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1. Introduction

Zadeh [21] originally proposed the concept of fuzzy sets. Fuzzy set theory finds numer-
ous real-world applications, and many researchers have extensively explored its principles.
Following the introduction of fuzzy sets, various studies have focused on their generaliza-
tions. The intersection of fuzzy sets with other uncertainty models, such as soft and rough
sets, has been explored in [1-3]. Modern technology enables sophisticated inferences and
problem-solving capabilities, particularly in handling theme variations through program-
ming. Lukasiewicz logic, governed by the Lukasiewicz ¢-norm, represents a non-classical,
multi-valued logic initially formulated in the early 20th century with three truth values.
One significant extension is the e-Lukasiewicz fuzzy set, derived from the Lukasiewicz logic,
a non-classical, many-valued logic. The e-Lukasiewicz fuzzy set is based on the Lukasiewicz
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t-norm and t-conorm, which define fuzzy operations such as intersection, union, and com-
plement. The parameter ¢ is introduced to provide additional flexibility and control over
the set’s fuzziness level. Fundamental concepts of the e-Lukasiewicz fuzzy set can be found
in [5, 6, 14].

e-Lukasiewicz fuzzy sets are highly applicable across various fields by effectively mod-
elling uncertainty and imprecision. In decision-making systems, they enable the incorpo-
ration of ambiguous information, allowing for more nuanced evaluations of alternatives.
In medical diagnosis, these fuzzy sets help assess unclear symptoms and test results, lead-
ing to personalized treatment plans. In financial analysis, they enhance risk assessment
by capturing market uncertainties, while in artificial intelligence, they improve knowledge
representation and reasoning, enabling Al systems to make human-like decisions. Over-
all, e-Lukasiewicz fuzzy sets offer valuable insights and practical solutions in uncertain
environments across multiple disciplines.

Iampan [9] introduced UP-algebras as a novel algebraic structure. Somjanta et al. [20]
and Guntasow et al. [7] applied fuzzy set theory within the framework of UP-algebras.
Dokkhamdang et al. [4] introduced the concept of fuzzy UP-subalgebras with thresholds in
UP-algebras. Poungsumpao et al. [16] studied fuzzy UP-subalgebras and fuzzy UP-ideals
of UP-algebras in terms of upper t-(strong) level subsets and lower ¢-(strong) level sub-
sets. Senapati et al. [18] pioneered the concept of cubic sets within UP-subalgebras and
UP-ideals in the framework of UP-algebras. Their research delved into the intricate rela-
tionships between cubic UP-subalgebras and cubic UP-ideals, revealing new insights into
their structural connections. Senapati et al. [19] explored the concept of interval-valued
intuitionistic fuzzy sets, applying it to both UP-subalgebras and UP-ideals in UP-algebras.
Their work examined the homomorphic images and inverse images of these interval-valued
intuitionistic fuzzy UP-subalgebras and UP-ideals, providing deeper insights into their
structural behaviour. Jana et al. [11] introduced the concept of quasi-coincidence between
an intuitionistic fuzzy point and an intuitionistic fuzzy set. They further developed and ex-
plored the notions of (€, € Vg)-intuitionistic fuzzy BCI-subalgebras within the framework
of BCl-algebras, offering new perspectives on their structure and properties. UP-algebras
(see [9]) and BCC-algebras (see [15]) are identified as the same concept, as demonstrated
by Jun et al. [13] in 2022. For consistency with Komori’s initial characterization in 1984,
our research team will adopt the term BCC rather than UP in subsequent investigations
and publications.

In this paper, we utilize the Lukasiewicz t-norm to introduce the concept of e-Lukasiewicz
fuzzy sets derived from a given fuzzy set, applying this framework to BCC-algebras.
We define e-Lukasiewicz fuzzy BCC-ideals and explore their properties. Conditions are
established for an e-Lukasiewicz fuzzy set to qualify as an e-Lukasiewicz fuzzy BCC-
subalgebra, and we characterize these structures. Additionally, we introduce three specific
subsets—referred to as €-set, ¢g-set, and O-set—and determine the conditions under which
they can function as BCC-ideals.
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2. Preliminaries

The concept of BCC-algebras (referenced in [15]) can be reformulated without the
condition (2.6) as follows:

An algebra X = (X,0,0) of type (2,0) is called a BCC-algebra (see [8]) if it satisfies
the following conditions:

