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Abstract. In this paper, we introduce a new class of multivalued contractions and prove the
existence of a fixed point for such contractions. Some consequences are presented in b-metric
spaces endowed with partial order or with graph. To illustrate the applicability of our results, we
offer an example and an application to the existence of solutions of an integral inclusions.
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1. Introduction and preliminaries

One of the key generalizations for metric spaces is the idea of a b-metric space. Bakhtin
[4] first proposed the idea of building such spaces, and Czerwik[6] refined it. Several fixed-
point results were provided in this way for single or set valued mappings, for instance,
see[7, 13, 23, 24, 26]. One of the key generalizations for metric spaces is the idea of a
b-metric space. Bakhtin [4] first proposed the idea of building such spaces, and Czerwik
citescl refined it. Several fixed-point results were provided in this way for single or set
valued mappings, for instance, see [7, 13, 23, 24, 26]. However, Samet et al. [27] presented
the idea of a-admissible, and they established some results. Some results were reached by
using this notion in conjunction with non-linear contractions; see [11, 12, 18, 23]. This
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idea was later extended to as-admissible in the setting of b-metric spaces by Ali et al. [14].
Jleli and Samet [10] established a novel idea known as the ¥-contraction and proved the
existence of fixed points. Here, it is important to note that a contraction in in the sense of
Banach, is a particular case of ¥-contraction, while there are some ¥-contractions which do
not satisfy Banach contractive condition. Subsequently, several authors studied different
variations of ¥-contractions and other different contractions in single and set valued cases,
for example, see [2, 3, 15-17, 19-22, 25, 28] In this work, we prove the existence of a fixed
point for such a novel contraction type in complete b-metric spaces spaces by combining the
notion of ag-admissible mapping with ¢-contraction in the case of multivalued mappings.
In this work, we prove the existence of a fixed point for such a novel contraction type
in complete b-metric spaces by combining the notion of as-admissible mapping with -
contraction in the case of multivalued mappings. Using our major findings, we also infer
the existence of fixed points in partially ordered metric spaces. Lastly, to demonstrate
the applicability of our results, we offer an example and an application pertaining to an
existence problem of solutions for a Volterra integral inclusion and for applications in
factional equtions, see [1, 8]

Definition 1. [14] Let X be a non-empty set and s be a real number with s > 1. A
function 0 : X x X — [0,00) is a b-metric on X if for all v,u,n € X, it satisfies the
following conditions:

(b1) (v, ) =0 iff v =p,

(62) o(v, 1) = 0(p,v),

(63) 2(v,n) < s[o(v, 1) + 011, )]

A triplet (X,0,5) is called a b-metric space.

Every metric space is a b-metric space with s = 1.
Denote the family of non-empty, closed and bounded subsets of X by CB(X). For
A, B € CB(X), define H: CB(X) x CB(X) — [0, +00) by

H(A,B) = max{sup o(a, B), sup 0(6,./4)}
acA beB
where 0(a, B) = inf {9(b,v): v € B}. Such a function H is called the Pompeiu-Hausdorff

metric induced by 9, for more details, see [5]. Also, denote the family of non-empty and
closed subsets of X by CL(X).

Lemma 1. [1/] Let (X,0,s) be a b-metric space. The following properties are satisfied:
1) o(v,B) <d(v,b) forallv € X, b € B and B € CB(X).
2) (v, B) < H(A,B) for allv € X and A, B € CB(X).
3)o(v, A) <s(@(v,u) +0(u, B)) for all v,p € X and A, B € CB(X).

Lemma 2. [6] Let (X,0,5) be a b-metric space and A,B € CL(X) with H(A,B) > 0.
Then, for each b € B, there ezists a = a(b) € A such that

d(a, b) < sH(A, B).
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Definition 2. [26] Consider a non-empty set X and two mappings T : X — X and
a: X x X — [0,+00). For a given real number s > 1, T is weak a-admissible of type &
if forve X and a(v, Tv) > s, we have o(Tv, TTv) > s.

Definition 3. [1/] Let (X,0,s) be a b-metric space. For a given function a: X x X —
[0,400), a multivalued mapping T: X — CL(X) is

(1) as-admissible, if for each v € X and p € Tv with (v, p) > §2, we have a(u,n) > s
for each n € T p.

