p for all ¢ € [0, +o0.

Example 4. 1. The function fo defined by Example 3 is a-periodic with period p = (é)é
and we have

&
[,* sds, 0<t<(&)n
(&)= £ 1 1,1 3,1
Lo(f2)() = § Jo™ sds+ [ 5 4 (o = 9)ds, ()7 <t< ()
da

\ 4a) da @ o
then
o 1
2(5)7 0<t<(&)a
o a 1 1
(R0 = k4 ()~ HER (B)F << ()8 @
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and
2t 0<t< i
go(t) = Ln(f2)((at)e) = for + gt — 3% gz <t < ®)
I A e
Therefore, we have
AT TRt N g S

Q@
The condition 6 is satisfied, then the function go is continuous periodic with period é,

thus 1o(f2) is c-periodic function with period (L)a.

2. The function f1 defined by Example 3 is a-periodic with period p = (é)é, and we
have
Jo sds, 0<t< (h)s
RO=1 1 ©
Jo2e sds—i-fi)é(ﬁ — s)ds, (i)“ <t< (é)a
2a
then
FEE 0<t< ().
Ta(R) (1) = 1 (10)
SHEP A - (B <t
and
1 1
s st 0<t< 35
91(t) = La(f1)((at)=) = (11)
—P+ Ht— o, sm<t< 4

We have I,(f1)(p) = ﬁ # 0, then g1 is not a continuous periodic function with period
é, therfore 1,(f1) is not a a-periodic function with period (é)a

Theorem 5. Let 0 < a < 1 and assume that the function f : [0, +oo[— R is continuously
a-differentiable on [0, +o00[, and a-periodic with period p. Then we have

(i) T@(f)(t) = ¢'(%) and g € C*([0,+00[), where g(t) = f((at)=),

(i) T (f)(t) is a-periodic function with period p for all t € [0, 4o00].
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Proof. Let 0 < a <1 and f : [0,400[— R is a-periodic function with period p and
continuously a-differentiable on [0, +0o[. Then f(t) is a-differentiable and T(®)(f)(t) is
continuous, for all ¢ € [0, +o0[.

By Definition 6, there exists a continuous function g : [0, +00[— R such that

=gy =g+ )
Case 1: t >0
(1) By Theorem 1,
TN =1 1) = () = (%) (12)

with g1(t) = ¢/(t). If f(t) is a-differentiable, then T(®(f)(t) exists. Therefore g(t) is
differentiable and ¢'(t) = T(a)(f)((at)é). On the other hand, if T\ (f)(t) is continuous,
then g € C1(]0, +o0]).
Case 2: t =0
If f(t) is a-differentiable for all ¢ € [0, 4o0[ especially for t = 0, then T((f)(0) =
limy_o+ T (f)(t) exists and by continuity of 7 (f)(t) and ¢’(t) we have
lim ¢'(t) = lim T (f)((at)=) = T (£)(0) = ¢'(0).

t—0t

t—0t

Qlm

Finally

TO(f)(t) = g'(%) for all t € [0, +oo[ and g € C([0, +o0])

(2) If fis a- peI‘IOdlC then g(&- —|— %) g(£) for all ¢ € [0, 4o00[. If g € C1([0, +00), then

g’(% + pa ) =g (& - ) Thus gl( ﬁ) =q (%), for all ¢ € [0, 400]. Finally T(O‘)(f)(t) is
0.

(0%
a-periodic with period p for all ¢ € [0, +

Example 5. Let 0 < a <1 andt € [0, (%)é] Let us consider the function

1(t) = 1 1 (13)
f2(t) = —3sin(2at®), (5)* <t < (55)=
with
X gi(t) =sin(a?t), 0<t< X
g9(t) = f((at)>) = (14)
92(t) = —3% sin(202t), H<t< 2:%

The function g(t) is continuous periodic with period 2 5oz for all t € [0, +o00[ (extended
by periodicity to [0,+oo[) and f(t) is a-periodic with period (%)a for all t € [0,+o0].