(V5,7 € X)((yo2) o ((woy) o (z02)) = 0) 2.1)
(Ve X)(0ox =x) (2.2)
(Vx € X)(xo0=0) (2.3)
(Vz,ye X)(zoy=0,yox=0=z=1y) (2.4)
Following this, we will denote X as a BCC-algebra (X, o,0) unless stated otherwise.
We define a binary relation < on X as follows:
Ve,ye X)(z <y xoy=0) (2.5)
In X, the following assertions are valid (see [9]).
(Vo e X)(z <) (2.6)
Ve,y,ze X)(z<y,y<z=z<2) (2.7)
(Ve,y,ze X)(z<y=zox<zoy) (2.8)
(Ve,y,z€ X)(z<y=yoz<zoz) (2.9)
(Vx,y,z € X)(z < youz, in particular, yo z < z o (y o 2)) (2.10)
(Vz,y e X)(yox <z o zx=youx) (2.11)
(Vz,y € X)(z <yoy) (2.12)
(Va,2,9,2 € X)(wo (yoz) < zo((aoy) o (ac2))) (2.13)
(Va,z,y,z € X)(((aox)o(aoy))oz < (xoy)oz) (2.14)
(Va,y,z € X)((xoy)oz<yoz) (2.15)
Ve,y,ze X)(z<y=xz<zoy) (2.16)
(V5,7 € X)((zoy) oz <o (yo2)) (2.17)
(Va,2,9,2 € X)((zoy) oz <yo(ao02)) (2.18)
Definition 1. [9] A nonempty subset S of X is called
(1) a BCC-subalgebra of X if it satisfies the following property:
(Vx,y € S)(xoy € 9) (2.19)
(2) a BCC-ideal of X if it satisfies the following properties:
0esS (2.20)

(Vz,y,z€ X)(xo(yoz),yec S=z0z€) (2.21)
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A fuzzy set [21] in a nonempty set X is defined to be a function p: X — [0, 1], where
[0, 1] is the unit closed interval of real numbers.

Definition 2. [20] A fuzzy set p in X is said to be
(1) a fuzzy BCC-subalgebra of X if it satisfies the following property:
(Va,y € X)(u(z oy) = min{u(z), u(y)}) (2.22)
(2) a fuzzy BCC-ideal of X if it satisfies the following properties:
(Ve € X)(u(0) > p(a)) (2.23)
(Vz,y,z € X)(u(z 0 2) = min{u(z o (y o 2)), u(y)}) (2.24)

A fuzzy set p in a set X of the form

@ {1€01 itr=a
pE) = 0 otherwise,

is said to be a fuzzy point with support a and value ¢ and is denoted by [a/¢].
For a fuzzy set p in a set X, we say that a fuzzy point [a/t] is

(1) contained in p, denoted by [a/t] € u, (see [17]) if u(a) > t,
(2) quasi-coincident with p, denoted by [a/t]qu, (see [17]) if u(a) +¢ > 1.

Proposition 1. If p is a fuzzy set in a set X and € € (0,1), then its e-Lukasiewicz fuzzy
set LS, satisfies the following property:

(1) (Vo,y € X)(u(x) = wly) = Li(z) = Li(y))
(2) (Vz € X)([z/elgn = Lj,(z) = p(x) +e—1)
(

(3) (Vz e X,V6 € (0,1))(e = 6 = L (z) > Li(x))

3. e-Lukasiewicz fuzzy BCC-ideals of BCC-algebras

In this section, we revisit the concept of e-Lukasiewicz fuzzy sets and introduce an
innovative idea: e-Lukasiewicz fuzzy BCC-ideals.

Definition 3. Let i1 be a fuzzy set in a set X and let ¢ € [0,1]. A function L7, : X — [0, 1];
x +— max{0, u(x) + & — 1} is called an e-Lukasiewicz fuzzy set of p in X.

Definition 4. [10] Let u be a fuzzy set in X. Then its e-Lukasiewicz fuzzy set Li, in X
is called an e-Lukasiewicz fuzzy BCC-subalgebra of X if it satisfies the following property:

(Va,y € X, Vi, 1y € (0,1])([z/ta] € Ly, [y/ts] € Lj, = [(x oy)/ min{ty, t}] € L)  (3.1)



A. Tampan, R. Subasini, N. Rajesh / Eur. J. Pure Appl. Math, 17 (4) (2024), 3209-3222 3213

Definition 5. Let p be a fuzzy set in X. Then its e-Lukasiewicz fuzzy set Ly, in X is
called an e-Lukasiewicz fuzzy BCC-ideal of X if it satisfies the following properties:

