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Abstract. Ordered semigroups are algebraic systems consisting of a nonempty set, an associative
binary operation, and a partial order compatible with this binary operation. This concept is a
generalization of semigroups. One mathematical tool used to study ordered semigroups is the
concept of ideals. It turns out that ordered semigroups can be decomposed based on their regu-
larities using various kinds of ideals. The concept of fuzzy sets is one of the mathematical tools
used to investigate ordered semigroups, specifically through so-called fuzzy ideals, which are more
appropriate than set-theoretical ideals. It is known that the concepts of («, 8)-fuzzy (m,n)-ideals
and («, 8)-fuzzy n-interior ideals are generalizations of various types of ideals and many kinds of
fuzzy ideals in ordered semigroups. In this paper, we apply the notions of (a, 8)-fuzzy (m,n)-
ideals and (a, 8)-fuzzy n-interior ideals to classify ordered semigroups into classes depended on
their regularities, using the meaning of characteristic functions.
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1. Introduction

Ordered semigroups constitute an algebraic structure comprising a binary operation
satisfying associative property and a partial order with the compatibility (see [2, 8]). This
concept extends the notion of semigroups, prompting numerous researchers to explore
various properties of semigroups in an ordered semigroup setting. Studying ideals is key
to examining several properties inherent to ordered semigroups. Let us briefly outline the
historical context of the set-theoretical ideals under consideration in this paper.

The concept of bi-ideals extends left and right ideals in ordered semigroups, started
by Kehayopulu. The author studied ordered semigroups that do not contain proper bi-
ideals (see [14]). This property resonates with group theory, emphasizing the notion of
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bi-ideals significance in ordered semigroups. Subsequently, in 2013, Saritha [45] consid-
ered prime and semiprime properties of bi-ideals. Moreover, bi-ideals satisfying prime and
semiprime properties were characterized. Building upon Saritha’s insights, Gu [9] intro-
duced quasi-prime properties for bi-ideals, which were then utilized to characterize regular
and intra-regular ordered semigroups. Hansda [10] expanded upon Gu’s results, further
characterizing regular and completely regular ordered semigroups based on the minimality
of bi-ideals. Kehayopulu introduced the notion of interior ideals in ordered semigroups in
1999. It was demonstrated that interior ideals coincide with two-sided ideals in certain
classes of ordered semigroups (see [15]).

Sanborisoot and Changphas initially generalized the concept of bi-ideals in ordered
semigroups to (m,n)-ideals. Subsequently, the notion of (m,n)-ideals was employed to
characterize a class of ordered semigroups known as (m,n)-regular ordered semigroups
(see [44]). In 2015, Bussaban and Changphas [3] highlighted that in regular duo ordered
semigroups, the concept of (m,n)-ideals coincides with two-sided ideals. Luangchaisri
and Changphas [37] further extended bi-ideals results to (m,n)-ideals in 2019. Following
this extension, Tiprachot et al. [49] generalized the notion of interior ideals to n-interior
ideals in ordered semigroups in 2022. The authors characterized several classes of or-
dered semigroups by combining (m,n)-ideals and n-interior ideals. The characterization
of ordered semigroups using (m,n)-ideals and n-interior ideals was further extended by
(m,n)-ideal elements and n-interior ideal elements (see [36]). Additionally, they provided
a comprehensive overview of the classification of ordered semigroups through a-ideals (see
48).

In 1965, Zadeh [51] introduced the concept of fuzzy sets that can deal with problems
involving uncertain conditions. Fuzzy sets have widely applied across various scientific and
engineering investigations. Particularly in mathematics, they play as a tool to analyze the
properties of several algebraic systems, including semigroups, ordered semigroups, groups,
semirings, ordered semirings, and rings (see [1, 4, 5, 35, 38—41]). Given the importance of
ideals in exploring ordered semigroups, we offer a brief overview of how their fuzzy coun-
terparts are utilized in this process. In the early 2000s, fuzzy sets were applied to ordered
groupoids, which led to their use in considering ordered semigroups (see [19]). In 2003,
Kehayopulu and Tsingelis [20] showed that any ordered semigroup embeds into a fuzzy
ordered semigroup, which was a significant result. Two years later, they introduced the
concept of fuzzy bi-ideals in ordered semigroups. The authors [21] used them to charac-
terize different classes of ordered semigroups, for example, left (right) simple, completely
regular, and strongly regular. In 2006, fuzzy left (right) ideals [23] were used to study
left (right) regular and intra-regular ordered semigroups. Over two decades, several stud-
ies have characterized special classes of ordered semigroups using fuzzy ideals in different
combinations (see [16, 24, 25, 46, 50, 52]).

Khan and Shabir [31] developed the concept of fuzzy ideals in ordered semigroups by
introducing the “belong to” (€) and “quasi-coincident” (q) relations. They introduced
various notions of (€, € Vq)-fuzzy ideals in ordered semigroups, including (€, € Vq)-fuzzy
left (right, two-sided, interior) ideals. Subsequently, Jun et al. [11] defined the concept
of (€, € Vq)-fuzzy bi-ideals, which generalize (€, € Vq)-fuzzy left and right ideals. These
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concepts were applied to characterize ordered semigroups satisfying regular and intra-
regular conditions. In 2012, Khan et al. [28] further investigated the properties of (€, €
Vq)-fuzzy left and right ideals in-depth and utilized them to characterize regular ordered
semigroups. The concepts of (€, € Vq)-fuzzy ideals in ordered semigroups were extended to
(€, € Vqi)-fuzzy ideals, where k € [0, 1) initially by Khan et al. They defined the notions
of (€, € Vq)-fuzzy left (right and generalized bi-) ideals in ordered semigroups and utilized
them to characterize several classes of ordered semigroups (see [27]). The applications
of such fuzzy ideals for classifying ordered semigroups appeared in at least two papers
by Khan et al. and Khan et al. (see [29, 32]) Later, Tang and Xie [47] examined prime
property of (€, € Vgi)-fuzzy ideals. The concepts of (€,€ Vgi)-fuzzy ideals in ordered
semigroups were independently extended to (€, € V(k*,qx))-fuzzy ideals and (€, € Vq))-
fuzzy ideals by Khan et al. [34] and Ali Khan et al. [33], respectively. Interestingly, it was
discovered that these two concepts coincide. In a recent development, Muhiuddin et al.
[42] generalized the notion of (€, € Vqi)-fuzzy ideals to (€, € Vqi)-fuzzy (m,n)-ideals. A
class of ordered semigroups, (m,n)-regular ordered semigroups, were characterized by this
extension.