Therefore, we have

@ (f1)(t) = a® cos(at®), 0<t< (X )
T () (¢) = 1 1 (15)
T@(fo)(t) = —a? cos(2at®), (T)a <t < (3T)a
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and

gi(t) = a?cos(a®t), 0<t<

g (1) = TOf)((at)=) = (16)

gh(t) = —a?cos(20%t), T <t < 2%

202

7a2

The function fi is continuously a-differentiable on [0, g)é] and g1 € CL([0,%]). The
1

function fa is continuously a-differentiable on [(g)é, (32)a] and g € CL([ 5, 25)).

On the other hand, we have

T(a)(fl)((g)é) = gi(%) = T(a)(fQ)((

[ )

Q=

— ("
)_92(052

213

)

)= —«

and
3

T()(0) = 61(0) = TOR)(G0)%) = ghlorg) = o

Then f is continuously a-differentiable on [0, (%)é] and g € C*([0, %]) Therefore f is
continuously a-differentiable on [0, 4+o0o[ and g € C1([0, +oc[). So, we have ¢'(t) is periodic
with period 2% for all t € [0,+oo[ (extended by periodicity to [0,4o0c[) and T*(f)(t) is

202

a-periodic with period (%)i for all t € [0, +o0].

Ql~

Theorem 6. Let 0 < a < 1. Assume that the function f : [0,+oo[— R is n times
continuously a-differentiable on [0, +oo[ for n € N and a-periodic with period p. Then for
all j € {0,...,n} and for all t € [0, +oo[, we have

(i) TUD(f)(t) = gD (L) and g € CI ([0, +00]) where g(t) = f((at)=).
(ii) TU(f)(t) is a-periodic function with period p.
Note that TO(f)(t) = f(t) and g (t) = g(t).

Proof. Let 0 < a < 1 and f is n times continuously a-differentiable on [0, +o0o[ for
n € N and a-periodic with period p. Let j € {0,...,n} and by recurrence, we have the
following:
For j = 0, f is a-periodic, then by Definition 6 there exists a continuous function
g : [0, +00[— R such that f(t) = g(%) = g(% + %) Thus (1) and (2) are satisfied.
For j = 1, see Theorem 5. Suppose that for all j € {2,...,n} and for all ¢ € [0, +o0],
(%) TG-D(£)(t) = gUD(2) and g € €I ([0, +ox])
(*) T(G=D2)(£)(t) is a-periodic with period p.

(1) For all t € [0,400[, we have f(t) is j times continuously a-differentiable, then
TU(f)(t) exists and continuous.
Case 1: t >0
By hypothesis T(U=1D)(£)(t) is a-periodic and g € C7~1(]0, 4-00]), then

ta

TO (£)(8) : = T TED(1))(1) = T ) (=

)
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Dy =g

_ ¢l-a (G-1)
t g -

and the function g\ (t) = T(jo‘)(f)((ozt)é) exists and continuous for all ¢ €]0, +o00[. Thus
g € C7(]0, +o0])

Case 2: t =0

We have U (£)(0) = lim,_,g+ T (f)(t) exists. The functions TU®) (f)(t) and ¢\ (¢)
are continuous, then

lim g(t) = lim T6%)(£)(t) = TU2)(1)(0) = gV (0).

t—0t t—0t

Finally, TU(f)(t) = ¢V (£) for all ¢ € [0, +oo[ and g € C7([0, +o0]).

(e

(2) We have gU~ 1)(—) =gl (L + %) for all ¢ € [0, 4o00[ and g € C/([0, +00]), then
g(j)(%) — g(J)(ta + = 22, Thus TU(f)(t) is a-periodic with period p for all ¢ € [0, +ool.