(Vz € X,Vt, € (0,1])([z/ta] € Ly, = [0/ta] € L},) (3.2)
(V. 2 € X, Viarty € (0,1]) ( e j}ﬁiﬁ%e L ) (3.3)

Example 1. [7] Let X ={0,1,2,3} with the following Cayley table:

o0 1 2 3
0/0 1 2 3
110 0 2 3
210 1 0 3
310 1 2 0
Then X is a BCC-algebra. Define a fuzzy set u as follows:
06 ifx=0
) ) 04 ifx=1
w:X —[0,1];2 — 0.3 ifr—2
0.2 ifx=3
Gwen € = 0.85, the e-Lukasiewicz fuzzy set Lj, of p in X is given as follows:
045 ifz=0
025 ifzx=1
g . .
Ly, : X — [0,1]; 2 — 015 ifz =2
0.05 ifz=3

Then L, is an e-Lukasiewicz fuzzy BCC-ideal of X.

Theorem 1. Let p be a fuzzy set in X. Then its e-Lukasiewicz fuzzy set Lj, in X is an
e-Lukasiewicz fuzzy BCC-ideal of X if and only if it satisfies the following properties:

(Vo € X)(L5(0) > LS (z)) (3.4)
(Vz,y,z € X)(Ly(z 0 z) > min{ Ly (z o (y 0 2)), Li(y)}) (3-5)

Proof. Assume that L is an e-Lukasiewicz fuzzy BCC-ideal of X. Let z € X. Since
[z/L5(z)] € Lj, we have [0/L5(z)] € Lj, by (3.2), and so L;(0) > Lf(x). Note that
[(xo(yoz))/L'Z(xo(yoz))] € L, ly/Ly(v)] € L;, for' allz,y,z € X. ?t follows from (3.3) that
[Li(roz)/min{L;(zo(yoz)), L;(y)}] € L, that is, L} (zoz) > min{L{ (zo(yoz)), L} (y)}
for all z,y,z € X.

Conversely, let L}, be an e-Lukasiewicz fuzzy set satisfying the conditions (3.4) and
(3.5). If [z/t] € Ly, for all z € X and ¢ € (0,1], then L} (0) > L; (x) >t for all z € X by
(3.4). Hence, [0/t] € Lf,. Let z,y,2 € X and t,,t, € (0, 1] be such that [(xo(yoz))/t.] € L,
and [y/ty] € Lj,. Then Lj(ro (yoz)) > t, and Ly (y) > t,. It follows from (3.5) that
Li(z 0 z) > min{L{(z o (y 0 2)), L;,(y)} > min{ty,tp}. Hence, [((x 0 2)/ min{t,, tp} € L7,
Therefore, L7, is an e-Lukasiewicz fuzzy BCC-ideal of X.
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Proposition 2. If L}, is an e-Lukasiewicz fuzzy BCC-ideal of X, then
(Vo,y € X)(y <o = L (y) < Lj,(2)). (3.6)

Proof. Let L, be an e-Lukasiewicz fuzzy BCC-ideal of X. Let x,y € X be such that
y < z. Then

Ly ()

L;(0ox)

max{0,(0ox) +¢e—1}

max{0, min{x(0 o (y o)), u(y)} +e — 1}

max{0, min{u(yox) +e—1,uly) +e—1}}
min{max{0, 4(0) + & — 1}, max{0, u(y) + e — 1}}
min{L5 (0). L5 (1))

Li(y)-

v 1

Proposition 3. If Lj, is an e-Lukasiewicz fuzzy BCC-ideal of X, then
(Vw,z,y,2 € X)(z Swo (yoz) = L(xoz) >min{L,(w),L,(y)}). (3.7)

Proof. Let L, be an e-Lukasiewicz fuzzy BCC-ideal of X. Let w,z,y,z € X be such
that x <w o (yoz). Then

Li(zoz) max{0, u(roz)+¢e—1}

mac{0, mingju(z o (y 0 2)), ju(y)} +& — 1)

mase{0, min{min{p(z o (u o (y © 2))), ()}, 1(y)} + ¢ — 1}
mac{0, min{min{s(0), ()}, w(y)} + ¢ — 1}

mac{0, mingju(w), p(9)} + ¢ — 1}

max{0, min{u(w) +¢ — 1, u(y) + ¢ —1}}

min{max{0, u(w) + & — 1}, max{0, u(y) + e — 1}}

min{ L (w), L, (y) }-

v Iv

Proposition 4. If Lj, is an e-Lukasiewicz fuzzy BCC-ideal of X, then
(Vo,y,2 € X)(x <yoz= Lj(zoz) > L,(y)). (3.8)

Proof. Let L, be an e-Lukasiewicz fuzzy BCC-ideal of X. Let z,y,z € X be such that
x < yozin X. By Proposition 3, put w = 0. By (3.7), we have x < 0o (y o z). Hence,
Li(z 0 z) 2 min{ L5, (0), L7 (y)} = Ly, (y).