Another generalization of the above-mentioned fuzzy ideals in ordered semigroups is
the notion of (o, 3)-fuzzy ideals, where 0 < aw < 8 < 1. This notion was initiated by Feng
and Corsini in 2012. They defined the concepts of («a, §)-fuzzy left (right, interior, quasi-,
bi-) ideals and studied the fundamental properties of these ideals (see [7]). Independently,
Khan et al. [30] introduced the notion of («, 3)-fuzzy bi-ideals and characterized completely
regular ordered semigroups using this notion. Later, Feng and Corsini [6] discovered that
in certain classes of ordered semigroups, for example regular and intra-regular ordered
semigroups, the concepts of («a, 3)-fuzzy two-sided ideals and («, §)-fuzzy interior ideals
coincide. Jun et al. [12] also characterized some particular classes of ordered semigroups
using (a, B)-fuzzy ideals. Directly studying the structural properties of («, 5)-fuzzy ideals
is complex. By applying the operation defined in [30], Lekkoksung et al. recently demon-
strated that the algebraic structure comprising the set of all fuzzy sets on an ordered
semigroup, along with this operation and a binary relation, forms a representation of an
ordered semigroup. This result emphasizes the significance of investigating («, 3)-fuzzy
ideals in ordered semigroups (see [35]). Subsequently, Davvaz et al. [4] introduced the con-
cepts of (v, B)-fuzzy (m,n)-ideals and («, §)-fuzzy n-interior ideals in ordered semigroups.
It was discovered that several notions of ideals mentioned earlier are a particular case of
these concepts. The authors also studied the properties of (o, 3)-fuzzy (m,n)- (n-interior)
ideals. Furthermore, the concepts of («, §)-fuzzy (m,n)-ideals and («, 8)-fuzzy n-interior
ideals were characterized by the operation oj.

The above motivations provide a brief overview of the investigation into fuzzy ideals
in ordered semigroups. Moreover, the importance of separating ordered semigroups into
classes using these various fuzzy ideals is shown. In this paper, we build upon the inves-
tigations in [4, 35]. We apply the concepts of («a, §)-fuzzy (m,n)-ideals and (a, 8)-fuzzy
n-interior ideals to characterize all classes of ordered semigroups based on their regular-
ities through characteristic functions. The outline of the paper is as follows. Section 2
presents the preliminary concepts used in this study. We revisit the definitions of («, §)-
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fuzzy (m,n)-ideals and (a, 8)-fuzzy n-interior ideals, along with their significant results
in Section 3. In Section 4, we apply these notions of fuzzy ideals to classify ordered
semigroups.

2. Preliminaries

This section recalls the concept of ordered semigroups and fuzzy sets. Additionally,
their preliminary results are provided.

Definition 1. An ordered semigroup (S;-, <) is an algebraic system consisting of a
nonempty set S, an associative binary operation - on S and a partial order relation on
S satisfying the compatibility. That is, for any a,b € S a < b implies a-¢c < b-c and
c-a<c-bforallceS.

We observe that any semigroup (S;-) can be regarded as an ordered semigroup that
defines the equality relation as the partial order compatible with the operation of such a
semigroup.

The product x - y of any elements x and y of S is usually denoted by xy, and the
n-product a---qa of any element a of S is denoted by a”, where n is a positive integer.

n-time
For convenience, we denote an ordered semigroup (S;-, <) by S the boldface letter of its

underlying set.

Let S be an ordered semigroup, and A, B subsets of S. We define the sets AB and
(Al by AB:={ab:a € Aand b € B} and (4] :={z € S : 2 < a for some a € A}. The
importance of the operator (-] is shown as follows.

Lemma 1 ([13]). Let S be an ordered semigroup, A, B, A; subsets of S, where i € I.
Then, we obtain the following statements.

(i) AC (4] (iv) (Uie[ Ai] = UieI(Ai]-
(i) AC B implies (A] C (B]. (0) (Nies Ad] € Nicr(Ad.
(iii) (A](B] € (AB]. (vi) ((A]] = (A].

Let S be an ordered semigroup, A a nonempty subset of S such that (A] C A, and
m,n nonnegative integers not all zero. Then, A is said to be:

(i) a subsemigroup of S if AA C A;
(ii) an (m,n)-ideal [44] of S if A is a subsemigroup of S and A™SA™ C A;
(iii) an m-interior ideal [49] of S if A is a subsemigroup of S and SA"S C A.

We note that A°S = § = SAY. The above definition shows that any left, right, bi-, and
interior ideal can be considered as a (0,1)-, (1,0)-, (1,1)-, and 1-interior ideal, respectively.
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We note that for any positive integers m and n with m < n, we obtain that any m-interior
ideal is an n-interior ideal. The converse of this statement is not true to the evidence
provided in [49, Example 3.2]. Similarly, for any positive integers my, mg,n1,n2 with
myp < mg and n; < ng, we obtain that any (mj,np)-ideal is an (mg,ng)-ideal. The
converse of this statement does not generally hold, as shown by the following example.

Example 1. Let S ={0,1,2,3,4,5,6}. Define a binary operation - and a partial order <
on S as follows.

0 1 2 3 4 5 6
0,0 0 0 0O O O O
110 0 0 0 0 0 O
210 0 0 0 0O 0 O
310 0 0 0 0 O O
410 0 0 0 0 0 1
5/0 0 0 0 0 0 2
6/0 0 1 0 0 4 O

and < := AgU{(0,1)}, where Ag is the equality relation on S. Then, S := (S;-,<) is
an ordered semigroup. Let A = {0,6}. We can see that A is a (2,2)-ideal of S but not a
(1,1)-ideal of S.

