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Abstract. In this paper, we find an atomic solution of the fractional abstract Cauchy problem
of order three. The fractional derivative used is the conformable derivative. The main idea of the
proofs are based on theory of tensor product of Banach space.
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1. Introduction

Let X be a Banach space and I = [0,1]. Let C(I) be the Banach space of all real
valued continuous function on I under the sup-norm, and C'(I, X') be the Banach space of
all continuous functions defined on I with values on X.

In recent years, many researchers were devoted to the problem

Bu = Au(t)+ f(t)z
u(0) = o,

where u € C'(I, X) and A, B are densely defined linear operators on the codomain u.

This is called the Abstract Cauchy Problem which is: If f = 0 or z = 0, then the
equation is homogenous, otherwise it is called non-homogenous. Now in the non homoge-
nous problem we have two cases: (7) The first case, u is unknown and f is given. In
this case the problem is called a direct problem. (7i) The second case, u and f are
unknown. In this case the problem is called an inverse problem, and some other condi-
tions and informations should be given. If B is not invertible, then the equation is called
non-degenerate.

There are many different techniques to solve Abstract Cauchy Problem in case (7).
Tensor product is one of such techniques.
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In [4], a new definition called a—conformable fractional derivative was introduced,
which says that: If & € (0,1), and f: E C (0,00) — R. For x € E, let:

DR f(a) — tig L)~ S @)

e—0 g

(1)

If the limit exists then it is called the a—conformable fractional derivative of f at x.
For x = 0,D“f(0) = lin%) D*£(0) if such limit exists.
T—

The new definition satisfies:

(i) D*(af + bg) = aD*(f) +bD"(g), for all a,b € R.

(ii) D*(X\) = 0, for all constant functions f(t) = .

Further, for a € (0,1] and f, g be a—differentiable at a point ¢, with g(¢) # 0. Then
(iii) D*(fg) = fD%(g) + gD*(f).
(iV) D <§) — gDO‘(f)g;fD“(g) .

We list here the fractional derivatives of certain functions,

(v) D*(tP) = ptP~“.
(vi) D&(sin (1¢%)) = cos (1¢).
(vii) DZ(cos (Lt%)) = —sin (1t%).

1lia 1ia

(viii) D%(ea" ) =ea

On letting o = 1 in these derivatives, we get the corresponding ordinary derivatives.

One should notice that function could be a—conformable differentiable at a point but
not differentiable, for example, take f(t) = 2v/t. Then D%(f)(t) = 1. Hence D%(f)(()) =1
But D1(f)(0) does not exist. This is not the case for the known classical fractional
derivatives.

For more on fractional calculus and its applications we refer to [1], [2], and [5].

2. Atomic solution

Let X and Y be two Banach space and X* be the dual of X. Assume z € X and
y €Y. Define the map x @ y: X* — Y | by 2 ® y(z*) = (x,2*) y for all 2* € X*.

It is well known that x ® y is a bounded linear operator and ||z ® y|| = ||z ||y||. The
operator x ® y is called an atom. Theset X @ Y = span{z®@y:z € X and y € Y} is
subspace of L (X*,Y).

If the sum of two atoms is an atom, then either the first components are dependent or
the second are dependent.
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An equation of the form

D**y(t) + AD%u(t) + Bu(t) = f(t) (2)

is called the fractional abstract Cauchy problem of order two, where v and f are nice
functions from (0, 00) to the Banach space X, Aand B are closed linear operator on X.

A solution of this equation of the form v = u ® z .is called an atomic solution,where
v(t) = wu(t)z.In this paper, we are interested in finding an atomic solution of the third
order vector valued fractional differential equations.

3. Main results

In this section, we prove some nice result containing certain solution of atomic problem.
Consider the equation

v (t) + AV () + Bu (t) = (1), (3)

where A and B are closed operators, f (t) is given and u is the unknown equation (3)
was discussed in [5] for the first order. Hence,we discuss third order.

Theorem 1. The equation v3% (t) + Av?® (t) + Bv® (t) = f (t) with the initial conditions
v(0) = 29, v%(0) = g, and v*¥(0) = x¢ has an atomic solution .where A and B are closed
operators on X ,and f is a given atomic function, f :[0,00] — X.

Now, we are looking for atomic solution of (3). So put v (t) = u (t)z,u(t) : [0,00] —
R,z is an element in the Banach space X, and consider the case when u(0) = 1, then the
initial conditions given in Theorem 1 will be as follows:

v(0) = u(0)x = 229 which implies that z = 2x¢
v¥(0) = xg, and v2%(0) = xo.