Proposition 5. FEvery e-Lukasiewicz fuzzy BCC-ideal of X is an e-Lukasiewicz fuzzy
BCC-subalgebra of X.

Proof. Let L, ba an e-Lukasiewicz fuzzy BCC-ideal of X and let z,y € X. By (2.10),
we have x < yox. It follows from (3.6) that Lf (yox) > Lj(x) > min{L; (y), L}, (z)}.

The following example shows that the converse of Proposition 5 is not generally true.
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Example 2. [7] Let X = {0,1,2,3} with the following Cayley table:

w N = OO0
O O O OO
S OO ==
S O = NN
O = N W W

Then X is a BCC-algebra. Define a fuzzy set u as follows:

1 ifz=0

) ) 0.6 ifx=1
w:X —[0,1;z — 04 ifz—2
0.1 ifz=3

Gwen € = 0.9, the e-Lukasiewicz fuzzy set Ly, of p in X is given as follows:

09 ifx=0
05 ifx=1
g . .
L, : X = [0,1];7 0.3 ifr—2
0 ifz=3

Then LS, is an e-Lukasiewicz fuzzy BCC-subalgebra of X but not an e-Lukasiewicz fuzzy
BCC-ideal of X because L7, (003) = L5, (3) = 0 # 0.3 = min{0.3,0.5} = min{L; (00 (10
3)), L5, (1)} by Theorem 1.

Theorem 2. If p is a fuzzy BCC-ideal of X, then its e-Lukasiewicz fuzzy set L, in X is
an e-Lukasiewicz fuzzy BCC-ideal of X.

Proof. Assume that p is a fuzzy BCC-ideal of X. Let € X and ¢, € (0, 1] be such
that [v/t,] € L. Then L (z) > t,. Thus

L;(0) = max{0,p(0)+¢—1}
> max{0,u(z) +e—1}
= Ly(z)
> .

Then [0/t,] € L7, Let z,y,2 € X and t4,t € (0,1] be such that [z o (y o 2)/t,] € L}, and
ly/ty] € L. Then Lf(x o (yoz)) > t, and L5 (y) > tp. Thus

Li(xoz) = max{0,u(roz)+e—1}
> max{0, min{u(zo(yo2)), u(y)} +&—1}
= max{0,min{p(zo(yoz))+e—1,uly) +e—1}}
= min{max{u(zo (yoz))+e— 1}, max{pu(y) +e—1}}
— win{Li (wo (yo ). L (1)}
> min{t,, tp}.
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Then [(x 0 z)/ min{t,, ty}] € Lj,. Hence, Lj, is an e-Lukasiewicz fuzzy BCC-ideal of X.

Let p be a fuzzy set in X. For an e-Lukasiewicz fuzzy set L}, of pin X and ¢ € (0, 1],
consider the sets
(Li,t)e ={z € X : [z/t] € L},},

(Ljt)g = {w € X+ [z/tlgLy},

which are called the €-set and g-set, respectively, of Lj, (with value ).
We explore the conditions under which the €-set and g¢-set of e-Lukasiewicz fuzzy sets
can be a BCC-ideal.

Theorem 3. Let Lj, be an e-Lukasiewicz fuzzy set of a fuzzy set p in X. Then the €-set
(L, t)e of Lj, with value t € (0.5,1] is a BCC-ideal of X if and only if the following

assertions are valid:

(Vx € X)(max{L}(0),0.5} > L (z)) (3.9)
(Vz,y,2 € X)(max{Lj,(z 0 2),0.5} > min{L} (o (yo2z)), L;(y)}) (3.10)