Now, we recall the concept of fuzzy sets. Let X be a nonempty set. A fuzzy set f in
X is a mapping f: X — [0,1]. We denote by F(X) the set of all fuzzy sets in X.
Any subset A of X can be regarded as a fuzzy set x4 in X defined by

(2) 1 ifzxeA,
xT) =
XA 0 ifxdA,

for all x € A. The fuzzy set x4 is called the characteristic function of A in X. Since
the codomain of a fuzzy set lies in the unit closed interval [0, 1], for any a € [0,1] can be
considered as a fuzzy set in X defined by a(z) := « for all x € X. For any fuzzy sets f
and g in X, we define the operations U and N on F(X) by (fUg)(x) := f(x) V g(x) and
(fNg)(z) := f(x) Ag(z) for all z € X, where V and A is the supremum operation and
infimum operation, respectively. A relation C on F'(X) is defined by f C g if f(z) < g(x)
for all x € X.

Now, we combine the concepts of ordered semigroups and fuzzy sets. In what follows,
the notation F'(S) stands for the set of all fuzzy sets in S, where S is the underlying set
of the ordered semigroups S.

Let S be an ordered semigroup. For any a € S, we define S, := {(u,v) € S x S :a <
uv}. Given fuzzy sets f,g € F(S), we define

V. A{f(u)Ag(v)} if Sq # 0,
(f 0 9)(@) = { (wles. 1)
0 otherwise,
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for all x € S. It was proved in [20] by Kehayopulu and Tsingelis that (F(S);o,C) is an
ordered semigroup. Moreover, (F'(S);0,C) is a representation of an ordered semigroup
S. This means that any ordered semigroup K can be embedded into (F(K);o,C). This
finding emphasizes the significance of ordered semigroups induced by fuzzy sets, so-called
fuzzy ordered semigroups.

Efforts have been made to construct ordered semigroups induced by fuzzy sets, which
aim to represent ordered semigroups. As a result, the operation o defined in (1) can be
extended accordingly. Let S be an ordered semigroup and «, § € [0, 1] with a < . For any
f € F(S), the fuzzy set fr with restricted range I in S is defined by fr(z) := [f(z) AS]Va
for all € S. We note here that, for any x € S, fi(z) € [, 8]. Therefore, (fr);r = fr. It
is not difficult to observe that, for any f,g € F(S):

(i) (fngr=frnar
(ii) fr(z) < fr(y) if f(z) < f(y) for all z,y € S;
(iii) fr(z) <gr(y) if f(x) Va <g(y)Apforallz,y € S.

In [30], Khan et al. introduced operations N7,U; and oy on F(S) by fN;yg:= (f N
N1, fUrg:=(fUg)r, and forg:= (fog). Itisroutine to verify that the following
statements hold for all f, g € F(S).

i) frrg=frngr=finrgr.
(i) fUrg=frugr= frUrar
(i) frorgr=forg=(fog)
(iv) (forg)(x) > (f10gr)(x) for all 7 € S. The equality is valid if S, # 0.

By the product of fuzzy sets and the properties of fuzzy sets with restricted range I,
we obtain the following result.

Proposition 1. Let S be an ordered semigroup, f,qg fuzzy sets in S, and a € S. Suppose
that (u,v) € S, for some u,v € S. Then, we have

(forg)(a) > fr(u) A gr(v).
In particular, (B or f)(a) > fr(v) and (f o5 B)(a) > fr(u).

By the associativity of o and oy, Proposition 1 can be naturally extended to yield the
following corollary.

Corollary 1. Let S be an ordered semigroup, fi,...,[fn fuzzy sets in S, and a € S.
Suppose that a < uy - - - uy, for some uy,...,u, € S. Then, we have

(fror--or fa)(a) = (fu)r(ur) A+ A (fn)1(un).
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In 2023, Lekkoksung et al. [35] illustrated that any ordered semigroup S can be em-
bedded into an ordered semigroup F!(S) = (F(S); o7, C). With a slight modification of C
on F(S), we obtain a new quasi-order relation C; defined by f C; g if and only if f; C g;.
It is natural to obtain an equivalence relation =; on F(S) given by f =; g if and only if
f Crgand g C; f. With the help of the equivalence relation =;, we obtain an associative
operation ¢y and a partial order C; on F(S)/=; defined by

f/=1019/=1:=(forg)/=1

and
f/=1Crg/=1 if and only if f<rg.

Then, the algebraic system F(S) := (F(S)/=r;0r,C1) is an ordered semigroup which is
a representation of an ordered semigroup S.

We conclude that the algebraic systems we obtained above are representations of any
ordered semigroup, as presented by the following theorem.

Theorem 1 ([35]). Any ordered semigroup S can be embedded into the algebraic systems
F/(S) and F(S).

The above result demonstrates the importance of such ordered semigroups induced by
fuzzy sets. Therefore, it is worth studying the algebraic properties of ordered semigroups
by these algebraic systems.

3. The Concepts of («, 3)-Fuzzy (m,n)-Ideals and («, 3)-Fuzzy n-Interior
Ideals

As we recall the concepts of (m,n)-ideals and n-interior ideals in ordered semigroups
in the previous section, we recall the concepts of such ideals applied by fuzzy sets in this
section.

Let S be an ordered semigroup, and x1,...,x, € S. We simply denote the product
x1--- Ty by 2f. A fuzzy set f € F(S) is said to be («, 5)-strongly convezx if f(x)V a >
f(y) A B whenever z <y for all z,y € S. An (a, 8)-fuzzy subsemigroup of S is a fuzzy set
[ € F(S) such that f(zy)Va > f(z)A f(y) ABforall z,y € S.

