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Abstract. In this note, we introduce novel Geraghty-type inequalities within the framework of
a b-fuzzy metric space and develop new fixed point theorems for such mappings in a G-complete
b-fuzzy metric space. To substantiate our findings, we present several illustrative examples using
graphical methods. Additionally, we demonstrate the application of our introduced theorems by
solving a non-linear integral equation, showing the practical utility of our results.
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1. Introduction and Preliminaries

For the first time, the traditional metric space framework was extended by incorpo-
rating fuzzy logic to address uncertainties in distance measurements by Kramosil and
Michdlek [7]. In a classical metric space, the distance between two points is precisely
defined by a real number, adhering to strict metric properties. However, in a fuzzy metric
space, distances are represented by fuzzy sets, allowing for a range of values that reflect
varying degrees of proximity. Later, George and Veermani [4] modified the definition of
fuzzy metric space given by Kramosil and Michdlek [7] and proved some fixed point re-
sults. Inspired by this, concept of fuzzy b-metric space was introduced by Sedghi et al.
[15], where the triangle inequality is replaced by a weaker one by involving b > 1, with
this weaker inequality, The researchers introduced many contractive inequalities to obtain
fixed point, see([1], [3], [6], [8]). In the line of this, We introduce the concepts of Ger-
aghty type inequalities in this b-fuzzy metric spaces and we introduce the notion of fuzzy
a-Geraghty type mapping within the context of b-fuzzy metric space. Additionally, we
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introduce the idea of a-Suzuki Geraghty type mapping in the framework of G-complete
b-fuzzy metric space, and we investigate specific fixed point problems associated with this
generalizations. We offer several illustrative examples with the graphical approach in the
support of our findings. In last, as an application, we discuss a solution to a non-linear
integral equation via fixed point tools. We must need the following:

Definition 1. ([14]). A function o :[0,1]2> — [0,1] is called a continuous triangular-norm
if

e o is commutative and associative;

® o 15 continuous;

e loa=a;

e aob>cod, whenever a > ¢ and b > d.
for all a,b,c,d € [0,1].

Some of the l-norms are a ¢y, b = min{a, b} (minimum), a ¢, b = ab (product), aor b =
max{a+b—1,0}.

Definition 2. [6]. A b-fuzzy metric space is an ordered triple (Y # ¢, M, o), where
M., : Y? x (0, 4+00) — [0,1] satisfying

(i) M.(6,7,1) >

(ii) M.(8,7,1) =1 if and only if 6 = ~;
(iii) M:(6,7,1) = M=(v,6,1);

(iv) M:(3,7,b(l+1)) = M:(6,n,1) o M= (n,v,7), where b > 1;

(v) M(5,7,.) 2 (0,400) =+ (0,1] s continuous from left and lim M.(5,7,1) = 1.

for all 6,v,n €Y and l,7 > 0.

Note: If b =1 then definition (2) will become a fuzzy metric space.
_16~IP . .
Example 1. Let M,(0,7,1) = v , where p > 1 is a real number, M, is a b-fuzzy
metric with b = 2P~ but not fuzzy metric space.
Definition 3. /8] Suppose (¥, M., o) is a b-fuzzy metric space. Then

(i) {0n} is called G-convergent sequence if there exists § € Y such that

lim M.(5,,6,0) =1

n—-+o00
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(ii) {6,} in Y is called a G-Cauchy sequence if

lim M. (0n, 0, 1) = 1

n,m—-+o0o
for all m,n € N andl > 0.
(iii) The space is called complete if every Cauchy sequence is convergent in Y.

Geraghty ([5]) introduced a category denoted as B which is a collection of maps defined
as [ :[0,4+00) — [0, 1) satisfying

B(t,) — 1 as n— 400 =t, =0 as n — 400.

Researchers introduced many contractive inequalities to obtain fixed points in this fuzzy
space. In the line of this, we introduce the concepts of Geraghty type inequalities in this
b-fuzzy metric space and we inject the notion of fuzzy a-Geraghty type mapping within the
context of b-fuzzy metric space. Additionally, we introduce the idea of a-Suzuki-Geraghty
type mapping in G-complete b-fuzzy metric space, and we investigate specific fixed point
problems associated with these generalizations. We offer several illustrative examples with
the graphical approach in support of our findings. In last, as an application, we discuss a
solution to a non-linear integral equation via fixed point tools.

2. Main Results

We must require to introduce the following definitions.

Definition 4. A b-fuzzy metric M. is said to be C-triangular, if for all §,v,n € Y and
>0,

holds.