Proof. Assume that the €-set (Lg,,t)e of Lf, with value t € (0.5, 1] is a BCC-ideal of X.
If the condition (3.9) is not valid, then there exists a € X such that max{L{(0),0.5} <
L;(a). Thus L;(a) € (0.5,1] and Lj(a) > Lj(0). If we take t = L7 (a), then [a/t] €
Lj, that is, a € (Ly,s)e and 0 ¢ (Lj,t)e. This is a contradiction and so Lj(z) <
max{L;(0),0.5} for all z € X. Now, if the condition (3.10) is not valid, then there
exist a,b,c € X such that max{Lj(a o c),0.5} < min{Lj(ao (boc)),L;(b)}. If we take
s = min{Lj(ao (boc)), L5 (b)}, then s € (0.5,1] and [a o (boc)/s],[b/s] € L, that is,
ao(boc)b € (Ly,s)e. Since (Lj,s)e is a BCC-ideal of X, we have aoc € (L, s)e.
But [(a o c)/s]eL, implies aoc & (L7, s)e, a contradiction. Thus, max{L{ (z o 2),0.5} >
min{Lg (z o (y o z2)), Ly (y)} for all z,y,2 € X.

Conversely, suppose that L7, satisfies the conditions (3.9) and (3.10). For every ¢ €
(0.5,1], we have 0.5 < t < L7 (z) < max{L}(0),0.5} for all x € (L;,t)e by (3.9). Then
0 € (Ly,t)e. Let t € (0.5,1] and z,y,z € X be such that z o (yoz) € (Lj,t)e and
y € (L{,t)e. Then Li(zo(yoz)) >t and Lj(y) > ¢, which imply from (3.10) that
0.5 <t <min{L§(z o (yo2)), L5(y)} <max{Lj(zoz),0.5}. Thus, [(z02)/t] € L}, that
is, oz € (Lj,t)e. Hence, (L, t)c is a BCC-ideal of X for t € (0.5, 1].

In Theorem 3, if ¢ ¢ (0.5, 1], that is, there exists at least one ¢ < 0.5, then Theorem 3
is incorrect, as shown in the following example.

Example 3. Let X ={0,1,2,3} with the following Cayley table:

W N = OO0
SO O OO
—_ = O ==
N O DN NN
O O W Wl w
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Then X is a BCC-algebra. Define a fuzzy set u as follows:

0.72 ifz=0

, . 0.68 ifz=1
w:X —[0,1];2 — 0.61 ifz—2
0.57 ifx=3

Given € = 0.42, the e-Lukasiewicz fuzzy set Lj, of p in X is given as follows:

0.14 ifz =0
010 ifz=1
g . .
Ly X = 00w § e 0
0 ifx=3

Then (L;,,0.25)e = 0 is not a BCC-ideal of X.

Theorem 4. Let L, be an e-Lukasiewicz fuzzy set of a fuzzy set p in X. If p is a fuzzy
BCC-ideal of X, then the q-set (Ly,,t)q of Lj, with value t € (0,1] is a BCC-ideal of X.

Proof. Assume that p is a fuzzy BCC-ideal of X and let ¢ € (0,1]. If 0 ¢ (L5, 1),
then [0/t]gLy,, that is, Lj(0) +t < 1. Since Ly (0) > Lj () for z € (L}, 1)y, it follows

that L (z) g 7(0) <1 —t. Hence, [z/t|gL;, and so x ¢ (L7,,t)g- This contradiction is
thus 0 € (L7, )q. Let t € (0,1] and z,y,z € (Lj,t)q be such that x o (y o 2) € (L7,t),
and y € (L,t)g. Then [z o (yo 2)/t] L} and [y/t];L;, that is, Li(zo(yoz2)) +t > 1

M(y)}—i—t = min{LZ(xo(yoz))—l—t, LZ(y)—i—t} > 1. Thus, [(xoz)/t]qLZ.

q
and L¢ (y) +t > 1. It follows from Theorem 1 and Theorem 2 that Lf(zoz2) +t >
°z)),
t)q- Hence, (Lg,,t), is a BCC-ideal of X.

Soxoz ( o

Theorem 5. Let p be a fuzzy set in X. For an e-Lukasiewicz fuzzy set Ly, of p in X, if
the q-set (Lz,t)q is a BCOC-ideal of X, then Lj, satisfies the following properties:

(V2o € (0,0.5])(0 € (L5, ta)e) (3.11)

W%%zexnguuaaa)<i?&iﬁf@giiﬁiﬁ%e) (3.12)

Proof. Let z,y,2z € X and t4,t, € (0,0.5]. If 0 ¢ (L, ta)e, then [0/t,]€L;, and
o) LZ(O) <ty < 1—t, since t, < 0.5. Hence, [O/ta]QLZ. This contradiction is hence
0 € (L, ta)e- Let 2,y,2 € X be such that z o (yoz) € (L},t), and y € (Lj,t)g. Then
[z o (yoz)/tlgL;, and [y/t]qL;, that is, Li(z o (yoz)) > 1 —tand L{(y) > 1 -t It
follows that L7 (z 0 2) > min{Lj(z o (y o 2)),L;(y)} > 1 —t. Thus, [z o z/t]gL}, and so
roz€ (Ly,t), Hence, (Lj,t), is a BCC-ideal of X.