Definition 2 ([4]). Let S be an ordered semigroup. An («, [3)-strongly convez («, 3)-fuzzy
subsemigroup f of S is called:

(i) an (o, B)-fuzzy (m,n)-ideal of S if

fayz1) Vo = (/\ f(ﬂ)) A </\ f(Zz')) N
1=1 i=1

forany x1, ..., xm, Y, 21,.-.,2n € 5;
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(ii) an (o, B)-fuzzy n-interior ideal of S if

flayiz) va = ( A f<yi>> AB

i=1
for any x,y1,...,Yn, 2 € 5.

By putting an appropriate «, 5, m, and n, the above notions generalize several kinds
of fuzzy ideals in ordered semigroups investigated in some literature described as follows.
Any fuzzy left (resp., right, bi-, interior) ideal is a (0, 1)-fuzzy (0, 1)- (resp., (1,0)-, (1,1)-,
l-interior) ideal (see [19, 21, 22]). Any (€, € Vq)-fuzzy left (resp., right, bi-, interior)
ideal is a (0,0.5)-fuzzy (0,1)- (resp., (1,0)-, (1,1)-, l-interior) ideal (see [11, 31]). Any
(€, € Vqi)-fuzzy left (resp., right, bi-, interior) ideal is a (0, %)—fuzzy (0,1)- (resp., (1,0)-,
(1,1)-, l-interior) ideal, where 0 < k < 1 (see [29, 47]). Any (€, € V(k*, qi))-fuzzy left
(resp., right, bi-, interior) ideal is a (0, #)—fuzzy (0,1)- (resp., (1,0)-, (1,1)-, 1-interior)
ideal, where 0 < k* < 1land 0 < k < 1 (see [33, 34]). Any («, 8)-fuzzy left (resp., right, bi-,
interior) ideal is a («, 8)-fuzzy (0, 1)- (resp., (1,0)-, (1,1)-, 1-interior) ideal (see [6, 7, 30]).

Example 2 ([4]). Let S = {0,1,2,3,4}. We define a binary operation - and a partial
order < on S as follows.

-0 1 2 3 4
0/0 0 0 0 O
110 0 0 0 3
210 0 0 0 3
313 3 3 3 3
414 4 4 4 4
and < :={(0,3)} UAg. Then, S := (S;-,<) is an ordered semigroup. Define a fuzzy set

fin S by f(0)=0.9,f(1) =1, f(2) =0.2, f(3) =0 and f(4) = 0.2. We can calculate that
fis a (0.3,0.6)-fuzzy (2,2)-ideal of S, but f is not a fuzzy (2,2)-ideal of S.

Example 3 ([4]). Let S = {0,1,2,3,4,5}. We define a binary operation - and a partial
order < on S as follows.

UL W N~ O -

OO OO o OO
W w oo oo
W w o oo o
WO OO o oW
O O W W ol
UL W W = = O ot

and < :={(0,3)} UAg. Then, S := (S;-, <) is an ordered semigroup. Define a fuzzy set
fin S by £(0) =0.9,f(1) =0,f(2) =04, f(3) =0, f(4) =0.8 and f(5) = 0.2. We can
calculate that f is a (0.4,0.6)-fuzzy 2-interior ideal of S, but f is not a fuzzy 2-interior
ideal of S.
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The above examples demonstrate the distinct concepts of («a, 8)-fuzzy (m,n)-ideals
and (a, B)-fuzzy n-interior ideals whenever «, §, m, and n differ in ordered semigroups.

Remark 1. By the property of fuzzy sets with restricted range I, we observe that:
(i) if f is an (o, B)-fuzzy (m,n)-ideal of S, then

fr(=7y21) (/\fm) (/n\fl(zz')>

i=1
forany x1,...,2m, Y, 21,...,2n € 5;

(i) if f is an (o, B)-fuzzy n-interior ideal of S, then

n

frlwyrz) = N fr(vi)

i=1
for any x,y1,...,Yn, 2 € S.
The subsequent result is essential for categorizing ordered semigroups into classes.

Proposition 2. Let S be an ordered semigroup, A and B subsets of S. Then, the following
statements hold.

(i) (xa)r C (xB)r if and only if A C B.
(ii) XA O XB = (X(AB])I-
(iii) xa N1 xB = (XAnB)I-

(iv) (xa)r is an (a, B)-fuzzy (m,n)- (resp., n-interior ideal) ideal of S if and only if A
is an (m,n)- (resp., n-interior ideal) ideal of S.

Proof. (1). Let x € A. Then, 5= (xa)1(z) < (xB)r(x) < 8. This means that x € B.
On the other hand, let x € S. If x € A, then (xa)r(x) = a < (xB)r(x). If x € A, then
x € B. This implies (xa)7(x) = 8 = (xB)1(x).

(2). It was shown in [26, Lemma 2.5] that x40 xp = x(ap]- Thus, we have xaor xp =
(xaoxB)r = (X(AB])I-

(3). In [24, Proposition 9], the authors illustrated that x4 N xp = xanp. Then, we
obtain x4 N7y xB = (x4a N xB)r = (XanB)1 as required.

(4). The proof can be found in [4].

By the associativity of o; and Lemma 1, Proposition 2(ii) and 2(iii) can be extended
as follows.

Corollary 2. Let S be an ordered semigroup, and A1, ..., A, subsets of S. Then, we have
XAy OF 0 XA, = (X(Ay--a,))1 and XA, N1 -+ 01 XA, = (XAin-nA,)T-
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4. Main Results

In this section, we delineate the classification of ordered semigroups based on their
regularities, employing the concepts of («, 5)-fuzzy (m,n)-ideals and («a, 8)-fuzzy n-interior
ideals. According to their regularities, ordered semigroups can be categorized into 16
classes, as outlined below. An ordered semigroup S satisfies:

(C1) if A C (SAS] for all § # A C S

(C2) if A C (SA] for all § # A C 5;

(C3 C (AS] forall ) £ A C S;

(C4) if A C (SASAS] for all ff # A C S

(C5) it A C (SASA] for all f £ A C S

(C6) if A C (ASAS] for all § # A C S

(C7) it A C (ASA] for all § % A C S

(C8) of degree n if A C (SA™S) for all § # A C S and n € N~ {1};
(

)

) if

)

)

)

)

)

C9) of degree n if A C (SA"SA] for all ) # A C S and n € N\ {1};

(C10) of degree n if A C (ASA™S] for all # # A C S and n € N~ {1};
(C11) of degree n if A C (ASA"SA] forall ) # AC S and n e N~ {1};
(C12) if A C (SA?] forall ) # A C S;

(C13) if A C (A28] for all § # A C S;

(C14) if A C (A2SA?] for all ) # A C S;

(C15) if A C (ASA?) forall ) # A C S,

(C16) if A C (A2SA] forall ) # A C S.