(4)

Further assume f to be an atom: f = h ® z where h : [0,00] = R,and z € z. So, (3)
becomes:
w3 @ x+u?* @ Az +u® ® Bx = f(t).

This can be written as:
W Rr+ut* @ Ar +u* @ Br =h® 2. (5)

There are four cases that must be discussed when solving the equation (5) as follows:
Case one: u** ® r + u?®* ® Ax is an atom.
In this case we have two situations:

(i) ud® = u?*.

(i) =z = Az.
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Let us take situation (1).So equation (5) becomes:
w3 @ (z+ Az) +u* @Br=h® z, (6)
where h and z are given. So we have two cases:

(a) u3® =u® = h = u?®.
(b) z+ Az = Bz = z.

In case (a), we have three cases:

(i) ud® —u® = 0.

This case can be solved as in [3]:

P —r=r(r—1)(r+1)=0,

which gives r; = 0,79 =1, and r3 = —1.

Consequently,
u(t) =c1 + coe'a +cze @

So by (4), we have

c1 + co + c3 = 2x0, C2 — 3 = 1o, and ¢z + ¢c3 = @,

which implies that ¢; = xg, co = zg, and c¢3 = 0. Hence, we have
tOé
u(t) = xo + xpe @ . (7)

(ii)) u® = h.

Using (7), we have
h = xoe%.

[e3

Hence for an atomic solution to exist, A must = xoe%.
(iii) u3® = h.

By using (7), we have
h = xoe%.

. t
Since u3® = u® = h = u?® = zge'a, then( 6) becomes

T+ Az + Bx = 2.
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So
I+A+b)x =z,

This means z will be in the intersection of the ranges (I + A+ B).
Consequently, there is an atomic solution in this situation.

In case (b), equation (6) becomes

W@ (z+ Az) +u* @Br=h® 2.

So,
w3 +u® = h.
This is third order homogenous linear fractional differential equation. To solve it, we

follow the variation of parameters method.
The homogenous part can solved as in, [3].

P r=r@r?+1)=0,

which implies that r1 = 0,72 = ¢, and r3 = —i.
Hence
te te
up(t) = 1 + ca cos () + cg sin () .
o e
By the assumption (4), we get ¢; = 3xg, ca = —x9, and c3 = xg.
Hence

te te
up(t) = 3z9 — o cos <a> + 20 sin <a> .

For the particular part, the ,we use variation of parameters introduced in [2]. Thus we

have
S e
()= 3 un b/ e )
Where b is an arbitrary positive constant, and
ur(t)  wa(t)  wus(t) 0 wua(t) us(t)
W ur(t),ua(t),us(t)] = | wi(t) wx(t) wg(t) |\ Wi'=|0 wu3(t) wug(t) |,
u*(t) u3*(t) ui*(t) 1 oud®(t) u3*(t)
ur(t) 0 ws(t) ui(t)  wa(t) O
ws = uf(t) 0 wu§(t) |, and W5' =] wuf(t) wu§(t) O
ui*(t) 1 uz*(t) u*(t) u3*(t) h
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Hence,
3xg —xgcos (%) T Sin (%)
We=1] 0 q sin (%) T Cos (%a) = —3xyp.
0 T COS (%) —x0 sin (%)
Which means that:
0 —zgcos (D%) o Sin (%)
WP¥=|0 =zgsin (%a) T( COS (%a) = —xy,
1  xgcos (%) —x0sin (%)
3xg 0 xpsin (t ) o
W= 0 0 l’oCOS(t ) :—3300(:05( ),
0 1 —xgsin (t—)
and
3 —zgcos (O%) 0 o
Ws'=10 xgsin (%) 0 | = 3xgsin () )
t o
0 xgcos (E) 1
So, we have
w1
W —3x cos (ﬁ) a
Ug(t) = Wo - _3$O < = COS E )
and (ta)
Wst 3xosin (5 ) a
usg (t) Wa —31:0& = —sin < )
Consequently,
t h d (0% « p (e d (0% o p o d (0%
t t
up(t) = BxO/BT;-_l—xo cos (a) /hcos <; ) %—xo sin (a) /hsin (;) T;—_l.
b b b
So,
u(t) = un(t) +up(t),

t t
3xg —xgcos | — | +xpsin | — | + 3z9 / h T _ rgcos | — /h cos T
« [0 7—0471 o a 7—0471
b b

te / T
—xpsin | — /hsin — .
o o ) ol
b

This completes situation (1).
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Considering situation (2), x = Az, equation (5) becomes:

(u3°‘—|—u2°‘) r+u*®@Br=hQ® z.
This situation has two cases:
(a) w3 + u?* = u® = h.
(b) z = Bx = z.
In case (a), for the existence of an atomic solution, we have three situations:
(i) w3 +u? —u® = 0.