(2) of-admissible, if for v,p € X with a(v, i) > 52 we have o*(Tv, Tp) > 52, where
o*(Tv, Tp) =inf {a(a,b): a € Tyv,beTu}.

Definition 4. [9, 18] Let (X,0) be a metric space, and T : X — CL(X) and a : X x X —
[0,400) be given maps. Then T is called an as-lower semi-continuous if for v € X and a
sequence {vy} in X with limy, 00 0(Vn, V) = 0 and a(vy, Vni1) > 52 for all n € N, implies

2

lim inf d(vy, Tvy) > 0(v, Tv).

n—oo
Definition 5. [10] Let ©4 be the set of all functions ¥ : (0,4+00) — (1,4+00) such that
(1) 9 is a strictly increasing function;

(02) for each sequence {wy} of positive real numbers lim, oo V(wy) = 1 iff limy, 00 wp =
0;

(93) there exist p € (0,1) and x € (0,+00] such that lim,_,q+ % =X

(04) for each sequence {wy,} in Ry such that ¥(swy) < [ﬁ(wn_l)]p, where p € (0,1), then
I(s"wy,) < [19(5"*1wn)r.

Example 1. The following functions ¥; : (0,4+00) — (1,+00) fori € {1,2,3,4}, are the
elements of Os.

(1) V1(w)
(1) V2(w)
(iii) V3(w) =
(i) Ya(w)

2. Main results

We begin this section with the following definition.
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Definition 6. Let (X,0,s) be a b-metric space and o : X x X — [0, +00) be given. A map
T : X — CL(X) is called multivalued almost (as,V, k)-contraction of Hardy-Rogers type if
there ezist ¥ € O, L > 0 and k : (0,+00) — [0,1) satisfies lim,,_, ,+ supr(w) < 1 for all
z € (0,400) and non-negative real numbers a,,a,,as,a,, as with a, + a, + a; + 2sa, = 1,
and a; # 1 such that

K (v,) )
} + Lmin{0(v, T ), 0(u, Tv)}, (2.1)

WS H(Tv. T) < [N, 1)
for all v, € X with a(v, u) > 5% and H(Tv, Tp) > 0 where
Ns(v, p) = a10(v, p) + a20(v, Tv) + azd(p, Tp) + asd(v, Tp) + asd(p, Tv).

If (v, u) = 8%, T is said to be an almost (9, k)-contraction of Hardy-Rogers type.

Theorem 1. Let (X,0,8) be a complete b-metric space and T : X — CB(X) be a mul-
tivalued almost (as, v, k)-contraction of Hardy-Rogers type. Assume that the following
conditions are satisfied:

(i) T is as-admissible;
(ii) there exist vy € X and vy € Tvy such that a(vy,vy) > 52;

(111) T is as-lower semi-continuous, or X is as-regular, that is, for every sequence {vy}
in X such that v, — v* € X and o (Vp, Vpy1) > 52 for alln € N, then a (v, v*) > 2,
for all m € N.

Then T has a fived point.

Proof. From the hypothesis (2), there exist vy € X and 14 € Ty such that a(vy,v1) >

2. If yg = vy or v € T, then v is a fixed point of 7 and the proof is completed.

Assume that vy # v1 and vy ¢ Ty, then H(Tvo, Tri) > 9(vi, Tri) > 0. From Lemma 2,
there exists v9 € T such that

(v, 1) < sH(Tvy, Try) < 52H(TV0, Tu),

which implies
50(1/1, UQ) S SSH(TV(), TVl).

Since ¢ is strictly increasing, we get
H(s0(v1,12)) < ﬁ(ﬁgH(TVD, Tur)).
Then by using (2.1) we get

’19(50(1/1, VQ)) < 19(53H(TV0, TI/l))
r(@(vo,v1))

< |9(Ns(vp,11)) + Lmin{d(vp, Tv1),0(v1, Tro)}
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< [19(N5(V07l/l))]‘%(a(l/o,lll))
< ﬁ(Nﬁ(Voa Vl))7
which gives
I(s50(v1, 12)) < 9(Ns(vg,11)).