The relation of such classes of ordered semigroups can be represented by Figure 1.

Example 4. By Example 1, 2 and 3, we can see that S does not satisfy (C1)—(C16) since
{1} does not meet any regularity condition.

Example 5. Let S ={0,1,2,3,4}. We define a binary operation - and a partial order <
on S as follows.

S O OO OO
S = O Ol
N OO WO
O W N O OoOW
= O O = Ol

=W N = Ol
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and < :={(0,1),(0,2),(0,3),(0,4)} UAg. Then, S := (S;-,<) is an ordered semigroup.
We can see that:

e 0 <000y o 1 <314, o 2 <423; o 3 <333; o 4 <444,

This means that S satisfies (C7).

For more details about the regularities of ordered semigroups, the readers can refer to
[43].

(C1)
|
(C2) (C4) (C3)

I N

(C5) (C8) (C6)

> >

(C9) () (C10)
o~ |
(C12)  (Cll)  (C13)
N SN /S
(C15)  (Cl6)

NS
(C14)

Figure 1: Hesse diagram of ordered semigroups classified by regularities under the inclusion.

In 2022, Lekkoksung et al. [36] considered ordered semigroups with the greatest el-
ement, commonly known as poe-semigroups. Notably, any ordered semigroup can be
embedded into a poe-semigroup. Consequently, the authors comprehensively investigated
and characterized poe-semigroups based on their regularities. Furthermore, they extended
the implications of their findings to semigroups and hypersemigroups. In this section, we
use the results outlined in [36] in conjunction with the methodology given by Kehayop-
ulu, which involves transposing results from poe-semigroups to ordered semigroups and
ordered hypersemigroups (see [17, 18]). This strategic approach enables us to characterize
ordered semigroups by («, 8)-fuzzy (m,n)-ideals and («, 3)-fuzzy n-interior ideals effec-
tively. Consequently, we will present these facts of poe-semigroups in terms of ordered
semigroups.

We begin categorizing ordered semigroups into distinct classes based on their regular-
ities through (a, 8)-fuzzy (m,n)-ideals and («, §)-fuzzy n-interior ideals as follows.

Lemma 2 ([36]). Let S be an ordered semigroup. Then, S satisfies (C1) if and only if
A C (SAS] for any 1-interior ideal A of S.

Theorem 2. Let S be an ordered semigroup. Then, the following statements are equiva-
lent.
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(i) S satisfies (C1).
(ii) fr € Boy forp for any (e, B)-fuzzy 1-interior ideal f of S.

Proof. (1)=(2). Let f be an (a, 8)-fuzzy l-interior ideal of S. Let a € S. Since
S satisfies (C1), there exist xj,z2 € S such that a < zjaxe < xijx102972. That is,
(r171022, 2) € S4. Then,

(Bor forB)a) = (Bor fi(zizraze) = (Bo f)r(z1z1022) = fr(T1072) > fI(a).

(2)=(1). Let A be a l-interior ideal of S. Then, by Proposition 2, (x4)s is an («, 3)-
fuzzy 1-interior ideal of S. By our presumption, we have ((x4)r)r € Sor(xa)ror 8. This
implies that

((xa)D)1

C Bor(xa)rorp
(xs)1or (xa)ror (xs)1

XS O XA©XS)I

X(5AS))I-

(xa)r

(
=
By Proposition 2, we have A C (SAS]. Hence, by Lemma 2, S satisfies (C1).

Lemma 3 ([36]). Let S be an ordered semigroup. Then, S satisfies (C2) if and only if
A C (SA4] for any (0,1)-ideal A of S.

Theorem 3. Let S be an ordered semigroup. Then, the following statements are equiva-
lent.

(i) S satisfies (C2).
(ii) f1 C Bor f for any (a, B)-fuzzy (0,1)-ideal f of S.
Proof. (1)=(2). Let f be an («, §)-fuzzy (0,1)-ideal of S. Let a € S. Since S satisfies
(C2), there exist 2 € S such that a < xza. That is, (z,a) € S,. Then, (B oy f)(a) > fi(a).
(2)=-(1). Let A be a (0,1)-ideal of S. Then, by Proposition 2, (x4)r is an («, §)-fuzzy
(0,1)-ideal of S. By our presumption, we have ((xa)r)r € S or (xa)r. This implies that
(xa)r = ((xa)r)r € Bor(xa)r = (xs)ror (xa)r = xsor xa = (x(sa))r-
By Proposition 2, we have A C (SA]. Hence, by Lemma 3, S satisfies (C2).

Similarly, we obtain a characterization of ordered semigroups satisfying (C3) as follows.

Theorem 4. Let S be an ordered semigroup. Then, the following statements are equiva-
lent.

(i) S satisfies (C3).
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(ii) fr C for B for any (a, B)-fuzzy (1,0)-ideal f of S.

Lemma 4 ([49]). Let S be an ordered semigroup. Then, S satisfies (C4) if and only if
AN B C (ABA] for any 1-interior ideal A and (1,1)-ideal B of S.

Theorem 5. Let S be an ordered semigroup. Then, the following statements are equiva-
lent.

(i) S satisfies (C4).

(i) fNrg C forgorf for any (o, B)-fuzzy 1-interior ideal f and (a, 5)-fuzzy (1, 1)-ideal
g of S.