Definition 5. A self map L defined on a G-complete b-fuzzy metric space (Y, M., ) is
called a Geragthy type-1 contractive if

1-— Mz([’(sa £7> l) § (1 - Mz(577a l)) ' 5(1 - Mz(da'% l)) (2)
where 8 € B, for all 6,y €Y and 1 > 0.

Now we write a theorem for such introduced Geraghty type-I contractive mapping
using C-triangular property.

Theorem 1. Suppose (Y, M,,o) is a G-complete b-fuzzy metric space with C-triangular
fuzzy metric and a self map L defined on Y is a Geraghty type-1 contractive map. Then L
has a unique fized point in Y.
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Proof. Consider a Picard sequence {d,} such that §,.1 = L£J,. We assume that
Op # Op41 for all n € NU {0}, otherwise we will get fixed point. Now

1-— Mz<5n+17 5n+27 l) S 5(1 - Mz(6m (5n+17 l))(l - Mz(éna 5n+1; l)) <1l- Mz(6n7 5n+17 l)
(3)

Thus, we conclude that M (0n+1,0n12,0) > M;(0n,dnt1,1) for all n € N. Hence

{M;(0p+1,0n,1)} is an increasing sequence of positive real numbers in (0,1]. So, there

exists s(I) € (0, 1] such that liril M, (0p,0n11,1) = s(l) for all I > 0. Now, we need to
n—-+0oo

prove s(l) = 1. Suppose s(ly) < 1, for any Iy > 0. By (3), we obtain

lim B(1 — M. (6, 641,1)) = 1.

n—-+o00

Since 8 € B. This implies that

Hm M. (6, 0n11,0) = s(1) =1,

n—-+o0o

a contradiction to our assumption. Hence, we conclude that

lim M, (6, i1, 1) = 1, (4)

n—-+4o0o

for all I > 0. Next, we need to show {9, } is a Cauchy sequence. Consider a contrary,

A= lim  M.(6p,0m,0) < 1. (5)

n,m—+00
By (2),

1 — M.(6nt1, 0mt1,1) < B(1 — Mz(6ny O, 1)) (1 — M (0p, O, 1))
Taking the limit as n, m — +o00 in the above inequality where n > m, then we get

lim (1 - Mz(5n+17 5m+17 l)) < lim 6(1 - Mz(éna Om, l))(l - Mz(5n> Om, l))

n,Mm—+00 n,m—~+00
By using (5), we get

m (1= My(Gnits drt, 1)) < Lim A1 — Mo(S, D)1= A). (6)

n,m—-+00 n,m—-+oo
On the flip side, using C-traingular property
1- Mz((sn, 5m7 l) < 1- Mz(6n7 5n+17 l) +1- Mz(6n+1; 6m7 l)
S 1-— MZ(67’U 5’)’L+17 l) + 1-— MZ((STZ-FI) 5m+17 l) + 1- Mz(6m+17 57717 l)

Putting limit as n,m — +oo and using (4) and (6), we get

1-N)< lim (1-Mo(Opst,0msr,) < lim B — Mu(6p, 6, 1))(1 — \)

n,m—-+o0o n,m—-+oo
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this implies

lim  B(1 — M. (0n,0m,1)) =1

n,m——+00
which implies

Hm (1 — M. (6n,6m,1)) = 0.

n,m—-+o0o

This yields that lim  M,(d, dm,l) = A = 1, a contradiction with the assumption (5).

n,m—-+00
Therefore, sequence {d,} is a G-Cauchy in ). Since the space ) is complete then there
exists u € Y such that sequence {d,} converges to u,

lim M, (0p,u,l) =1, (7)

n—-+0o

for all I > 0. Next we need to show u is a fixed point of L.
1 — M.(6n+1, Lu,l) < (1 — M, (6n,u,l))B(1 — M,(6n,u,l)),
consider limit as n — 400, this implies

lim M. (0o, Lu,l) = 1, (8)

n—-+oo

for all [ > 0. Using triangle inequality, we write
M (u, Lu, 1) > M (u, 6ni1,1) © M (6pt1, Lu, ).

considering limit as n — +oo and with (4) and (8), we obtain M (u, Lu,l) = 1 for all
[ > 0. Consider v is another fixed point of £ such that u # v, M, (u,v,l) < 1. Thus

1—M(u,v,l) =1— M (Lu, Lo, 1) < (1 — M (u,v,1))8(1 — My(u,v,1)) <1—M_,(u,v,l).

We get a contrary, thus fixed point is unique.

Example 2. Consider Y = [0,1] and let M, : Y x Y — [0,1] defined by M, (6,7,1) =
_ls?

e #05 and M, be a C-triangular for all §,v € Y and | > 0. Then (Y, M,,) is a
G-complete b-fuzzy metric space. Consider the mapping £ :Y — Y defined by

152 ifs€(0,1)
)3
0= {}1, ifo=1,

for all 5,7 €Y and | > 0.