Example 6. Let us consider the Example 5. The function f is a-periodic with period

(gg)a and g is continuous periodic with period 3”2. Then, we have forn € N and t €

[07 (gg)o‘]

Tro) (f1)(t) = a® sin(at® + nZ), 0<t < (L)a
T ) (1) = 1 1
T (fo)(t) = =2 ta?sin(2at® + %), (Z)a <t < (3T)a
and fort € [0, 23;2]
A (1) = a? sin(?t +nZ), 0<t< 2
9™ (t) =
gén) (t) = —2""1a?" sin(20%t + ), H<t< 3
The function f1 is n times continuously a-differentiable on [0, (g)é] and g1 € C"([0, Z%])-
The function fo is n times continuously a-differentiable on [(g)é’ (%)é] and ga € C"([ 55, 25]).
To study the continuity of T (f) and of g™ on [0, +oc[, we put

3T
202

A% = TO()(0) = T (R)((2D)%) = ¢f7(0) — o (o)

and
57 = T () ) = T ()

Now, we have
AY = o®"(1 - 2" sin(ng)

n



T. Abdeljawad et al. / Eur. J. Pure Appl. Math, 17 (4) (2024), 2405-2430 2416

and -

0% = —a®(1—2"7h Sin(ng).
The continuity conditions of T (f) on [0, (%)i] of g™ on [0, 2:%] and their extention
by periodicity to [0, oo are AY = 0% = 0.
Therefore under this condition, f is n times continuously a-differentiable on [0, +oo[ and
g € C™([0, +00[). On the other hand

AY=0p=0<mne{0,1,2}

n

+oo| and we have for all

Then the function f is twice continuously a-differentiable on [0,
([0, +00) and TUY f(t) is

j € {0,1,2} and t € [0,+oo[, TUNf(t) = gW(L), g € CU)

a-periodic function with period (%)é
We conclude this section with the following theorem.

Theorem 7. Let 0 < o < 1. Assume that f € L'(RT,R) is a-periodic function with
period p and a(t) = al(%) with a; € LY(RY). The function (a %o f)_oo(t) is defined by

tOt

(a*q [)ooo(t) = : a((t® —as)é)f((as)é)ds, t €10, 400]

—0oQ
18 a-periodic with period p.

Proof. Let 0 < a < 1 and f € L'(R*,R) is a-periodic function with period p and
a(t) = a1(%) with a; € L*(RT). For all t € RT, we have

(a %0 f)oolt) = / T (17— as)¥) f((as) & )ds

= /a ay (g - s)g(s)ds = F(g)

[e.e]

where F' is the continuous function given by Theorem 3

F(t)= / a1 (t — s)g(s)ds.

— 00
On the other hand

t(! pa
to (o e (o to
F(— + p—) = / al(p— + — —s)g(s)ds.
a o oo a o

By making a change of variable u = s — %, we obtain
¢ o (0%

() [ ol D)

o0
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the function g is continuous periodic with period %, then

et

PG+ %)= [Lal(G - awe=r(2)

oo

and (a *q f)—oo(t) is a-periodic function with period p for all ¢ € [0, 4+o0].

Example 7. Let fi defined in Ezample 3 and a(t) = a1(%) such that ai(t) = et €

LY(RY). The function fi is a-periodic function with period (é)é and we have for all
t € [0,400]

& e
(a%a f)-oo(t) = / @1<E - s)f((as)%)ds
el N 1o
= [T e Sy = p(5).
—0o0 «
where F(t) = e~ ffoo e®g(s))ds is a continuous function. We have
t* 1
te 1 Ttz e s L
F(oﬁaz):/ e e T g(s)ds
toz
a o 1 o
- [F s b= ()
e o

Then (a *q f)—oco(t) is a-periodic function with period (é)é

In the next section, we present some results of conformable fourier transforms.

4. Result of conformable fourier transform

For investigating the property of the classical fourier transform, the following new
definition of the conformable fourier transform for a-periodic function is introduced.

Definition 7. (Conformable fourier Transform)
Assume that f : [0, +oo[— R is a-periodic function with period p and 0 < o < 1. The k-th
conformable Fourier coefficient of f denoted by Fo(f(t))(k) is defined by

Falf) (k) = — /Op e E ) lat, ke Z

Remark 2. : For k=0, F,(f(t))(0) = 1% «(f)(p)

The next theorem gives a relationship between fourier conformable transform and
classical fourier transform applied to a-periodic functions.
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Theorem 8. Assume that f : [0,+0co]— R is a-periodic function with period p and 0 <
a < 1. Then for all k € Z,

Fol (O} (K) = F{f((at)=)} (k)

Proof. Let 0 < a <1 and f : [0,+00[— R is a-periodic function with period p, then
by Remark 1, f((ozt)i) is periodic with period % and for all k € Z,

ammw:;/%mwwwaw,

0
By variable change %, we obtain

(e}

AWMW=;A%%$WWM%

1. 2T (e
the function ¢ € [0, +o00[— eilkpi"tf((at)i) is periodic with period Z-, then

Q=

FolF(O)} (k) = F{f((at)=)} (k).

