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Abstract. In this paper, we obtain some sufficient conditions for Sakaguchi type function of order (3,
defined on the open unit disk. Several interesting consequences of our results are also pointed out.
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1. Introduction

Let A,, be the class of all functions f(z) = z + a,,112""! + ..., which are analytic in the
open unitdisk A={z : 2€C; |z| <1} and let A; = A.

A function f(z) € A, is said to be in class S,,(f8, t), if it satisfies

{(1 — t)zf(2)
Re{ ———+—
f(z)— f(tz)
for some (0 < 8 < 1) and for all z € A. For n = 1, this class is reduced to S(f3,t) (see, [5]).
The class S(0, —1) was introduced by Sakaguchi [7]. Therefore, a function f(z) € S(,—1) is

called Sakaguchi function of order 8 (see, [1]). Recently Owa et al. [5], Goyal and Goswami
[2] have discussed some properties for functions f(z) € S(f3, t).

}>/o’, (It|<1,t #1) @)

In this paper, we obtain some sufficient conditions for functions f (z) € S, (f,t). To prove
our results, we need the following :

Lemma 1 ([4]). Let Q be a set in the complex plane C and suppose that ® is a mapping from
C? x A to C which satisfies ®(ix, y;2) & Q for z € A, and for all real x, y such that

y < —n(1+4x?)/2. If the function p(z) = 14c,2"+... is analytic in A and ®(p(z),zp’(2);2) € Q
forall z € A, then Re(p(z)) > 0.
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2. Main Results
Theorem 1. If f(z) € A, satisfies

(1-6)2zf'(2) (azf"(2) atzf'(tz)
Re{f(Z)—f(tZ) { @ +f(2)—f(t2)+1” g

a[a’{[a’+g(1—t)—(1—t)}+{[5—%}(l—t)

for
(zeA,05a<1,0<fB<1,|t|<1and t #1),

then f(z) € S, (B, t).

Proof. Define p(z) by
(1—-6)2f'(2)
f(z)—f(tz)
Then p(z) =1+c¢,2" +... and is an analytic in A.
A computation shows that

Zf”(Z)+ tzf'(tz) _ (1—0)A-Blzp’(z)+ [ - FIp(2) + B1* — (1 — O)[(1 — f)p(2) + ]
f'(z)  f(z)—f(tz) (1= = Bp(z)+B]

and hence

=1 -pplz)+B.

(1-1t)%zf'(2) [azf”(z) N atzf’(tz) N 1}
f@)—f(tz) | f'(z)  flz)—f(t=)
=a(1-t)(1 - Bzp’(z) + a(l - )*p*(2) + (1 — B)[2af + (1 — a)(1 — t)]p(z) + Blaf + (1 — a)(1 - t)]
= &(p(2),2p'(2); 2) (say),

where

®(r,s;2) = a(1-t)(1—-B)s+a(1-B)*r2+(1-B)[2aB+(1—a)(1—t)]r+B[aB+(1—a)(1-t)].

For all real x and y satisfying y < —n(1+ x2)/2, we have

Re[®(ix,y;2)] = a(1 - )(1 = By — a(l = B)*x* + Blaf + (1 - a)(1 - t)]
<a(l—t)(1-B){-n(1+x%)/2} —a(l-B)*x*+ Blaf + (1 - a)(1—1)]

—an an
= 1= 00 -~ {FA -1 -p)+a(1- P x>+ lap +(1- )1 -0)]
—an

—2 - 00 =)+ Blap+ (- @)1 - 0]
=a/5{/5+g(1—t)—(1—t)}+{/5—%}(1—t).

IA
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Let @ = {w; Re(w) > af {B+ 21 —t)-(1 -0} +{f -2} (1-0)}.
Then ®(p(2),2p’(2);2) € Q and ®(ix,y;z) & Q for all real x and y < —n(1+ x2)/2, z € A.
By an application of Lemma 1, the result fellows.

On taking t = —1, in the Theorem 1, we have following
Corollary 1. If f(2) € A, satisfies

z2f'(2) azf”(z) azf'(—z) aB B 23 —na
Re [f(Z)—f(—Z){ 7@ _f(Z)—f(—Z)HH> el 2“{ 7 }

for
(z€A,0<5a<1,0<B<1),

then f(z) € S, (B,—1).
By taking 8 = 0 in Corollary 1, we have
Corollary 2. If f(z) € A, satisfies

R{ zf'(2) {aZf”(Z)_ azf’(—z) +1”>—_rw
UF@-f | F&) f@-f(-2

where
(zeA, 0<a<l),

then f(z) € S,(0,—1).
If we take t = 0 in the Theorem 1, we have the following

Corollary 3 ([6]). If f(z) € A, satisfies
z2f'(2) [azf”(2) n na
Re[f(z) { O +1}}>aﬁ{[5+§—1}+{ﬁ—?}

(zeA, 0<a<1,0<f<1),
then f(z) € S,(8,0) = S, ().

If we take 8 =0 and n =1 in Corollary 3, we have

for

Corollary 4 ([3]). If f(2) € A satisfies
. [Zf’(Z) {aZf”(Z)
f@ | f'&)
for some a(a > 0), then f(z) € $1(0,0) = S*.

—a
+1 >? (ze ),

If we take § = % and n =1, in Corollary 3, we get the following
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Corollary 5 ([3]). If f () € A satisfies

Re [Zf (=) {aZf (=)
fx) | f(=)

for some a(0 < a < 2), then f(z) € Sl(%,O) = S*(%).