Now, in the following three cases will be formed for which Geraghty type-1 contraction is
to be verified for B(t1) =1 —t;.

Case 1. If 6,7 € [0,1) then

_les—ry)?

M (LS, Ly,l) =e 505
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2 2.2
_315°—?

=e 110.5

_les—cq)?
1— M, (Lo, Ly,l)=(1—e 05
%|52_72|2
=(1—e w05 )

_15—~I? _15—I?
< e #05 (1 — e 1705 )

= 5(1 - Mz(5a77 l))(l - MZ(5777Z))7

Case 2. If 6 € [0,1),y =1 then

_les—cy?
M (LS, Ly,l) =€ 505
[82_1)2
=e %4—0.%
1% 412
1— M (LS, Ly, 1) =1—¢ 1505
,12 |5— ‘2

Case 8. If 6 = v = 0 then the Geragthy type-I contraction trivially holds.
Now, the graphical representation of cases 1 and 2;

-1 Absis 712
raps of o uncons Yelo - 1B _ A2y 2121, e - 0| (1-Bp-AS{s-> 21

. _ et _li=al? _ls=n?
Figure 1: (1 —e” = 1705 ) <e 05 (1 —¢ 105 )

2389
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In Figure 1, the yellow colour represents the L.H.S. and the red colour represents the
R.H.S. of equation (9), and in Figure 2, the yellow colour represents the L.H.S. The red
colour represents the R.H.S. of equation (10).

From the graphical representations it is clearly visible that the contraction (2) is satis-

fied.
Hence, the inequality holds in these cases for | > 0 and [(t1) = 1 —t;. Now, for all

d,7,n € [0,1], then it is easy to check that M, is C-triangular. Hence, all assumptions of
theorem (1) are satisfied for 1 > 0 and B(t1) =1 —t1, and 0 is a unique fived point of L.

Now we recall the following definitions from [2].

Definition 6. [2] A self map L is said to be a triangular a-admissible if there exists
a:Y? x (0,+00) = R such that

(i) a(6,7,0) = 1 = a(£8,£3,1) > 1
(ii) a(é,n,1) = 1 and a(n,v,1) = 1 = a(é,v,1) > 1
for all §,v,n €Y and any | > 0.

Lemma 1. [2] Consider a fuzzy metric space denoted by (Y, M.,o) and let L: Y=Y
be a triangular a-admissible mapping. Suppose there exists an element 6g € Y such that
a(do, Lo, 1) > 1. Let us define a {0,} recursively by setting 0,41 = L0y. Then

(O, On,l) >1
for allm,n € N with m <n and l > 0.
Next we define a new contractive inequality in Suzuki view.

Definition 7. A triangular a-admissible self mapping L defined on a b-fuzzy metric space
(Y, M, 0) is called a a-Suzuki-Geraghty type-I if there exists a 3 € B such that

Mz((sa £5a l) >q- Mz((sv/ya l)
= 04(5»% l)(l - Mz(£57 Ery’ l)) S B(l - MZ(67 7> l))(l - MZ((S’ Y l)) (11)
where q € (0,1) and 6,y € Y.
Now we write a few definitions which are essential for our next result.

Definition 8. A triangular a-admissible self mapping L is defined on a b-fuzzy metric
space (Y, M,,o) is said to have property Gy if for any two sequences {d,}, {0m} in Y
such that

lim M, (0p,0m,1) =a(l) € (0,1],

n,m—-+oo

where n > m and n,m € N, q € (0,1), then
MZ((S’M 6n+1, l) >q- MZ((STM 5m7 l)7
for all 1 > 0.
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Definition 9. A triangular a-admissible self mapping L is defined on a b-fuzzy metric
space (Y, M, o) is said to have property Go if for any convergent sequence {d,} in Y
converging to u,

MZ(57L7 ‘Cdnv l) > q- MZ<57Z7U7 l)u
where n € N and g € (0,1).

Example 3. Let Y = [0,1] and define M,(d,7,1) = l+|6 e Let (Y, M,,o) is a G-
complete b-fuzzy metric space. Let a self-map L :Y — Y defined by

£06) = {1, if 6 € (0,1]

0 otherwise.

Let 6, = 1—% and 6y, = 1 — %, with n,m € N. Since

n—+4o00 —|—1

1 1
lim M., (6n, 0pt1,1) = ngrfooMz <1 - 1- l) € (0,1],

Then, M (0p, 6pt1,1) > g+ M (6, O, 1) where g =1, eﬁnition (8) satisfied.
We have M, (0, LOn,1) = M (1—=L.1,1) > ¢- M, (1—2L,1,1) for alln € N and q € (0,1).
Hence, Definition 9 holds.