Example 8. The functions fi and fo defined in Example 3 are a-periodic with period

1

p=(L)a. Fork #0,

FalFi(1))(k) = F(fi((at)a)) (k) = o / AR ()t

0
1 1
2a2 : 2 1 .
:a2[ 2 te_zlkﬂa%dt—k (7 _t)€—2zk7ra2tdt]
0 o a?
2a
_(=DF -1
 2m2k2a2
and
%
1 @ —2ikma? 1
Falf2(1) (k) = F(f2((at)=))(k) =a2/0 e 2ROt o ((at) @ )dt
2 40%2 —2ikma’t & 1 —2ikma’t
= a?[ [ " te dt+ [ (= —te dt
0 1«
4a2
1
) 1 .
+/ Q(t_ 2) —22k7ra2tdt]
_3_ [0
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For k =0, we have

1

Fols®)(0) = 02 [ 7 fi((at)?))a = —

and B
Falf2(1))(0) = ? 0”‘ fo((at)))dt = 0.
Then
CD -l Vkez
Falf1(t))(k) = (17)
oz, k=0.

and

(D200 gy g

202 k22

Fa(f2(t)) (k) = (18)

0, k=0.

As a classical fourier transform, we apply the conformable fourier transform to the
conformable fractional integral given by Definition 4. The following theorem is obtained.

Theorem 9. Assume that f : [0, +oo[— R is a-periodic function with period p such that
I,(f)(p) =0 and 0 < a < 1. Then for allt € [0,400[, Io(f)(t) is a-periodic with period p
and

(a3

siralalf)(k), Yk € Z*
FoLa(f) () (k) = 1
F(fal(at)=))(0), k= 0.

where fo(t) = =L f(t).

Proof. Let 0 < a < 1. f is a-periodic function with period p such that I,(f(p)) = 0,
then by Theorem 4, for all t € [0, +oo[, Io(f)(t) is a-periodic with period p.
For k #£ 0,

By Definition 4, we have
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Using variable change %, we obtain

L(O = [ f((as))ds
then t
muxmmbzAf«wﬁm&
By integrating by parts, we find that

1

Fallal)O)E) = 5

(N = [ ((atysan

and using the condition I, (f)(p) = 0, the result is obtained.
For k£ = 0, using Remark 2, we have

fiad

Fala(f(t)))(0) = Ela(la(f))(p) = P“/o Lo (f)((at)=)dt.
Using integration by parts and the condition I,(f)(p) = 0, we find that
amwwmmzi/“%ﬂwﬁwzfmwmbm>
P~ Jo

where fo(t) = =L f(t).

Example 9. Consider the function fo defined by Example 3. We have showed in Example
4 that Io(f2)(o2) = 0 and Io(f2) is a-periodic with period % For k € Z*,

1
2

Fallalf2) () (k) = FLa(f2)((at)) (k) = ® [ © e 2R [ (f5)((at)=)d.

S—

Using integration by parts and the condition Ia(fg)(é) =0, we have

Falla(f2)())(k) = = A“e%mﬁh«mﬁMt

- 2ikm
1 (&2 w1
4o —2ik 2 4o — 2%k 2
:Qikﬂ-[/o te lﬂatdt+/1 (zaz_t)e zwatdt]
102
1
1 a72 1 —2ik 2t
t_ _ IRTTO dt
2k /32( a2)e

ey

()= (=)H)

o 4iaAk3 3
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On the other hand, by Example 8, we have

(1) 73 (1— (-1

20:2k2m2 ’

F(fo((at))) (k) =

Then
1

Falla(f2) (0)(R) = 5ogi F(fal(0))) (k).