Proof. (1)=(2). Let f and g be an (a,f)-fuzzy l-interior ideal and an (a,f3)-

fuzzy (1,1)-ideal of S, respectively. Let a € S. Since S satisfies (C4), there exist

Y1,Y2,y3 € S such that a < yrayeays < yrayeyiayeaysys < yrayey1ay2y1aY20Y3Y3Y3-
That is, (z1ax2az3a, T4a15) € S, for some x1, xo, x3, 24,25 € S. Then,

(forgor f)(a) [(f o1 g)o f];(a)

(f o1 9)1(z1az20230) A f1(x4075)
(f or 9)1(x1a220230) A f1(a)
(f og)r(x1azeazsa) A fr(a)
J1(w1ax2) A gr(axsa) A fr(a)
fr(a) A gr(a) A fr(a)

= (fnrg)(a).

(2)=(1). Let A and B be a l-interior ideal and a (1, 1)-ideal of S, respectively. Then,
by Proposition 2, (x4)r and (xg)7 is an («, 5)-fuzzy l-interior ideal and an («, 3)-fuzzy
(1,1)-ideal of S, respectively. By our presumption, we have (xa)r Nr (xB)r € (xa)1 o1
(xB)ror (xa)r. This implies that

(A\VARAYS

Vv

(xanB)1 = XxANIXB

(xa)1 N1 (xB)1
(xa)ror (xB)1or (xa)r
XA CI XB oI XA

= (X(ABA])I-

N

By Proposition 2, we have AN B C (ABA]. Hence, by Lemma 4, S satisfies (C4).

Lemma 5 ([49]). Let S be an ordered semigroup. Then, S satisfies (C5) if and only if
AN B C (AB] for any 1-interior ideal A and (1,1)-ideal B of S.

Theorem 6. Let S be an ordered semigroup. Then, the following statements are equiva-
lent.
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(i) S satisfies (C5).

(i) fNrg C forg for any («, B)-fuzzy 1-interior ideal f and («, B)-fuzzy (1,1)-ideal g
of S.

Proof. (1)=(2). Let f and g be an (a, §)-fuzzy 1-interior ideal and an (c«, 3)-fuzzy
(1,1)-ideal of S, respectively. Let a € S. Since S satisfies (C5), there exist yi,y2 € S
such that a < yjaysa < yraysyrayza. That is, (r1ax2, axsa) € S, for some x1, 9, 23 € S.
Then,

(forg)(a) = fi(ziawz) A gr(axsa) > fi(a) A gi(a) = (f N1 g)(a).

(2)=(1). Let A and B be a 1l-interior ideal and a (1, 1)-ideal of S, respectively. Then, by
Proposition 2, (x4)r and (xB)s is an («a, §)-fuzzy 1-interior ideal and an («, 5)-fuzzy (1,1)-
ideal of S, respectively. By our presumption, we have (x4)r Nr (xB)r € (xa)r or (xB)1-
This implies that

(xanB)1 = xaNrxB = (xa)1 N1 (xB)1 € (xa)ror (xB)r = xa°r xB = (X(aB))I-

By Proposition 2, we have AN B C (AB]. Hence, by Lemma 5, S satisfies (C5).

Similarly to the above result, we obtain a characterization of ordered semigroups sat-
isfying (C6) as follows.

Theorem 7. Let S be an ordered semigroup. Then, the following statements are equiva-
lent.

(i) S satisfies (C6).

(i) fNrg C forg for any («, B)-fuzzy (1,1)-ideal f and («, B)-fuzzy 1-interior ideal g
of S.

Lemma 6 ([36]). Let S be an ordered semigroup. Then, S satisfies (C7) if and only if
ANBNC C (ABC] for any (1,0)-ideal A, 1-interior ideal B, and (0,1)-ideal C of S.

Theorem 8. Let S be an ordered semigroup. Then, the following statements are equiva-
lent.

(i) S satisfies (CT7).

(ii)) fOrgnNrh C forgorh for any («, B)-fuzzy (1,0)-ideal f, (o, B)-fuzzy 1-interior
ideal g, and (o, B)-fuzzy (0, 1)-ideal h of S.

Proof. (1)=-(2). Let f, g and h be an (a, §)-fuzzy (1, 0)-ideal, an («, 5)-fuzzy 1-interior
ideal, and an («, 5)-fuzzy (0, 1)-ideal of S, respectively. Let a € S. Since S satisfies (C7),
there exist y; € S such that a < ay1a < ayrayra < ayrayrayia < ayrayrayiayia. That is,
(ax1x2073, T40) € S, for some x1, 29, 23,24 € S. Then,

(fergorh)(a) = [(ferg)ehl;(a)
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> (forg)r(axizaaxs) A hr(zga)

> (forg)i(azizaazrs) A hi(a)
(f o g)1(ax1zoax3) A hi(a)

= fr(az1) A gr(xzeazs) A h(a)

= frla) Agi(a) Ahi(a)

= (fnrgnrh)(a).

(2)=(1). Let A,B and C be a (1,0)-ideal, a 1-interior ideal and a (0, 1)-ideal of S,
respectively. Then, by Proposition 2, (xa)r, (xB)r and (x¢)r is an (o, 8)-fuzzy (1, 0)-ideal,
an («, §)-fuzzy l-interior ideal and an («, §8)-fuzzy (0,1)-ideal of S, respectively. By our

presumption, we have (xa)r Nr (xB)r N1 (xc)r € (xa)r or (xB)r or (x¢)r. This implies
that

(XanBnc)r = XxaNrxBN1Xxc

(xa)r 01 (xB)1 N1 (xe)1
(xa)ror (xB)ror (xo)1
XA CI XB°I XC

= (X(ABC])I.

N

By Proposition 2, we have AN BN C C (ABC]. Hence, by Lemma 6, S satisfies (C7).
Lemma 7 ([49]). Let S be an ordered semigroup. Then, S satisfies (C8) of degree n if
and only if A C (A?] for any n-interior ideal A of S.

Theorem 9. Let S be an ordered semigroup. Then, the following statements are equiva-
lent.

(i) S satisfies (C8) of degree n.
(ii) fr C for f for any (o, B)-fuzzy n-interior ideal f of S.