1
n? n? 7

Theorem 2. Consider a self map L defined on a G-complete b-fuzzy metric space (3, M., o)
where fuzzy metric is C- triangular satisfying:

(i) map L is b-fuzzy a-Suzuki-Geraghty type-I;

(i) L has property G and Ga;

(iii) there exists 89 € Y such that a8y, Lo, 1) > 1 for all | > 0;

() if a(dp,0n+1,1) > 1 and 6, — u as n — +oo, then a(dn,u,l) > 1 for alln € N.
Then L has a fized point.

Proof. By assumption (3), there exists dp € ) such that a(dy,d1,1) > 1 for all [ > 0
and define a sequence {J,} in Y by 8,41 = L6, for all n € N. Suppose that 6, = &, for
some n € NU{0} no need to prove anything automatically completed. Suppose &, # 01
for all n € N.

By lemma 1, we have

a0, Ont1,1) > 1, (12)
for all n € N and [ > 0. By (11),

M (6p, Lo, 1) > g M,(0n,0p41,1)  implies
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a((;ny 5n—}—l? l)(l - Mz(ﬁénv »C(Sn—‘rla l)) < 6(1 - MZ(5H7 5n+17 l))(l - Mz((sn’ 5n+17 l))

Now

(1 - MZ((5n+1, 5n+2a l)) 1 MZ(‘C(STL>‘C67’L+17 l)) < a(ém 5n+1a l)(l - MZ(‘C(STL>‘C61’L+17 l))

:( —
< 5(1 - Mz(5n75n+17 l))(l - MZ(éna 5n+1a l)) < (1 - MZ(‘Sm 5n+1’ Z))
(13)

This concludes that { M (d,,dn+1,1)} is non-decreasing sequence of positive real number
in (0,1]. So there exists s(I) € (0,1] such that

Hm M. (0n, 6ni1,1) = s(0).

n—-+4o0o

Suppose to the contrary, s(lp) < 1 for any lp > 0. Now put limit as n — 400

lim /8(1 - Mz(‘sn;(sn-‘rl:l)) =1

n—-+40o

By the characteristic of B, we have

lim M, (6, g1, 1) = 1, (14)

n—-+o0o

a contradiction. Hence, we need to show {0,} is a G-Cauchy sequence. Suppose
A= M, (6n,0m,1) <1,
By using property (G1),

M (6n,y Ont1,1) > q- M(0n, Om, 1) implies
(6 O, 1) (1 = M (Ln, L, 1)) < B(1 = M (6ny 6m, 1)) (1 = M (0n, O, 1)).

We have

(1 = M;(0n+1, 6m+1,1)) = (1 = M (L, LOm, 1)) (Ons O, 1) (1 — M (Lp, L, 1))

<«
< B(1 = My (6n,y 0, 1) (1 — M (6ny Oy 1)).

Taking the limit as n,m — +oo and lemma 1,

lim (1 — Mz((sn—‘,-l; 6m+17 l)) S lim a((Sn, (Sm, l)(l — Mz((sn_l,_l, 6m+17 l))

n,m—>-+00 n,m—-+00

< lim B(L— Ma(n,0m, ) (1 — ). (15)

n,m—-+0o0

On the flip side,

(1 = M;(6n, 0m, 1)) < (1 = M;(6n, Ont1,1)) + (1 = M.(0n+1,0m, 1))

(1 - MZ(6H7 5n+17 l)) + (1 - MZ(6N+176771+17 l)) + (1 - Mz(5m+1,(5m, l))

IN A
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Putting limit as n,m — +oo and using (14) and (15),

1-N< lim (1—Mo(Opit,0mss, 1) < lim B — Mu(6p, 6, 0))(1 — ).

n,m—-+oo n,m—-+00
which gives
Hm M (6, 6, 1) = 1

n,m—-+oo

Which is a contradiction with A\. Thus, {6,} is a G-Cauchy sequence. Since Y is a
G-complete, there exists u € ) such that

lim M. (6,,u,l) = 1. (16)

n—-+00
By the property of (G2),
MZ(6N—17 [’571—1) l) >q- Mz((sn—la Uu, l)

= o(0p—1,u, 1) (1 = M (Lop—1, Lu,1)) < B(1 = M,(0n-1,u,1))(1 — M, (0p—1,u,1))
(1 = M (LOp—1, Lu,l)) < a(6p—1,u,1)(1 = M (LIp—1, Lu,l))
< B = M (0n1,u, 1)) (1 = M(p—1,u,1))
<(1—=M(bn-1,u,l))
1 — M.(6n, Lu,l) <1—M,(6p-1,u,l),