For k =0, we have

1

F((2)al(0t)))(0) = —a? /0 “ (o))t

3
[T, w1 21
— [/0 ] dt+/1 5 t)dt+/3 tt — =)

4a2 4a2
1
320t
On the other hand, by Example 4, we have
2 > 1
FallaR)0)0) = [ 1(f)((at))at

~ 324
Then Fo(Ia(f2)(£))(0) = F(fal(at)«))(0) where folt) = —L f(2).

In order to establish a similar relationship between conformable fourier transform and
conformable fractional derivative as a classical fourier transform of order «, the following
two theorems are obtained.

Theorem 10. Let 0 < a < 1, and assume that f : [0,+o00[— R is a-periodic function
with period p and continuously a-differentiable on [0,400[. Then T (f) is a-periodic
function with period p and for oll k € Z :

FalT@(f) (1) (k) = (22'7%%)&(]“(75))(16)

Proof. Let 0 < a < 1, f is a-periodic function with period p and continuously a-
differentiable on [0, +oo[. By Theorem 5, T(®(f)(t) = J(), g € C([0,400[) where

g(t) = f((at)é) and T(®)(f) is a-periodic function with period p. For k € Z, we have

FalTO(F)(1)) (k) = FT(f)((at)=))(k)
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p*
(6% a I, -y Aoy e T 1
=TT ) o)
P~ Jo

P
_ Cz/ " T )
P~ Jo
Using integration by parts the periodicity of g, we have
e’
Fal(TO()(t) (k) = (227€7T2;)fa(f(t))(k)-

Example 10. Consider the same function from Ezxzample 5, then f is a-periodic func-
tion with period (%)é and continuously a-differentiable on [0,4+oco[. By Theorem 5,
Tt = ¢'(L), g € CL([0,+00]) where g(t) = f((at)é) and T (f) is a-periodic
function with period (%)é For all k € Z, we have

FalF(£)) (k) = F(f((at)))(k)

3
20{2 2a2

SEA ekt £ ((at)a )t

_ 202

Y

3T

oz , 1 [3a2 .
[/ sin(a%)eiélka%dt —5 /2 sin(2a2t)67§1ka2tdt]
0 ES

o2
O BI(-1)F 41)
 27m(64k* — 180k2 4 81)°

On the other hand

FalTO(F) () (k) = F(T(F)((at)7) (k)

3
202 [32a2

— e~ kT (f)((at)w)dt
37T 0

2a2 04% ) a2 .
- 3[/ o COS(O‘Qt)e_%ZkaQtdt B /2 o? 005(20421&)6_%“‘3"%(175]
7T O .

2

3

54ika?((—1)" % +1)
7(64k% — 180k2 + 81)

then
FolT(f)()) (k) = (%ika2)fa(f(t))(k)-

Theorem 11. Let 0 < o < 1,n € N and assume that the function f : [0,+oco]— R is
a-periodic with period p and n times continuously a-differentiable on [0,+o00[. Then for
all j € {0,...,n}, TUN(f) is a-periodic with period p and for k € Z

FalTI(F)(8)) (k) = (2ikW%)jfa(f(t))(k)-

Note that TO) f(t) = f(t).
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Proof. Let 0 < @ < 1,n € N and assume that the function f is a-periodic with period
p and n times continuously a-differentiable on [0, +o0c[. Then by theorem 6, we have for
all j € {0,...,n}, T(jo‘)(f)(t) = g(j)(%), g € CI([0,+00]) where g(t) = f((ozt)é), and
TU)(f) is a-periodic function with period p.
Let j € {0,...,n}, by recurence.
For j = 0, the property is true.
For j = 1, the property is true (see Theorem 10).
Suppose that

Fo(TUGDI(F)(1)) (k) = (2ikw]%)j—1f(f((at)i)><k)
and we show that

Fa(TUD(f)(#)) (k) = (2ik771%)jf(f((at)%))(k).

The function f is n times continuously a-differentiable on [0, +oo[ implies that T(=1)(f)
is continuously a-differentiable. Moreover, by Theorem 10 and the recurrence hypothesis

Fal T (£)(1)) (k) = Fa(T(T G0 (£)(8))) (k)
- (2ikW%)fa(T((j_l)"‘)(f)(t))(k?)