Since ¢ is increasing, we get
50(1/1, UQ) < Nﬁ(l/(], Ul),

where

Ns(vo,v1) = a19(vo, v1) + a20(vo, Tro) + azd(vr, Trvr) + asd(vo, Trr) + asd(vi, Tro)
D(Vo, 1/1) + 020(1/(), Vl) + Cl30(l/1, Vz) + 040(1/0, 1/2)

0(vo, v1) + a20(vo, v1) + agd(vi, v2) + sag(0(vo, v1) + 0(v1, 12))

(a, + a, + 5a,)0(vo, 1) + (a5 + 50,)0(v1, 12),

ap
ap

ININ A

which implies that
D(Vl, Vg) < 50(V1, I/Q) < (Cll +a, + 5a4)D(V0, 1/1) + (Cl3 + 504)0(1/1, 1/2).

Then,
a, +a, +say

(v, v1).
l - as - 5(14

(v, 1) <
Since a, + a, + a; + 2sa, = 1, we get
(v, v2) < (v, v1).
Thus,
$50(v1,12) < (ay + a, + 5a,)0(vo, v1) + (a5 + sa,)0(vo, 1) = (1o, 11),

and so o )
k(0(vo,V1
9(5d(v1, 1)) < [19(0(1/0, yl))} .

Assume that vy # vo, then v ¢ Ty and d(va, Tre) > 0 so H(Tvi, Tre) > 0. From

Lemma 2, there exists 13 € T vy such that

19(50(V2, 1/3)) S 19(537'[(7-1/1, TI/Q))

K11 .12))
< [N, )| + Lmin{o(v1, Tws), 0(ve, Trr)}

[9(Na(v1, 1)) C12)
< I(Ns(v1,12)).

A

Then,
V(s0(v2,v3)) < O(Ns(v1,12)),
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which gives
ED(VQ, Vg) < Ng(Vb 1/2),

where
Ns(v1,v2) = a10(vi, v2) + a20(vi, Trr) + azd(ve, Tre) + agd(vi, Tra) + asd(ve, Trr).
< alb(ul, 1/2) + CLQO(Z/l, 1/2) + agb(ug, 1/3) + 5a4(0(1/1, 1/2) + 0(1/2, Vg))
< (a; + a, + s5a,)0(v1, v2) + (a5 + sa,)0(ve, v3).
Hence,
0(v2,13) < 50(v9,13) < (a, + a, + sa,)0(v1, v2) + (a5 + sa,)0(v2, v3),
and so

0(v2,13) <
Since a; + a, + a3 + 25a, = 1, we get
0(va,v3) < 0(v1, 12).

Then, we infer that
k(d(v1,12))
9(50(va, v3) < [0(0@1,1/2))] .
By continuing in this manner, we construct a sequence {v,} in X, if there exists ng
such that vy, = Ungt1, OF Vg1 € TUpgy1 then vy 4 is fixed point. If v, # v,41 and
Unt1 & TVny1, then H(Tvp, Tvps1) > 0. From Lemma 2, there exists v,41 € Ty, such
that

#(O(vn—1,vn))
(50 (v, vy1)) < [e(o(yn_l, yn))} , forallneN. (2.2)
It follows by (2.2) and (¥4) that
n 1 K(@(Vn—1,Vn))
0(s"0 (v, vpt1)) < [0(5 D(Vn_l,yn))} , forallneN. (2.3)

Since ¥ is increasing, then the sequence {9(vy,, vp+1)} is decreasing and so convergent. By
the property of x, there exist 6 € (0,1) and ng € N such that x(0(vp, vny1)) < 4, for all
n > ng. Thus, from (2.3), we deduce

1 < 9(s"0(vn, Vnt1))
1 KOWn—1,n)
< [0 o1, )|

k(O (Vn—2,vn—1)c(0(Wn—1,Vn)
< [9(s" 202, v1)|

i| sn—no

SICR)] . (24)
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for all n > ng. On taking the limit as n — oo, we get
lim 9(s"0(vp, vnt1)) =1

n—oo
and from (2),
nh%rrolos (v, Vp+1) = 0.
Now, we prove {v,} is a Cauchy sequence, by (¢3) there exist p € (0,1) and x € (0, +o0]
V("0 (v, vnt1)) — 1 _

such that
(5" (Vn, Vn—l-l))p

n—o0
Take § € (0, x). By the definition of limit, there exists n; € N such that
(5" (Vny Vny1))? < 07 HO(5™0(Vny Vng1)) — 1], for all n > ny.