Proof. (1)=(2). Let f be an («, §)-fuzzy n-interior ideal of S. Let a € S. Since S
satisfies (C8) of degree n, there exist y;,y2 € S such that a < y1a”ys = yra” taays <

y1a" 2y1a"yoy1a™yays. That is, (100, x30"14) € S, for some 1, x2, 23,24 € S. Then,

(for fla) = fr(zia"x2) A fr(zsa™xa) > fr(a) A fr(a) = fi(a).

(2)=-(1). Let A be an n-interior ideal of S. Then, by Proposition 2, (xa)s is an (a, §)-
fuzzy n-interior ideal of S. By our presumption, we have ((xa)7)r C (xa)ror (xa)r. This
implies that

(xa)r = ((xa)r)r € (xa)ror (xa)r = xaorxa = (x(az)r-

By Proposition 2, we have A C (A2]. Hence, by Lemma 7, S satisfies (C8) of degree n.
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Lemma 8 ([49]). Let S be an ordered semigroup. Then, S satisfies (C9) of degree n if
and only if AN B C (AB] for any n-interior ideal A and (n,1)-ideal B of S.

Theorem 10. Let S be an ordered semigroup. Then, the following statements are equiv-
alent.

(i) S satisfies (C9) of degree n.

(1)) fNrgC forg for any (o, B)-fuzzy n-interior ideal f and («, 5)-fuzzy (n,1)-ideal g
of S.

Proof. (1)=>(2). Let f and g be an («, 8)-fuzzy n-interior ideal and an (c, 3)-fuzzy
(n,1)-ideal of S, respectively. Let a € S. Since S satisfies (C9) of degree n, there exist
Y1,y2 € S such that a < y1a™y2a = yla”_2aayga < yla"_2y1a”y2ay1a”y2ayga. That is,
(r1a"z2,a"x30) € S, for some x1,x9, x5 € S. Then,

(ferg)(a) = fi(z1a™z2) A gr(az3a) > fi(a) A gi(a) = (f N1 g)(a).

(2)=(1). Let A and B be an n-interior ideal and an (n,1)-ideal of S, respectively.
Then, by Proposition 2, (x4)r and (xp)r is an («, 8)-fuzzy n-interior ideal and («, ()-
fuzzy (n,1)-ideal of S, respectively. By our presumption, we have (xa)r N; (xB)r C
(xa)ror (xB)r. This implies that

(xanB)1 = xaNr x5 = (xa)r N1 (xB)1 € (xa)1or (xB)r = xa°r xB = (X(aB)1I-

By Proposition 2, we have AN B C (AB]|. Hence, by Lemma 8, S satisfies (C9) of degree
n.

We can characterize ordered semigroups satisfying (C10) in the same way of the above
result using the concepts of («, 5)-fuzzy (1,n)-ideals and («, 8)-fuzzy n-interior ideals as
follows.

Theorem 11. Let S be an ordered semigroup. Then, the following statements are equiv-
alent.

(i) S satisfies (C10) of degree n.

(i) fNrgC forg for any (o, B)-fuzzy (1,n)-ideal f and (a, B)-fuzzy n-interior ideal g
of S.

Lemma 9 ([36]). Let S be an ordered semigroup. Then, S satisfies (C11) of degree n if
and only if ANBNC C (ABC] for any (1,0)-ideal A, n-interior ideal B and (0, 1)-ideal
C of S.

Theorem 12. Let S be an ordered semigroup. Then, the following statements are equiv-
alent.

(i) S satisfies (C11) of degree n.



S. Lekkoksung, B. Davvaz, N. Lekkoksung / Eur. J. Pure Appl. Math, 17 (4) (2024), 2962-2984 2978

(ii) fNrgnNrh C forgorh for any (o, B)-fuzzy (1,0)-ideal f, (a, B)-fuzzy n-interior
ideal g and («, 5)-fuzzy (0,1)-ideal h of S.

Proof. (1)=(2). Let f, g and h be an («, 8)-fuzzy (1,0)-ideal, an («, 3)-fuzzy n-interior
ideal and an (a, §)-fuzzy (0, 1)-ideal of S, respectively. Let a € S. Since S satisfies (C11)
of degree n, there exist y1,y2 € S such that a < ayia™y2a < ayia™y2ay1a™y2a. That is,
(ax1xoa™xs, x4a) € S, for some x1, x9, 23,24 € S. Then,

(fergorh)(a) = [(ferg)ehl;(a)
or g)r(axixaa”x3) A hi(z4a)
1 9)1(axizaa"x3) A hi(a)
g)1(axix2a™x3) A hi(a)
fr(azi) A gr(zea™xzs) A hi(a)
fi(a) A gi(a) A hi(a)
= (fNrgnih)(a).
(2)=(1). Let A,B and C be a (1,0)-ideal, an n-interior ideal and a (0, 1)-ideal of
S, respectively. Then, by Proposition 2, (xa)r, (xg)r and (x¢)r is an («, )-fuzzy (1,0)-
ideal, (o, B)-fuzzy n-interior ideal and (a, B)-fuzzy (0,1)-ideal of S, respectively. By our

presumption, we have (xa)r Nr (xB)r Nr (xc)r € (xa)r or (xB)r or (xc¢)r. This implies
that

AVANAY]

[
(f
(f
(fo

v

(xanBno)r = xaNrxs0Nrxc

(xa)r N1 (xB)1 N1 (xe)r
(xa)ror (xB)1or (xe)r
XA CI XB°I XC
(X(ABC])I-

By Proposition 2, we have AN BN C C (ABC]. Hence, by Lemma 9, S satisfies (C11) of
degree n.

1N

Lemma 10 ([36]). Let S be an ordered semigroup. Then, S satisfies (C12) if and only if
A C (SA2] for any (0,2)-ideal A of S.

Theorem 13. Let S be an ordered semigroup. Then, the following statements are equiv-
alent.

(i) S satisfies (C12).

(ii) fr € Boy forf for any (o, B)-fuzzy (0,2)-ideal f of S.