Theorem 6. If an e-Lukasiewicz fuzzy set Lj, in X satisfies the following properties:

(Vz € X, ¥t € (0.5,1))([e/tgLs, = [0/4] € (L5)) (3.13)
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(V2,y, 2 € X, Vta,ty € (0.5,1]) ( [_io[ ((j:;))// ;quﬁg%tf]g%ﬂ > (3.14)

then the nonempty €-set (L;, max{ts, tp})e of Ly, is a BCC-ideal of X for all to,ty €
(0.5,1].

Proof. Let tq,t, € (0.5,1] and assume that the €-set (Lj, max{ts,ty})e of L is
nonempty. Then there exists x € (L7, max{ts,tp})e, and so Lj(z) > max{t,tp} >
1 — max{ta, tp}, that is, [v/ max{ts, t,}]qL5,. Hence, [0/ max{t,,tp}] € L7, by (3.13), and
thus 0 € (L7, max{t,,tp})e. Let z,y,2 € X be such that z o (y o z) € (L}, max{ts, tp})e
and y € (Lj,max{tq,tp})e. Then Li(x o (yoz)) > max{te,tp} > 1 — max{tstp}
and Lj(y) > max{ts tp} > 1 — max{ty,tp}, that is, [(z o (y o 2))/ max{ts, tp}|qL;, and
ly/ max{tq, tp}]gL;. It follows from (3.14) that [(z o z)/max{t, t}] € L. Hence,
zoz € (L, max{ty,tp})e, and therefore (Lj, max{ts,tp})e is a BCC-ideal of X for all
ta,tp € (0.5,1].

Theorem 7. If an e-Lukasiewicz fuzzy set Lj, in X satisfies the conditions (3.13) and

(Va,y, 2 € X,Vta, tp € (0.5,1]) < zo[(%;’j))//gg?a%ﬁbgi% ) : (3.15)

then the monempty €-set (L7, min{ts,tp})e of Ly, is a BCC-ideal of X for all ty,t, €
(0.5,1].

Proof.  Let tq,t, € (0.5,1] and assume that the €-set (Lj,min{t,,tp})e of Lf, is
nonempty. Then there exists x € (Lf, min{t,,tp})e, and so L7 (z) > min{ty,tp} >
1 — min{ts, t}, that is, [z/min{ts, t,}]¢L;,. Hence, [0/ min{t,,t,}] € L7, by (3.13), and
thus 0 € (Lj,, min{ta, t})e. Let 2,9, 2 € X be such that zo(yoz) € (L}, min{ts, t})e and
y € (L5, min{ts, ty})e. Then Lf(x o (yo 2)) > min{t,, tp} > 1 — min{t,, tp} and L7 (y) >
min{ta, tp} > 1 —min{t,, t}, that is, [(zo (yoz))/ min{ts, tp}]qL;, and [y/ min{t,, t,}]qL;,.
It follows from (3.15) that [(z o z)/min{ts,ty}] € Lj. Hence, z 0z € (L;, min{ts, tp})e,
and therefore (L, min{tq,tp})e is a BCC-ideal of X for all ¢,,t, € (0.5,1].

Theorem 8. If an e-Lukasiewicz fuzzy set Lf, in X satisfies the conditions (3.13) and

(Vz € X,Vt € (0.5,1])([z/t]qLs, = [0/1] € (L5)) (3.16)
oz € Xty € 3,0) (29 7E I BT ) g

then the nonempty €-set (L}, max{tq,tp})e of Ly, is a BCC-ideal of X for all to,ty €
(0.5, 1.