This can be solved as in [3],

P rr?—r=r@?+r—1)=0.
Which gives
—1+v6

1B
2 |

Then

el

u(t) =c1 + czeTQ(%) + c3e™ (), (10)

Now, by assumptions (4), we have

2 2
c1 + c2 4 c3 = 2x0, 7202 + 1363 = T, and T3¢ + r3c3 = X0

So,
61:2$0—CQ—03,02:L:U%, and 63:7'2;1302‘ (11)
rors — 7'2 rors — 7“3
From (9) and (11), we have
3+5 3—-V5
c1 =0,c0 = xo, and c3 = xQ-

5-5

=
_|_
ot

So, the equation (10) will be

3+ \/5 71+\/5(ﬂ) 3 — \/g 71—\/5(ﬁ)
2 a 2 a/,

u(t) = Toe xoe
) =5 /5% V545 0

(12)

(i) u® = h.
For an atomic solution to exist A must equal to u®.
Hence, from (12), we have
1+ \/5 —1+\/5(£) 1- \/5 —1—\/5(£)
(L’Oe 2 [e% o/,
5-v5
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(iii) w3 + u?® = h.

So,

ho= co(r}+13)e(@) 4 e3(r3 +rd)es (&)

1—}—\/5 71+\/5(ﬁ) 1—\/5 717\/5(ﬁ)
h = Toe 2 o roe 2 @

5-/5 +5+\/5 ' (13)

Hence, the equations (12) and (13) are equal to h.

So, there is an atomic solution in this case.

In case (b), equation (5) becomes

(v +u*) @z +u* @Br=h®z.
So,

w3 4w 4 u® = h. (14)

This is third order homogenous linear fractional differential equation, to solve it we
follow the variation of parameters method.

The homogenous part can solved as in [3].

Pyt r=rr?+r+1)=0,

which gives 1 = 0,79 = —1+T2\/§7 and 13 = —1%“/3

Hence,
« 3t 3t™
uh(t):cl—l—e_;? (czcos (f ) +03sin<\[ ))
2a 2a

By assumption (4), we have

c1 = 4z, co = —2x9, and c3 = 0.
So,

- 3t¢
up(t) = 4z — 233067;7& cos <\g ) )

(%

Since c3 = 0, there is no particular part, and for an atomic solution to exist, A must
equal zero. This completes situation (2), and hence, Case one is completed.

Case two: (u3* ® 4+ u® ® Br) is an atom.

In this case we have two situations:
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(i) wd® = u”.
(ii) * = Bx.
Considering situation (1), equation (5) becomes:

w3 @ (x4 Br) +u’® @ Az = h @ 2.

So we have two cases:

(a) wd*(t) = u?*(t) = h = u®.

(b) x + Bx = Az = 2.
In case (a) we have three cases:
(i) ud® —u?* =0.
This case can be solved as in [3]:

P —r?=r3r—-1)=0,

which gives r; = 0,72 =0, and r3 = 1.

Consequently,
o (o

u(t) =c1 + ng + cze .

Hence, by the assumption (4), we have

Cl1 =20 ,6220,6321‘0.

Hence,
u(t) = xo + xoe%.
(ii) u?* = h.
From (16), we get
o

h:l’oea.

@

. . . &
So for an atomic solution to exist h must = zge o .

(iii) u3® = h.