Using (2.4) and the above inequality, we deduce
1), forall n > n;.

(8"0(Vn, vn+1))” < 6~ n([9(0 (o, 1))

This implies that
lim n(s"0(vp, vn+1))” = 0.
n—oo
Thence, there exists no € N such that
1
—, forall n > ny. (2.5)

§"0(Vn, Vny1) < —
ne

3
‘B\H‘ =

>

m—1 m—1
(v, V) < Z (v, vjq1) < ZE o(vj,vj41) <
Jj=n J

j=n
and so {v,} is a Cauchy sequence. Since (X,0,s) is complete, so {v,,} converges to some

Let m > n > max{ng,ni,n2}. Then, using the triangular inequality and (2.5), we have

@\H‘ =
I/\

v* e X.
If 7 is as-lower semi-continuous, then for all n € N, we have
(Vna Tyn) < D(Vna Vn+1)-

lim (vy, Tvy) = 0.

Passing to the limit, we get
n—oo

Then taken in the account 7 is ag-lower semi-continuous, we obtain
0 <o(v*,Tv*) <liminfd(vy,, Tvy) =0,
n—0o0o
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which gives d(v*, Tv*) = 0. Hence, v* is a fixed point of T.
If X is as-regular, so for every sequence {1, } converges to v* with a(vy,, vni1) > s2, then
a(Vp,v*) > 5% 50 0(vpy1, Tv*) > 0, which implies H (T vy, Tv*) > 0, then by (2.1), we get

1 < (sd(vni1, TVY)) < I(SPH(T v, TVF)
< [O(Ns(d(vo, v0) )]
< [, 1)) .
Passing to the limit, we have

lim 9(0(vpy1, TV)) =1,

n—oo
then (v2) gives
lim 0(vp41, TV") =0,
n—o0
which implies d(v*, Tv*) = 0. Hence v* is a fixed point of 7.
Since each a-admissible mapping is also as-admissible, we obtain the following result.

Corollary 1. Let (X,0,s) be a complete b-metric space and T : X — CB(X) be a mul-
tivalued almost (as, v, k)-contraction of Hardy-Rogers type. Assume that the following
conditions are satisfied:

(i) T is an o-admissible;

(ii) there exist vy € X and vy € Tvg such that avy,vy) > 52;

)

(i1i) T is ag-lower semi-continuous, or for every sequence {v,} C X converges to some
v* in X and o*(vn, vpy1) > 82, for allm € N. Then o* (v, v*) > 52, for alln € N.

Then T has a fixed point.

Corollary 2. Let (X,0,s) be a complete b-metric space, a: XxX — [0,400) be a function
and T: X — CB(X) be a multivalued mapping. Assume that the following conditions are
satisfied:

(1) T is an as-admissible;

there exist vy € X and vy € Ty such that a (vg,v1) > 2;

(12)

(1it) T is as-lower semi-continuous, or X is as-regular;
(iv) there exist 9 € O, L >0 and k : (0,+00) — [0, 1) satisfies lim,,_,,+ sup k(w) < 1 for
all z € (0,+00) and nonnegative real numbers a,, a,, as, a4, as with a, + a, + a; + 2sa, =
1, and a; # 1 such that

9o, ) H (T, T)) < [9(Na(w, i)W + Lmin{o(o, i), o, o)},
for all v, p € X with H(Tv, Tu) > 0, where

Ns(v, p) = a1d(v, 1) + a2d (v, Tv) + azd(p, T i) + asd(v, T ) + asd(p, Tv).
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Then T has a fixed point.

Proof. For all v, u € X, we have
H(Tv, Tw) < alv, ) H(Tv, Tw),
since ¥ is increasing function, we get

I H(Tv, Tp)) < O(s>a(v, H(Tv, Tp))
< [N, ) 4+ Lanin{o(v, Th), o(ss, T)}-

So this result is a consequence of Theorem 1.