2

—a
+1}i| > T(l—a) (ZEA),

Theorem 2. Let 0< B <1, |[t|<1, t#1with—-1<t+f <1,
2 2
r=a-pr{1-p+a-oz}  u={a-pa-o3-@E-a-op}
v={1-BP+(F*-(1-0p)} ando =1~ 2P —1+1) @)

satisfy (A +u—v +0)p? < (1-2B)u.
Also suppose that ug be the positive real root of the equation
221 = B +{(1 = YA+ u—v +0) + 348} u* + 2B°(2A+ u—v + 0 )u
+A+2u—v+0)p*—(1-pYu=0 3)
and
,_ (A=PP0+u)

P U= {7 u, 67

Now if f(z) € A, satisfies

((1 —)zf'(z) 1) (Zf”(Z) + tzf'(tz)
f(2) = f(tz) (@) f(z) - f(tz)

[Aug+(A+u—v+ 0+ pl. 4)

)‘Sp (z€A),

then f(z) €S, (B, t).
Proof. Define p(z) by
(1-0f(z)
f(z) = f(tz)
Then p(z) =14 c,2" +... and is an analytic in A.
A computation shows that

Zf”(2)+ tzf'(tz) _ (1-0)1-Blzp'(x)+ [ - Ap()+B1* — (1 - D1 - flp(2) + ]
f'(z)  f(z)—f(t2) (1-0)[(1 = B)p(z) + f]

and hence

(1—-p)p(z) +B.

- I\ Fe F@-f
((1- 01 - Bap'() + [(1 - BIpE) + B —(1 — O[(1 - Plp() + 1}

((1—t)2f’(2) ) (Zf”(Z) tzf'(tz) )

__ =-pbE-1)
(1-0)[(1 = pB)p(z) + f]
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= o(p(2),2p'(2);2).
Then, for all real x and y satisfying y < —n(1+ x2)/2, we have
(1-pP1+x%
(1= 0%[(1 - B2 + B7]
x [{A=00 =By - B -t =B = (1 - B} +(1— BB — 1+ )]
. (=-pra+uw
(1= 0’[(1 - BYu+ B2
x [{1=00 -y - -t =)= (1—pu} +(1- P2 — 1+ t)u]

|(ix, y;2)” =

=g(u,y)
where u=x2?>0and y < —n(1+ x?)/2.
Since
dg  201-pY0+u)

5 = Ao g (10— By~~~ F) (1= pYu} <0,

therefore we have
h(w) = glu,—n(1+u)/2] < g(w, y),
where
(1-pr0+u
(1-0*{(1 = Bru+p?}
where A, u, v and o are given in (2).
Now differentaiting (5) and using h’(u) = 0, we get

h(u) =

M2+ A4+p—v+o)u+ul, (5)

2A(1 - B2 + {(1 —BPRA+u—v+0o)+ SA[J’Z} w4+
2B22A+u—v+ou+A+2u—-v+0o)pi-1-B)Y u=0
which is a cubic equation in u. Since uy is the positive real root of this equation we have

h(u) > h(uy) and hence
1B(ix, y;2)|* = h(ug) = p°.

Define Q = {w; |w| < p}, then ®(p(2),2p’(2);2) € 2 and ®(ix,y;z) & Q for all real x and
y < —n(1+x2)/2, z € A. Therefore by an application of Lemma 1. the result follows.

By taking t = —1, in Theorem 2, we have the following

Corollary 6. Let 0 < B < 1, A, = (1 = B2 {1—-B+n}> up = {(1 — B)n— (B> —2/5)}2’
2 .

vi ={(1-B)Y*+(B*—-2B)} and oy = 4(1—B)*, satisfy (A1 +p1 —v1 +01)B* < (1—-28)u.

Also suppose that u, be the positive real root of the equation

241 (1 = BY%® + {(1 = BY2(2A1 + iy — v1 +01) + 34, B2 } ui?
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+2B%(22 + g — v +0u+ (A + 21 = v +01)% = (1= )°u; =0 (6)

and
9 1-pr1+u)

o -+
Now if f(z) € A, satisfies

( 21 (2) _1) (Zf”(Z)_ 2f'(~2)
f@ (=) @ f@-f=)

then f(z) € S,(B,—1).
By taking 8 = 0 in Corollary 6, we get the following

[Aquf + (A +pg — vy +0)ug + ] (7)

)‘Spl (z€A),

Corollary 7. Let u, be the positive real root of the equation

2n+ D43+ Bn? +4n+5u?—n?=0 (8)
and 1 )
+u
p2= " 22 [(n+ 1)%2 + 2(n® + n + 2)uy +n?). 9)
2

Now if f(z) € A, satisfies

22f(z) sf"(x)  af'(=5)
(m - 1) ( f'(=) _f(z)—f(—z))| <p; (z€4),

then f(z) € S,(0,—1).

By taking n = 1 in Corollary 7, we have u; = 0.266048..., thus we have the following
result

Corollary 8. If f(z) € A satisfies

( 20(2) )(Zf”(Z)_ 2f'(=2)
F&—F(=2) 7@ T@—f(=2)

where p3 = 2.0145979.., then f(2) € S(0,—1).

)‘51% (ze€ ),

By taking t = 0 in Theorem 2, we get a known result due to Ravichandran et al. [6, Thm.
2.5]. Forn =1, f =0 = t, our Theorem 2 reduces to another known result due to Li and
Owa [3].
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