3069

(15)

(16)
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From (16), we get

ta

h = xpe«.
Since u3® = u?* =u® = h = xoe% in (i) and (iii).
Consequently,
x+ Bzr + Ax = 2.
So (I+B+A)x = z which mean z will be in the intersection of the ranges of (I + B + A)
Hence, there is an atomic solution in situation (1).
Now, in case (b) x + Bx = Az = z. Hence, x + Bz = Az,x + Bx = z, and Ax = z.
So, equation (5) becomes
w3 ® (x4 Br) +u’* @ Az = h @ 2. (17)
Substitute the equation (17) in the equation (15), we get

(u3°‘ + u2°‘) RQAr=h® z.
Hence,

w3 4 4% = h. (18)

This is third order homogenous linear fractional differential equation, to solve it we
follow the variation of parameters method.
The homogenous part can solved as in [3] as follows:

r4+r?=0,
which gives r1 = 0,79 =0, and r3 = —1.
Hence,
t* _(ﬁ)
up(t) = c1 + 023 +cge Va), (19)

So by the assumption (4), we have

c1 = g, c2 = 2T, €3 = Xo.
Hence, (19) becomes

103 «a
up(t) = zo + 2:UOE + xoe_(%).

For the particular part we use variation of parameters introduced in [2]. Thus, by
using (8), the Wronskian will given by:
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200 —(ﬁi)
i) Zo a To€ « e
W= o 2 —gpe (&) | = 2ze e,
So, we have
0 2208 e () .
Wi=10 2z —xoe‘(%) = —2zpe () ( + 1>,
. «
1 0 xoe_(%f)
xg 0 xpe () N
We=]0 0 —ape (%) |=moe (&),
0 1 xoef(%)
and
Zo 2.%0% 0
0 0 1
So,
12 a
wo(ty = Wi _ Z2%0e N ) B (ta n 1>
1= Wa < ’
2xpe Vo «
o -(5)
wity=g e 1
w 2¢— (%) 2
and
IR T
we 2xoe_(ta )
Consequently,
t o dt o j h dt® !
t t t t _ t& i
up:_$0/h(a+1)]ftjz—l 2$0a/2ta_1+$06 (a)/hEa
b b b
Hence,
u(t) = up+ up,
t
e e te e t® a*
U(t) = X +2CL'OE + xpe (O‘ ) — /h(Oé + ]')tafl . htafl Te
b b

t
() h > dt®
« eatafl'
b

3071
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Now, we will take situation (2), so equation (5) becomes:
(W) +u*(t)) @ v+ u**(t) ® Az = h ® 2.
For this case we have two cases:
(a) ud® +u® = u?* = h = u®.
(b) x = Az = 2.
In case (a), for the existence of an atomic solution, we have five situations.

(i) w3 —u?* +u® =0,

So we have from [3]

-2 e =r(r

1—-iV3
==,

u(t) = —i—e%(%) (@cos (\/;Za> + c3sin (?ia>> .

By the assumption (4), we have

2_r4+1)=0,

which gives r1 = 0,79 = 1++\/§’ and r3 =

Then,

c1 = 2xg9,c0 =0, and c3 = —xy.

S

Hence,

u(t) = 2xg + %xoeé«j) sin (?Ofa> . (20)

(ii) w3 4+ u® = u®.

u3® = 0, from [3],we have

Consequently,

So,

u(t) = c1 + ¢z (i) +c3 <tj>2
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So, by assumption (10), we have

xo
c1 = 2wg, c2 = g, C3 = 5

Hence,

(iii) u?® = h.

So,from (20) we have,

el (o (7)o (55))
= zge cos | 5~ 55 5. .
(iv) u® = h.

So, from (20) we have,

(e V3t w3t
h:xoe< )<cos<2a>—|—\/%sm(2a ))
(v) ud® +u® = h.

So, from (20), we have

(0}

h = xoe%(%) cos <\/2§tQ> .
Since we don’t have same solution from (i), (ii), (iii), (iv), and (v), there is no
an atomic solution in this case.
This completes situation (2), and hence, Case two is completed.
Case three: (u** ® Az +u® ® Br) is an atom. This has two situations:
(1) u?® = u®.
(2) Az = Bu.
Let us take situation (1), so equation (5) becomes:

W ®r +u?* @ (Az+ Br) = h® 2.

So, we have two cases:
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(b) x = Az + Bz = 2.

In case (a), we have four situations:
(i) ud® —u?* =0.

So, we can solve it as in [3]

7“3—7“2:7“2(7“—1) =0,
which gives r1 = 0,79 = 0, and r3 = 1. So,

{67 e

u(t) =c +Cc— + 636(7).
a
By assumption (4), we have
c1 = xg,c2 =0, and c3 = zg.

So, (21) becomes

tOé

u(t) = o + zoel ).