Corollary 3. Let (X,0,s) be a complete b-metric space, a: XxX — [0,400) be a function
and T: X — CB(X) be a multivalued mapping. Assume that the following conditions hold:

(i) T is almost (¥, k)-contraction of Hardy Rogers type.
(2) T is lower semi continuous.
Then T has a fixed point.

Proof. Tt suffices to take a(v, u) = s2 for all v, u € X in Theoreml.

Example 2. Let X = [0,2] be a set endowed with a b-metric 9(vy,v2) = |v1 —va|?. Define
T:X—=CBX) and a: X x X — [0,00) by

[0,%], »€l0,2)
T”:{{z}, v =2

" (vo) € 0.2)
4, (v,p)el0,2
o, ) = { 0, otherwise.

Taking ¥Y(w) = e¥, k =3/4, s = 2,a1 = %, ag =a4 =as =0 and a3 = 1/8.
For all v, p € (0,2), we have a(v,p) = 4, H(Tv, Tp) > |“F4* > 0 and d(v, p) = |v — pl?.
Then

1 3 3
87‘[(7-1/, TIU’) = 5‘1/_:“‘2 < Z|V - M’Z < ZNS(Vv /'L)a

which implies that
68/}-‘(7—”77-“) S e%a(l/nu‘) S e%Nﬁ(Vuu‘)‘

T is a-continuous, since if (vy,) is a sequence in X converges to v* with a(vy, vp+1) > 4,
then (vn) C [0,2) which implies Tv, = [0, ] and li_>m Tv, =10, Z] =Tv".
n o
Consequently, all conditions of Theorem 1 are satisfied. Then T has a fixed point which
15 2.
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Now, we give some consequences concerning, two existence theorems of fixed point in
metric space endowed with a graph and other in partially order metric spaces.

Theorem 2. Let (X,=,0) be a complete ordered b-metric space and T: X — CB(X) be
a multivalued mapping. Assume that the following assertions hold.

(i) For each v € X and p € Tv with v < u, we have p <1 for all vs € T .
(i) There exist vy € X and vy € Ty such that vy < vq;

(i1i) For v* € X and a sequence {v,} in X with
limy, 00 9(Vn, v*) = 0 and vy, <X vpy1 for all n € N, implies

lim igf (v, Try) > 0(V*, TVY)

or, for every sequence {v,} in X such that v, — v* € X and v, < vpq1 for all
n € N, we have v, X v* for all n € N.

(iv) There exist 9 € ©5, L >0 and k : (0,00) — [0,1) satisfies lim+ sup k(w) < 1 for all
w—rz
z € (0,00) such that

HEHTw. ) < [0 )] 4 Lmingo(e. T, 000, Tv)).

where

Ns(v, 1) = a10(v, ) + a2 (v, Tv) + as(p, Tw) + agd(v, Tu) + aso(p, Tv).

Then T has a fixed point.

Proof.

Define

s2, ifv=p,

a: X x X —1[0,400), a(v,u) =
| ) (v, 1) {0, otherwise.
The rest of proof is like the proof of Theorem 1.

Nextly, we present an existence theorem of a fixed point for multivalued J-contractions
in a b-metric space X, endowed with a graph, into the space of nonempty closed and

bounded subsets of the metric space. Consider a graph G such that the set V (é) of
its vertices coincides with X and the set £ (é) of its edges contains all loops; that is,
& (é) D A, where A = {(v,v),v € X}. We assume G has no parallel edges, so we can
identify G with the pair (V (é) , € (é))

We define the function
s2, if (v,pu) €€ (é) ,

a: X xX —[0,400), a(v,p)=
0, otherwise.
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Theorem 3. Let (X,0,s) be a complete b-metric space endowed with a graph G and
T: X — CB(X) be a multivalued mapping. Assume that the following conditions hold:

(i) For each v € X and p € Tv with (v,p) € E(G), we have (u,n) € E(G) for all
neTu;

(ii) There exist vy € X and v1 € Ty such that (vo,v1) € E(G);

(i4) For every sequence {vy,} in X such that v, — v* € X and (v, Tn41) € E(G) for all
n € N, we have (v, v*) € E(G) for all n € N;

(iv) There exist 9 € O and k : (0,00) — [0,1) satisfies lim sup k(w) < 1 such that

w—zt

k(d(v,1)) .
} + Lmin{o(v, Tw),0(u, T)},  (2.6)

WS H(Tv, i) < [D(Ne(v, 1))
where
Ns(v, ) = a10(v, 1) + a2 (v, Tpn) + agd(p, T ) + asd(v, Tp) + asd(p, Tv).