Proof. (1)=(2). Let f be an (a,)-fuzzy (0,2)-ideal of S. Let a € S. Since S
satisfies (C12), there exist y; € S such that a < y1a® < y2a® < yda? < yfa®. That is,
(z1220%, 2302) € S, for some x1, 79,23 € S. Then,

(Bor forf)la) = [(Borf)o fl;(a)
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(B o1 fr(z1220) A fr(z3a)
(Bor f)r(zi1z2a®) A f1(a)
(Bo fr(ziz2a®) A f1(a)
= fi(z2a®) A f1(a)
= fi(a) A fi(a)
= fi(a).
(2)=(1). Let A be a (0,2)-ideal of S. Then, by Proposition 2, (x4)r is an («, §)-fuzzy

(0,2)-ideal of S. By our presumption, we have (xa)r = ((xa)r)r € Bor (xa)ror (xa)r =
(xs)ror (xa)ror (xa)r- This implies that

AVARLYS

(xa)r = (xsnana)r
= XsMNrxaNrxa
= (xs)r N1 (xa)r Nr (xa)r
C (xs)ror (xa)ror (xa)r
= XSOIXA©CIXA
(X(SA2])I-

By Proposition 2, we have A C (SA?]. Hence, by Lemma 9, S satisfies (C12).

The following theorem, we provide a characterization of ordered semigroups satisfying
(C13) by («, B)-fuzzy (2,0)-ideals. The proof is similar to the above theorem, so we skip
the proof.

Theorem 14. Let S be an ordered semigroup. Then, the following statements are equiv-
alent.

(i) S satisfies (C13).
(ii) f1 € for for B for any (a, B)-fuzzy (2,0)-ideal f of S,

Lemma 11 ([36]). Let S be an ordered semigroup. Then, S satisfies (C14) if and only if
AN B C (AB] for any (2,0)-ideal A and (0,2)-ideal B of S.

Theorem 15. Let S be an ordered semigroup. Then, the following statements are equiv-
alent.

(i) S satisfies (C14).
(i) fNrg C forg for any (o, B)-fuzzy (2,0)-ideal f and (o, B)-fuzzy (0,2)-ideal g of S.

Proof. (1)=(2). Let f and g be an («, 5)-fuzzy (2,0)-ideal and an («, §)-fuzzy (0, 2)-
ideal of S, respectively Let a € S. Since S satisfies (C14), there exist y; € S such that
a < a’y1a® < a’yi1a’y1a®. That is, (a T1,T20 ) € S, for some x1,x2 € S. Then,

(f o1 9)(a) = fi(ax1) A gr(waa®) > fr(a) A gi(a) = (f N1 g)(a).
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(2)=(1). Let A and B be a (2,0)-ideal and a (0, 2)-ideal of S, respectively. Then, by
Proposition 2, (xa)r and (xp)s is an (a, B)-fuzzy (2,0)-ideal and an (a, 8)-fuzzy (0, 2)-
ideal of S, respectively. By our presumption, we have (xa)r N7 (xB)r € (xa)r or (xB)I-
This implies that

(xanB)1 = xa N1 xB = (xA)1 N1 (xB)1 € (xa)1or (xB)1 = xa°1 XxB = (X(4B))I-

By Proposition 2, we have A C (AB]. Hence, by Lemma 11, S satisfies (C14).

Lemma 12 ([36]). Let S be an ordered semigroup. Then, S satisfies (C15) if and only if
AN B C (AB] for any (1,0)-ideal A and (0,2)-ideal B of S.

Theorem 16. Let S be an ordered semigroup. Then, the following statements are equiv-
alent.

(i) S satisfies (C15).
(i) fNrg C forg for any (o, B)-fuzzy (1,0)-ideal f and (o, B)-fuzzy (0,2)-ideal g of S.

Proof. (1)=(2). Let f and g be an («a, #)-fuzzy (1, 0)-ideal and an («, 5)-fuzzy (0, 2)-
ideal of S, respectively. Let a € S. Since S satisfies (C15), there exist y; € S such that
a < ayira® < ayra®yia®. That is, (ax1,z2a%) € S, for some 1,29 € S. Then,

(forg)(a) > fr(azy) A gi(zaa®) > fr(a) Agr(a) = (f Nr g)(a).

(2)=(1). Let A and B be a (1,0)-ideal and a (0, 2)-ideal of S, respectively. Then, by
Proposition 2, (xa)r and (xg)r is an (a, §)-fuzzy (1,0)-ideal and an («, 8)-fuzzy (0, 2)-
ideal of S, respectively. By our presumption, we have (x4)r Nr (xB)r € (xa)r or (xB)1-
This implies that

(XanB)r = xa N1 x5 = (xa)r N1 (xB)1 € (xa)ror (xB)r = xa°r xs = (X(aB))1I-

By Proposition 2, we have A C (AB]. Hence, by Lemma 12, S satisfies (C15).

Similarly, we obtain the following theorem.

Theorem 17. Let S be an ordered semigroup. Then, the following statements are equiv-
alent.

(i) S satisfies (C16).

(i) fNrg C forg for any (o, B)-fuzzy (2,0)-ideal f and («, B8)-fuzzy (0,1)-ideal g of S.
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5. Conclusion

This paper uses the concepts of (a, 8)-fuzzy (m,n)-ideals and («, 3)-fuzzy n-interior
ideals to categorize ordered semigroups into sixteen distinct classes based on the regular-
ities of ordered semigroups. An advantage of the results in the current study is that, by
carefully selecting appropriate parameters, we derive several characterizations of ordered
semigroups utilizing fuzzy ideals that several authors studied. However, in the theorems
we obtained, in practice, there is a challenging problem: Are there any easier conditions
to obtain the set of all («, §)-fuzzy (m,n)-ideals and («, 8)-fuzzy n-interior ideals? This
question can be stated as an open problem. Furthermore, in future research, we aim to
delve deeper into the properties of («, 5)-fuzzy (m,n)-ideals and («, §)-fuzzy n-interior
ideals, exploring their pure and prime properties.
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