(e%

= (Qikﬂlg)jfa(f(t))(k)-
Then the property is true for all j € {0,...,n}.

Example 11. Consider the same function from FExample 6, we have f is a-periodic func-
tion with period (%)é We showed that f is twice continuously c-differentiable on [0, +00],
g € C%([0,+00]) where g(t) = f((ozt)é) and TUYN(f) is a-periodic function with period
(32)« for j €{0,1,2}.

For k in Z, we have

1. For j = 0, the property is true.

2. For j =1, the property is true by Example 10.

3. Forj =2, the function T'®) (f) is a-differentiable and a-periodic with period p = (g—g)
Then, we have

Q=

7902~ 1)
]:a(T(Qa)(f)(t))(k) = 7736254/65—[(183‘32 —1—;11)}

and by Example 10, we have

81((~1)"% +1)
(64kT — 180k2 + 81)

FalF )0 = -

Then
Fa(TO (1)) (k) = (ka2 Fa(£0) (8).
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Corollary 1. If f is a-periodic function with period (27roz)é, then we obtain the following
classical fourier property

F(F™ ((at)=)) (k) = (k)" F(f((at)=)) (k).

We conclude this section with a result which has been used by several authors to solve
certain integro-differential equations.

Lemma 3. Assume that g € L'Y(RT,R) is a continuous periodic function with period T
and ay € EX(RT). Then for t € [0, 4+00]

0 foo T
/ a(t — s)g(s)ds = Z / a1(t —u+ NT)g(u)du. (19)
fe’e) N=1 0

Proof. Let g € Ll(R+, R) is a continuous periodic function with period 7. We have

0 +oo (N-1)T
/ ai(t —s)g(s)ds = Z / ar(t — s)g(s)ds
—00 N=1/—NT
too A (N-DT
= Z/ ai(t —s)g(s+ NT)ds
N1/ -NT

oo T
:NZl/O a1(t —u+ NT)g(u)du.

Example 12. Let fi defined by Example 3 and a1(t) = e~t € LY(R"). The function f; is
a-periodic with period (é)é for all t € [0,400[, and the associated function g satisfies

t, 0<t<siy

gi1(t) = fi((at)) =

=t gm <t<

1s periodic with period é and continuous for all t € [0,4+00[. Then, we have
0 too oL N
/ a1(t — s)gi(s)ds = Z/ e T gy (u)du
e n=170
+00 N .
= e_t(z ea?)/ eg1(u)du
n=1 0
—t 1
e oz
— () [T tp(wa
ea2 — 1 0
et e 21
= (— )[/ uedu +/ (— —u)e"du]
eaZ — 1 0 L«
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1
€22 — 1  _
= (———)e"

€22 + 1

Theorem 12. Let 0 < a < 1, assume that f € Ll(R+,R) s a-periodic function with
period p, and a(t) = a1(L ) such that a; € LY(RY). Then (a *a f)—co is a-periodic with
period p and for k € Z

Fal(a*a f)-oo(t))(k) = 'Ca(a(t))(Zikﬂ-}%)]——a(f((t))(k)

where Lo (a(t))(N) is the conformable Laplace transform of a(t) given by the Definition 5.

Proof. Let 0 < a < 1 and assume that f € L}(RT,R) is a-periodic function with
period p. For t € [0,4o00[, g(t) = f((ozt)é) is periodic with period T' = %a.
By Theorem 7, (a *4 f)—oo(t) is a-periodic function with period p, and we showed that
tOé
a

(a*a f)—oo(t):F( )

where the continuous function F' is defined by F'(t) = ffoo a1 (t — s)g(s)ds. Thus, we have

0 t
F(t) = / ar(t — s)g(s)ds + /0 ai(t —s)g(s)ds.