Put limit as n — 400, we get M, (u, Lu,l) = 1. that is, Lu = u.
Next, assume v is another fixed point of £ such that u # v that is M, (u,v,l) < 1. By the
property of G2, we know that

M, (u,u,l) = M, (u, Lu,l) > q- M,(u,v,l) =
(1= My(u,v,10)) = (1 — Mz(Lu, Lv,1)) < a(u,v,1)(1 — M(Lu, Lo, 1))
< B(1 = M (u,v,1))(1 — M,(u,v,1))
< (1 =M (u,v,l)),

a contradiction with the assumption, so fixed point u is unique.

Now we write an example which is a-Suzuki Geraghty type-I contractive mapping but
not a Geraghty type-I mapping.

2
Example 4. Define a fuzzy metric M,(0,v,1) = e for all 1 > 0 on [0,1] with

standard triangular norm and space is G-complete and Define a self map like

) .
co= {3 1
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Also define function o by

L, if 4,v€l0,1)

0, otherwise.

a((S?’Y? l) = {

for alll >0 and B(t1) = e 1.
Suppose q = % Put the following cases to verify the a-Suzuki-Geraghty type-1 contraction
mapping:

l5-417
Case 1. If §,v € [0,1) then a(d,7,1) =1, M.,(, %,l) > q- M,(0,7,1), that is, e~ >
o2 _15-312 et _15=|?
q-e 1 implies (6,7, )[l —e T | <e (17 l—e T ]
Graphs of two functions: Y ellow — Exp[ s %m:, Red— E(Expl i Gl ne,
16— 412 [6—~I2
Figure 3: e™ 1 >q-e 1
$-31° SLEMTG 16 =12
Figure 4: a(8,y,)1—e — 7 J<e 07 T Jl—e T ]
1532
Figure 3. The yellow colour represents the value of e~ 1, and the red colour rep-

|52 .
resents the value of q - e~ T and Figure 4. The yellow colour represents the value

2
1$-31° 15-n]

of a(d,7,1)[L — e~ "7 ], and the red colour represents the value of e-1=¢ T )(1 —
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_ 15912

T ). Hence, it is clear that the hypothesis of inequality does not hold, and also the
conclusion part does not hold. So, the inequality holds for this particular case.
Case 2. If 6 € [0,1) and v = 1, then a(d,7,l) =0, M,(6,1,1) > q- M(0,1,1), that is,
1582 |6—1|2
e T > q-e” T Since the hypothesis inequality is not supportive, there is no need

_ls=11?
1—e I

15— 1|2

to continue for further calculations, but even then, 0 < e~ )1 —e” |. Hence,

the inequality holds for this case.

Case 3. If § = v =1, then a(d,~,1) = 0. M,(1, ;,l) >q- M,(1,1,1), that is, e~ > qg-1
implies 0 < 0.

Case 4. If § =1 and v € [0,1), then a(d,v,l) =0, M,(1,0,1) > q- M,(1,7,1), that is,

1y . ‘
e T > q-e” T the hypothesis is not supportive, there is no need to continue further

calculations, but even then, we get conclusion part will be zero from both sides. Hence, the
inequality holds in this case.

This example demonstrate that the self-mapping L is a-Suzuki Geraghty type-I contractive
mapping but not a Geraghty type-1 mapping.

Let 8,y € Y for all I > 0 such that o(6,v,1) > 1 this implies that 6,y € [0,1), then
Lo, Ly € [0,1). Thus, (L, Ly,l) = 1 for all 1 > 0. Let 6,v,n € [0,1] such that
a(d,n,l) > 1 and a(n,v,l) > 1 for all I > 0. This implies that 6,y,n € [0,1). So,
a(d,7,1) > 1 for alll > 0. Therefore, L is triangular a-admissible. Hence all the assump-
tions of the above theorem are gratified and also hold property G1, Ga and condition (3)
for q=0.5, B(t1) = e . So, § =0 is a fized point of L.

This is another supportive example of our results.

Example 5. Let Y = {0, 2,1,2} with M, (6,7,1) = l+|6 Ypp i for 1 > 0 is a G-complete

b-fuzzy metric space. Define £(0) = L(1) = L(1) = £ and L(2) = 1. we can calculate £
satisfies each assumptions Theorem 2 with unique fixed point § = % for function « like

1, if & 1

0 otherwise.

foralll >0, B(t1) =1—1t1 and q € (0,1).
Now we introduce one more inequality.