Proof. Let y € (L}, max{ts,tp})e for tq,ty € (0.5,1]. Then Lj(y) > max{ts,tp} >
1 — max{t,,tp}, and so [y/ max{ts,tp}]qL5,. Hence, [(z o y)/max{ts,ty}] € L for all
x € X by (3.16), which implies that x oy € (L, max{tq,ty})e for all z € X. Let 2,y €
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(L5, max{ty, tp})e for to,tp € (0.5,1]. Then Lj(x) > max{ta,tp} > 1 — max{t,,tp} and
L;,(y) > max{tq, tp} > 1—max{t,,tp}, that is, [x/ max{ta, ts}]qL}, and [y/ max{ta, t }]qL],.
It follows from (3.17) that [(x o (yoz)/ max{ts,t}] € Lj, for all 2 € X. Hence, zo(yoz) €
(L;,, max{ts, tp})e for all z € X. Therefore, (L7, max{t,,tp})e of L7, is a BCC-ideal of X
for all t,,t, € (0.5, 1].

Lemma 1. Every e-Lukasiewicz fuzzy ideal Ly, of X satisfies the following property:
(Vo,y,2 € X)(L,(x 0 2) > max{Lj(z o (y o 2)), L;(y)})

Proof. Note that [(x o (y o 2))/Ly(x o (yo2))] € Lj, and [y/Ly(y)] € Lj, for all
z,y,z € X. It follows that [(z 0 2z)/ min{L; (x o (yoz)), L} (y)}] € Ly, that is, L{ (v 0 z) >
min{Lg(z o (y o z2)), Ly (y)} for all z,y,2 € X.

Theorem 9. If an e-Lukasiewicz fuzzy set Lj, in X satisfies the following properties:

(Ve € XVt € (05, 1))([e/t)L, = [0/1] € (L) (3.18)
(Va,y, 2 € X, Vtq, by € (0.5,1]) ( [:l;T(g/:’;))//fgllne{é%b%/g; L ) (3.19)

then the nonempty q-set (L;,, min{t,, tp})q of Lj, is a BCC-ideal of X for allt,,t, € (0,0.5].

Proof. Let tq,t, € (0,0.5]. If (L7, min{t,,tp}), is nonempty, then there exists z €
(L, min{ts, tp})g. Hence, Lf(z) > 1 — min{t,,tp} > min{ts,?p}, which shows that
[/ min{t,, tp}] € Lj,. Tt follows from (3.18) that [0/ min{t,, tp}]¢L7,. Thus, 0 € (L7, min{ts, tp})g-
Let z,y,z € X be such that zo(yoz) € (L, min{ts, t}), and y € (L}, min{t,, tp})q. Then
Li(zo(yoz))>1—min{ty, tp} > min{te, &} and Lj,(y) > 1 — min{t,, tp} > min{t,,tp}.
Thus, [(xo(yoz))/ min{te, tp}] € Lf, and [y/ min{t,, tp}] € L;,. It follows from (3.19) that
[(x 02)/ min{ty, tp}]qLy, that is, x oz € (L}, min{ts, t})s. Therefore, (Ly, min{ty,tp})q is
a BCC-ideal of X.

Theorem 10. If an e-Lukasiewicz fuzzy set Ly, in X satisfies the conditions (3.11) and
(3.12), then the q-set (L5, t)q of L, is a BCC-ideal of X for allt € (0.5,1].

Proof. Assume that L, satisfies the conditions (3.11) and (3.12). The condition (3.11)
induces L}, (0) +t > 2t > 1, that is, [0/t]gL;,. Hence, 0 € (Lj,,t)q. Let z,y,2 € X be such
that xo(yoz) € (Lf,t)g and y € (L}, t)q. Then [(zo(yoz))/tlqL;, and [y/t]qL;,. 1t follows
from (3.12) that x o z € (Lj, min{t,t})e = (L}, t)e. Hence, Lj(zo0z) >t >1—t, that is,
roz € (Ly,t)g. Therefore, (L7, ), is a BCC-ideal of X for all ¢ € (0.5, 1].

Let p1 be a fuzzy set in X. Consider an e-Lukasiewicz fuzzy set L}, associated with

in X. Define the set O(L},) = {z € X : L} (x) > 0}, known as the O-set of L;,. It is noted
that O(Lf,) can be expressed as O(L;,) = {z € X : u(z) +¢ -1 > 0}.

Theorem 11. Let Lj, be an e-Lukasiewicz fuzzy set of a fuzzy set p in X. If p is a fuzzy
BCC-ideal of X, then the O-set O(LZ) of L, is a BCC-ideal of X.
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Proof.  Assume that p is a fuzzy BCC-ideal of X. Then Lj is an e-Lukasiewicz
fuzzy BCC-ideal of X by Theorem 2. It is clear that 0 € L. Let x,y,2 € O(L}) be
such that p(zo(yoz))+e—1> 0 and pu(y) +e—1 > 0. It follows from (3.5) that
L (xoz) > min{Lj(zo(yoz)),L5(y)} = min{u(zo(yoz)) +e—1,u(y) +e—1} > 0.
Thus, x o 2 € O(L;,). Hence, O(L;,) is a BCC-ideal of X.