(ii) u?® = h.
Using (21), we get N
h = xoe(%).
(iii) w3 = u®.
rd=r
So, we have 1 = 0,72 = 1, and r3 = —1.
Hence,

1

u(t) =c1 + 026(%) + c3e” (S,

By assumption (4), we have

€1 = xg.co = g, and cz = 0.

Consequently,

tle

u(t) = o + zoel).

(iv) ud® = h.

3074

(21)

(22)
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Using (21), we get
h= xoe(%).
Since u3® = u?* = h = u® = Ioe%, (6) becomes
r=Ax+ Bzr = z.

So,
(A+B)z =z,

(Hz = z.

Which means that z will be at the range of intersection of (A + B) and I.
Consequently, there is atomic solution in this case.
In case (b), equation (5) becomes

P +u* @ (A+Br=he 2.
So,
w3 +u?Y = h.

This is third order homogenous linear fractional differential equation, to solve it we
follow the variation of parameters method. The homogenous and particular parts can be
found similarly as (18) in the case (b) in situation (1) in Case two, and

t ' .
& a to dte te dt® o o dte
u(t) = o+ QxOE + xoe_(%) - /h( +1) o+ oz/h_ +e (@) /hea.
b b b

Now, we will take situation (2), so equation (5) becomes:

W@+ (v +uY) @ Az = h ® 2.

So, we have two cases:
(a) u®(t) = u?*(t) + u®(t) = h.
(b) z = Az = 2.
In case (a), for an atomic solution to exist we must have three situations

(i) wB(t) — u2o(t) — u®(t) = 0.
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So, we can solve it as in [3]
B —r=r(?—r—-1)=0,

which gives r1 = 0,19 = %, and rg = 1_2\/5. So,
t& te
o

u(t) =c1 + coe(a) + c3em(5),

By assumption (4), we have

Zo
c1 = 2xp,c0 = % \/»

Hence,
Fo =5y | T =5 (24)

u(t) = 2z9 + 7 2 7

(ii) w?*(t) +u®(t) = h.
So from (24), we have

2 —14VE Y
h={1+-——= (3 4 (1 _
< \/5> e V5

So, for an atomic solution to exist h must equal (1 + 5

(iii) u®*(t) = h.

So from (24), we have
3 tha 3 Tgta
h =corye o 4 c3rze o .

5
2

Hence,
2 145 @ 2 1-/6 @
h=(—+1zpe 2 o« +(1— —)zge 2 «.
( 7 )Zo ( \/5) 0
Since u?®(t) + u®(t) = u*(t) = h in (ii) and (iii), there is an atomic solution .
This completes situation (2), and hence, Case three is completed.
Case four: (u3* ® z + u?* ® Az +u® ® Bz) is an atom.

Q

This has two situations:

(1) u3® = u?* = u® = h.

(2) = Ax = Bx = z.
Considering situation (1), equation (5) becomes:

W@ (x+ Az + Br) =h® 2.

So, we have seven cases:
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(a)

u30¢ — u20¢‘
We can solve it as in [3]
r3—r2:r2(r—l) =0.
Hence, r1 = 0,79 =0, and r3 = 1.
Consequently,

a e

u(t) =c1 + CQ(E) +czea.
By assumption (4), we have

c1 = xg,c2 =0, and c3 = xg.

Hence,

u(t) = zp + zge'a .
ud® = u®.
We can solve it as in [3]

P —r=r@?=1)=r(r—-1)(r+1)=0.

Hence, r1 = 0,70 =1, and r3 = —1.

Consequently,

o @

u(t) =c1 +coea +cze” a.
By assumption (4), we have

c1 = xg,C2 = xg, and c3 = 0.

Hence,
t(X

u(t) = zo + xpe o .

u?® = u®,
We can solve it as in [3]
(r2—r)=r(r—1)=0.
Hence, r1 =0 and ro = 1.
Consequently,

e’

u(t) =c1 + coe o
By assumption (4), we have

c1 = xg and ¢y = xg.

Hence,

el

u(t) = zo + xpe'a .

3077
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(d) ud* = h.

Consequently,

So, for an atomic solution to exist h must equal xge'a .

el

(e) u?* = h =xpea.

+&

(f) u* =h =xpea.

Hence, (e) and (f) give the same result, there is an atomic solution in this case and

e

h = xoe%.
In situation (2), equation (5) will be

e'a ®$+6%®A$+€%B$:6%®z.

So,
(I+A+ B)x =z

Hence, z is the image of = under (I + A + B).

This completes situation (2), and hence, Case four is completed.
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