Definition 10. A triangular a-admissible self mapping L defined on a b-fuzzy metric
space (Y, M, ) is called a a-Suzuki-Geraghty type-II if there exists a B € B such that

M (0,L£6,1) > q- M,(6,7,1) implies

1 1 1
o7 1) <Mz<£6,m,l> _1) =f <Mz<6,w> _1> <Mz<6,w) _1>’ (17)
for all 6,y €Y and 1 >0, q € (0,1).
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Theorem 3. Consider a self map L defined on a G-complete b-fuzzy metric space (Y, M, ©)
where fuzzy metric is triangular satisfying:

(i) map L is b-fuzzy a-Suzuki-Geraghty type-II;

(i) L has property G and Gso;
(iii) there exists 89 € Y such that a(So, Lo, 1) > 1 for all | > 0;

() if a(dp,0n+1,1) > 1 and §, — u as n — +oo, then a(dn,u,l) > 1 for alln € N.
Then L has a fized point.

Proof. Constructing of Picard sequence such that d,, # d,+1 for all n € N. By lemma
1, we have

04(671,7 5n+17 l) >1
for all n € N and [ > 0. By the a-Suzuki-Geraghty type -1I contraction, we have

MZ(5n76n+17l) >q- Mz(5na6n+lal)

1 1 1
nsy Un ) -1 S MG o ! Mo i)
=al0n tne11) (Mz(c(sn,,canﬂ,z) > 5<Mz<6n,6n+1,l> ><Mz(5m5n+hl> >

for all [ > 0.

1 1
“ 1) < a(0n, Ops1.l 1
(Mz(c(sn,zanﬂ,n > < al0n; dn41, 1) (Mz(can,c(snﬂ,n >

1 1 1
<F <MZ<5n,an+1,z> B 1) (Mzwn,anﬂ,n B 1) < (Mzwn,anﬂ,n B 1)' (18)

we conclude that M, (0p41,0n42,0) > M, (0p,6nt1,1) for all n € N it means, it is non-
decreasing sequence of positive real numbers. So there exists s(I) € (0, 1] such that

lim M,(0n,0nt1,l) =s(l), for all 1>0.

n—-+4o0o

Next, we require to prove s(I) = 1. Taken a contrary, s(ly) < 1 for all 5 > 0. Now taking
limit as n — +o00

. 1 .
lim B (/\/lz(l) — 1) =1= lim Mz(dn,5n+1,l) = 1, (19)

n—+o0 577,7 57’14—17 n—+00

a contradiction. Next we must prove that sequence is a G-Cauchy sequence. Suppose
A= M;(6p,0m,l) < 1. By (G1) property,

Mz(5n7 5n—|-17 l) >q- Mz((snv 5m7 l)

) ) 1 1 1
imties a(owom (1250 25 ) = # (3t ) (s )
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By (17) and lemma (1), we get

1 1 1
—-1)= -1 < ny Ym -1
<M2(5n+1,5m+1,l) ) (MZ(Eén,Eém,l) ) < (0n, Om, 1) <MZ(£5n,£5m,5) )

S —
=\ M(0n, 0, 1) M (0n, O 1)

1
< (Mz@n,ém,l) B 1)

taking limit on both sides,

1 1
I ~1) < 1 S Oy —1
vtk (Mz(én+1,5m+1, l) ) < o ) (MZ(Eén,Eém, ) >

1 1 1
< . - _ —_ — —_ — .
S m, B (Mz(én,ém,l) 1) (A 1) = (A 1)

(20)
On the flip side,
1 1 1
= )< 1
<Mz(5m5mal) ) N <MZ(5n75n+17l) ) " <M2(5n+175m=l) )
€ v ) R G e o k)
o Mz(5n75n+1>l) Mz(5n+1>6m+lal)
1
—1).
" <Mz(5m+1,6m,l> >
taking limit as n,m — +oo and using (19, 20),
im (1)< lim a(6, 6, ]) ! 1
nanrtoo \ Me(0p, 0 1) ) = mamsrboo 0 O ML, Lo, 1)
1 1
< I B ) I
- nv"lbl_rg'ooﬁ <MZ(6717 5m> l) 1) nm%l_lg‘oo <Mz(5n7 5mu l) 1>
1
li _— 1
= koo (Mz(an,am,n >
l —1< 1 1 —1
N amerboo \ M (L8, Lo, 1)