—0o0

By Lemma 3,
0 too T
/ ay(t —s)g(s)ds = Z / a1(t —u+ NT)g(u)du
N=1"0

400 t+nT
= / a1 (w)g(t — w)dw
Nop Jt+(n—1)T

n

t+NT
= lim Z/ a1 (w)g(t —w)dw

noteo S Jth(N-1)T

t+nT
= lim a1 (w)g(t — w)dw

n—-+oo J,
+oo
= / a1 (w)g(t — w)dw
t

and oo
F(t) = / ai(v)g(t —v)dv
0
Then for all k£ € Z

Fallasa H-m()0) = 5 [T Pyt
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By making variable change % =u and u — s = t, we have

(e3

Fal(axa f)—ne(t))(k) =2 / Ry / " a(afu - $)E) £ () )dsldu

a / e [ alas)d)F((atu - 5))

a

Q=

)ds]du

- /0 o) ) TS [T M (o) ar
= La(a(®)(2ikm 1) Fa(F(0) ()

Example 13. Let fi defined by Example 3 and a(t)
LY(RT). The function fy is a-periodic with period (%)a.
have

Fa((a*a f1)-oo(t)) (k) = F((a

a1(£) such that ai(t) = e™! €
Let k € Z and t € [0,400[, we

1
«

N
_ a2/ o? —2zk7ra2tF( )d
0
f? 0 t
= a2/ e~ 2ikma [/ ay(t — s)g1( )d8+/ ai(t — s)gi1(s)ds]d
0 —00 0
=0L+1
such that )
i 0
22
I = a2 / ~2ikma?t / (t — $)g1(s)ds)d
0 —00
and
2 2y, [
I, = a2/ ~Zikma t(/ a(t — s)g1(s)ds)d
0 0
By Lemma 3
0 o7 _ i
| artt=s)gtsis = (“r—e
—00 e222 +1
then )
[ a?(— %e7a7 + ea? +1)e 2
1= 2ikma? + 1
and

< t
Iy = a2/a2 e_(2ik7ra2+1)t(/ esgl(s)ds)dt
0

0
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2 € 1
a 1 [z oz )
gl [ dmar— [T e i
R
_ 2 - _
S et A /12(a2 et

2a
1

_1_ L
— /2(12 t€—2ik7ra2tdt _ /a2 (% _ t)e—QikwaQtdt}
0 «

1

2a2
—on2e”aZ otk + drle” 37 k2 — 2k2n2at + (-)k —1

202m2k2(2ikma? + 1)

Thus 1Dk -1
Folla*a f1)—oo(t))(k) = 2a27r2(/€_2(2)i/€;a2 +1)°

On the other hand, we have
Lo(a(®)2ikma?) = — L
@ -~ 2ikma? +1

and by Example 8
Falf1(t))(k) = CUi-l
a1 - 20272k2

then
Fal(a*a f1)-oo(t)) (k) = Lala(t))(2ikma®) Fo(fi((1))(k), VE € Z*.

For k =0, we have Fo((a *q f1)—0o(t))(0) = Iy + Iz such that

P 0 277 —1)(e2a? — 1
L = az/ i e_t(/ e®gi(s)ds)dt = _ale ; (e )
0

—o0 e222 +1

and

then by Example 8, we have
Fal(a*a f1)=o0())(0) = =5 = La(a(t))(2ikma®) Fa(f1(£))(0).

Finally
Fallaxa f1)-oo(t))(k) = La(a(t))(2ikma®) Fo(f1(1))(K), Yk € Z.
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5. Conclusion

The definition of a-periodic function introduced by Khalil et al [8] has been investi-
gated. Many results and examples related to this definition have been given and proved.
A new definition of conformable Fourier transform for a-periodic function has been given.
A relationship between the conformable Fourier transform and the classical Fourier trans-
form have been established. Many results relating to the classical Fourier case have been
obtained and demonstrated in the conformable Fourier case. Many examples have been
constructed to illustrate these results. Our interest for future work is to apply this results
to solve some conformable partial differential equations, conformable ordinary differential
equations, conformable integro-differential equations and conformable Cauchy problems.
Also, it may be of interest to investigate several modifications of the introduced con-
formable Fourier transform in this article to serve other modifications of conformable
derivatives, such as M —truncated fractional derivatives.
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