Theorem 12. Let pu be a fuzzy set in X. If an e-Lukasiewicz fuzzy set Lj, of p in X
satisfies the following properties:

(Vz € X, vt € (0,1])([z/tlqL;, = [0/tlqL},) (3.20)
(V2,y, 2 € X, Vta, ty € (0.5, 1)) ( [io[ ((55;))// fg]me{ t{ﬁb[f]{l tLb]f Ly ) (3.21)

then the O-set O(Ly,) of L5, is a BCC-ideal of X.

Proof. If y € O(Lg,), then pu(y) > 1—¢, that is, [y/(1—¢)] € p. Hence, [0/(1—¢)]qL{, by
(3.20), and thus L7 (0) +1—¢ > 1. Thus, L;,(0) > ¢ > 0, which shows that 0 € O(L,). Let
r,y,2z € X be such that zo(yoz) € O(Ly) and y € O(Lf,). Then p(zo(yoz))+e—1>0
and p(y) +e—1> 0. Since [zo(yoz)/L;(zo(yoz))] € Lj, and [y/L(y)] € L;,. Tt follows
from (3.21) that

[(xo2)/ maX{LfL(a: o(yoz)), Li(y)}]qLZ (3.22)

If xoz ¢ O(LY,), then L (x o 2) = 0. Thus,

LZ(m oz)+ maX{Lz(x o (yo2)), Li(y)}

= max{Ly(z o (yoz)), Li(y)}

= max{max{0, u(z o (yoz)) + & — 1}, max{0, u(y) + € — 1}}
= max{u(zo(yoz)) +e—1Luly) +e—1}
=max{p(zo(yoz)) uy)}+e-1

<l+e-1

S ]-)

which shows that (3.22) is not valid. This is a contradiction. So z 0z € O(Lj,). Hence,
O(L3,) is a BCC-ideal of X.

Theorem 13. Let pu be a fuzzy set in X. If an e-Lukasiewicz fuzzy set Lj, of p in X
satisfies [0/e|qu and the following property:

[z 0 (yoz)/elqu, [y/elqu
(Vx,y,z € X) ( > [(wo z)/&‘]qLZ > , (3.23)

then the O-set O(Ly,) of L, is a BCC-ideal of X.
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Proof. If [0/e]qpu, then yu(0)+¢ > 1 and so L;,(0) = max{0, #(0) +e—1} = p(0)+e—1 >
0. Hence, 0 € O(Lj). Let z,y,2 € X be such that z o (yoz) € O(Ly) and y € O(L7).
Then p(zo(yoz)) +e—1>0and u(y) +e—1 > 0. Hence, Li(zo(yoz)) +1=
max{0,u(z o (yoz)) +e—1t+1=p(@o(yoz)+e—-1+1=pzo(yoz)) +e>1
and Lj(y) + 1 = max{0, u(y) +e -1} + 1 = p(y) +e — 1+ 1 = pu(y) + e > 1, that is,
[z 0 (yoz)/elgL;, and [y/e]gLy,. It follows from (3.23) that [(z 0 2)/e] = [(x 0 2)/e] € L,
which shows that LZ(x oz) > e > 0. Hence, xoz € O(LZ). Therefore, O(LZ) is a
BCC-ideal of X.

4. Conclusions

The concept of e-Lukasiewicz fuzzy sets utilizing the Lukasiewicz ¢t-norm was intro-
duced by Jun [12]. This paper applies e-Lukasiewicz fuzzy sets to BCC-ideals within
BCC-algebras, introducing the concept of e-Lukasiewicz fuzzy BCC-ideals and explor-
ing their properties. The characterization of e-Lukasiewicz fuzzy BCC-ideals is discussed,
along with the relationship between fuzzy BCC-ideals and e-Lukasiewicz fuzzy BCC-ideals.
Conditions are provided under which e-Lukasiewicz fuzzy sets qualify as e-Lukasiewicz
fuzzy BCC-ideals. Furthermore, conditions under which three subsets—e-set, g-set, and
O-set—can be BCC-ideals are explored.

This study’s insights and findings are anticipated to be applied in future research con-
cerning relevant algebraic systems. This includes exploring their utility as mathematical
tools applicable to decision theory, medical diagnosis systems, automation systems, and
other fields.
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