1
< 1 v -
< nm%l_lg_ooﬁ <Mz(5n76m,l) 1) ()\ 1) A

which suggest that

1 1
li EE——— 1i _ =1
pom B (Mz(én,5m,l) ) T e Mo (0 0ml)
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a contradiction. Thus, {d,} is a G-Cauchy sequence. Since ) is a G-complete then there
exists u € Y such that

lim M, (0, u,l) = 1. (21)

n—-+o00

Next to prove fixed point of map £, we require property (Gs),
M, (0, LOp, 1) > q- M, (5n 1, U, 1)

it~ (s )
a”l””(wuﬁmun )

< —1 1 —1 1
- IB <Mz(6n17u7l) a ) (MZ((Snlvu)l) B > ‘

Put limit as n — +OO, lim (m - 1) S 0. SO) MZ(U,EU,Z) = 1 that is

n—-+00

| /\

implies a(6p—1,u,l) < -1

M, 5n,[,ul )

<./\/l (On, Lu, 1) -1

Lu = u.
Finally, we require to show uniqueness of the fixed point. Consider another fixed point v
such that u # v, it means M, (u,v,l) < 1. Using (G2) property,

M (u,u,l) = M, (u, Lu,l) > q- M,(u,v,l)
. . 1 1 1
imptcs ot (s =1) <8 (3 1) (v =)

i <a(uw) <11) <5<11> <11)
M. (u,v,1) - T A M (u, v,1) - \M.,(u,v,1) M. (u,v,1)
1
< M (u,v,1) L

a contradiction. Hence, u is a unique fixed point for self map L.

Remark 1. If a(0,7,1) = 1 in definition (10), then mapping L becomes a Suzuki Geraghty
type-1I contractive map.

Corollary 1. Suppose (¥, M,,o) is a G-complete b-fuzzy metric space with triangular
fuzzy metric and a self map L defined on Y is a Suzuki Geraghty type-II contractive map
with properties (G1) and (G2). Then L has a unique fized point.

Now we present another definition which is not in view of Suzuki type.

Definition 11. A triangular a-admissible self mapping L defined on a b-fuzzy metric
space (Y, M, ) is called a o-Geraghty type-II if there exists a 3 € B such that

1 1 1
619 (s ) < (wmn ) (aan =) @
€ (0,1), for all 5,y €Y and 1 > 0.
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Theorem 4. Consider a self map L defined on a G-complete b-fuzzy metric space (Y, M, ©)
where fuzzy metric is triangular satisfying:

(i) map L is b-fuzzy a-Geraghty type-11;

(ii) there exists 69 € Y such that a(do, Lo, 1) > 1 for all | > 0;
(113) if a(6n,On+1,1) > 1 and 6, — u as n — +o0, then a(dp,u,l) > 1 for alln € N.
Then L has a fized point.
Remark 2. «(0,7,1) = 1 in definition (11) results in the following:

Corollary 2. Consider a self map L which is Geraghty type-1I contractive defined on
a G-complete b-fuzzy metric space (Y, M,,o) where fuzzy metric is triangular then the
self-mapping L has a unique fived point.

In the support of Corollary 2, we have an example.

Example 6. Consider a fuzzy metric M,(0,7,1) = méi% for all 5,y € Y = [0,1]
and l > 0. We can check it is a G-complete b-fuzzy metric space with respect to standard
triangular norm.
Define a self map L such as
£06) = {g if6,7€ (0,1]
0, if 6 =0.

To show mapping L is a Geraghty type-II contractive with B(t1) = ﬁ .
Case 1. If 6,7 € (0,1] then
1 1
JY RV ) B— v E—
Aatledl 103+ L0—LA]?
1
1403
1-4+0.3+1[5—~|?
_ 140.3
140.3+ 16—~
1403
14+0.3+ 35—
16—~ 1+0.3+ 3]0 -9
[+0.3+ 3|6 — ]2 [+0.3
_glo—oP
[+0.3
0 — 7
T1+03+0—~)?
B [+0.3
[+03+10—7]?
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(ot 1) (s )
N Mz(5777l) MZ((S?’Y?l) ’
Case2. If § = 0,7 € (0,1] then

1 1
S R E—
14+0.3
M (L8, £,1) 03 +1L L7
1

= 140.3 -1

1-4+0.3+1 7|2
i
[+0.3

v[?
T 1403+ |y?
[+0.3
[+0.34|v]?

=5<W‘l><m‘1>’

Case 3. If 6 = v = 0 then it is trivial. It is easy to check that M, is triangular. Hence,
0 =0 is a unique fized point of L.

3. Application

In this section, we discuss the existence of a unique solution of a non-linear integral
equation and need some specific conditions for the solution. A b-fuzzy metric space that
resembles C ([a, b], R) is the space ) of all continuous real valued functions defined on the
interval [a,b] with the b-fuzzy metric

l

Mz((Sa’VJ) = R
I+ Jmax, 6(s1) —v(s1)]
Consider an integral equation
b
50 = 1) + [ s P850, (23)
a

where f : [a,b] = R, h: [a,b] X [a,b] = R and F : [a,b] X [a,b] x R — R are continuous
functions.

Theorem 5. Suppose
(i) for allly,s; € [a,b], 5,y €Y
M (6(s1), £(6(51)),1) > q - M(6(s1),7(s1),1)

maxg< g, <p 16(s1)—7(s1)|?

= |F (11, 51,0(s1)) = F(ln,51,7(s)) < e” l [6(s1) =7 (s1)P,




V. Chandra, U. D. Patel, S. Radenovié¢ / Eur. J. Pure Appl. Math, 17 (4) (2024), 2384-2404 2401

(ii) for allly,s; € [a, b

b 2 1
</a h(ll,sl)dsl) Sb—a'

(iii) if {6,(11)} and {5,,(11)} are the two sequences in' Y such that

lim  max [6,(l1) — 6m(l1)]? = r(k)

n,m—+00 a<l; <b
= - (14 max [0u(h) = dura(W))* < (4 max [6(11) = (1)),
for all n,m € N such that n > m, q € (0,1).
() if {0n(l1)} is a sequence in C ([a,b],R) such that
Suls) = 6(1) = - (14 s [8a(l) = Gusa (1)) < (1 max [5a(02) = 61)P),
foralln e N andl >0, g€ (0,1).

Then the integral equation (23) has a solution in Y.

Proof. Suppose £ : ) — Y is an integral operator

b
ﬁ(S(ll) = f(ll) +/ h(ll,Sl)F(ll,Sl,(S(Sl))dsl,

for § € ). Now

1 1

- - 1= -1
l
M (LS, L,1) IT max |£6(s1)—LA (1)
a<s1<b

o l
b e GG

]
— 2
l+a§ﬁ’§b [Ld(s1)—Ly(s1)]

max |L£(s1) — Ly(s1)]?

_a<s1<b
B l

r<na><<b|fj h(l1,51)F(l1, 51,0(s1))dst — [0 h(l1, 51)F (1, 51, y(s1))ds1]?
_ asS1sS
- l

s1)—y(s 2 — 2

< max LCVIC 10(s1) — v(s1)]

a<s1<b l

SB(W”)(W”)'
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Therefore, £ is a Suzuki Geraghty type-II contractive mapping for 3(¢1) = e~ and l; > 0.
For two sequences in ) such that n > m and n,m € N, by using the assumption (3)

l
Mz 5nl 75ml 7l =
(9n(12), Om (1), ) [+ maxa<y, <p [0 (l) — G (1)
l
implies
l
M (0n(l1), 6n41(l1), 1) =
2 (0n(l1), Ont1(l1),1) I+ maxg<y, <p [0n (1) — Onr1(11)]2
l

> .
T maxas, <0 [0n(11) — O (11)]2

=q- Mz (0n(l1),0m(l1),1).
Hence, property-(G1) holds. B
If a sequence {d,(l1)} in Y such that 6,(l1) — d(l1) in Y by using assumption (4),
l
T maxg<y<b [0n(1) — On i (1) 2
l
I+ maxg<), <p |0n(11) — 6(11)|?
=q- M. (6n(l1),0(1n),1) -

Therefore, property (Gz2) holds. Therefore every requirements of corollary (2) are gratified
with the consideration of the function 8(t1) = e7*. Hence, we conclude that there exists
d(l1) € C([a,b],R) such that £(I1) = §(I1) and the integral equations (23) has a solution.
This way we complete the proof.

MZ (5n(l1)7 6n+1(l1)7 l)

>q-

4. Conclusion and Future Work

In this study, we explore the concept of fuzzy a-Geraghty type mappings and a-Suzuki-
Geraghty type mappings within the framework of b-fuzzy metric space. We extended
the theory of fixed-point theorems by employing these mappings and demonstrated their
utility through several illustrative examples, including a graphical approach for better
visualization. Our findings provide a foundation for solving fixed-point problems in more
generalized settings, such as G-complete b-fuzzy metric space. The application to non-
linear integral equations highlights the practical significance of these results.

Future research could focus on expanding these concepts to more complex metric spaces
or hybrid structures, exploring their applications in various fields such as optimization,
dynamic systems, and network theory. Additionally, investigating the interplay between
different types of fuzzy metrics and mappings could lead to new insights and fixed-point
results with broader implications. These results can be expanded upon by readers with
applications in fuzzy contexts, refer [9], [10], [12], [11], [13].
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