Then T has a fixed point.

Proof. 1t suffices to consider

s2, if (v,p) €€ (é) ,

a: X xX = [0,4+00), a(v,p) =
0, otherwise.

3. Application

In this section, we apply our obtained results to prove existence theorem of solution
for an integral inclusion of Volterra-type. For this purpose, let X := C([a, b],R) be the
space of all continuous real valued functions on [a, b]. Note that X is b-complete b-metric
space by considering d(v, 1) = sup |v(w)— p(w)|? with s = 2 and define o : X x X — R,

w€la,b)
by a(v,u) =4, for all v, u € X.
Consider now the following problem

v(t) € p(w) + /aw F(w, r,v(r))dr, weJ =]|ab] (3.1)

where p € X and F:J x J xR — K(R).
Consider the set-valued operator 7 : X — CL(X) as follows

Tr(w) = {u eX:pu Ep(w)+/awf(w,7',1/(7))d7, wE J}.

We consider the following hypotheses:
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(A1) : For each v € X, the multivalued operator F, : (w,7) — F(w, 7, v(7)), is lower semi
continuous.

(Ag2) : There exists a continuous function & : J x J — [0, +00) such that

v (W, 7) = qu(w, 7)| < &(w, 7)|v(7) — p(7)].
For all v,pp € X, all q, € F,,q, € F, and for each (w,7) € J x J.

(As) : There exists v > 0 such that

w -
sup [ fe(w.m)ldr < (g

weJ Ja

N[

)2,

Theorem 4. The integral inclusion (3.1) has a solution in X provided the assumptions

(A1) — (As3) hold.

Proof. The set-valued operator F,(w,7) : J x J — K(R) is lower semi continuous,
then from Michael’s selection theorem, for v € X there exists a continuous function ¢, :
J xJ — R such that ¢,(w,7) € F,(w,7) for all w,7 € J. It follows that p(w) +
f aw qu(w,7)ds € Tv, so Tv is non-empty for all v € X. Since p and ¢, are continuous
on J, resp. J2, their ranges are bounded and closed and hence 7v is bounded, i.e.,
T:X = K(X).

Let v,u € X and let ¥ € Tv. Then

+/ Flw,r,v(r))dr, weJ.
a
It follows that there exists q, € F(w, 7) such that
o) =p() + [ o )dn @) T X,
a

From (A3), there exists ¢(w, ) € F,(w, 7) such that
v (w, 7) = <(w, )| < €Ew, 7) - |v(1) = u(7) ],
for all (w,7) € J x J. Let P be a multi valued operator defined by
P(w,7) = Fulw,7) N{s € R: [qu(w, 7) — 3| < &(w,7) - [v(7) — pu(7)[},

for all (w,7) € J x J. Since, by (A;), P is lower semi-continuous, there exists a continuous
function q,(w,7) € P(w, 7). Then we have

c<w>=p<w>+/wqu<mdrep /]:wTu Nir, wed
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and
00, T4) < 9o 7) = o < ([ Ianfenr) = gl lar)”
< ([ i)~ uioiar)’

< sup () = ur)?( [t myar)’

T€[a,b]

~ o) [ " tw,m)dr)?
e_’Y

(v, ).

Consequently, we have
80(¢, Tw) < e 7o(v, ),

interchanging the role of v and u, we get
SH(Tv, Tp) < e To(v, ).

Taking exponents we get

-

BT, TH) < [ea(y,#)]e

Then, the mapping 7 satisfies all the conditions of Corollary 3 with ¥(w) = ¥, a; = 1,
a, =L =0,i=2,3,4,5and k = e~ 7. So, T has a fixed point, which implies that the
integral inclusion (3.1) has a solution in X.

4. Conclusion

In presented paper we have introduced a new class of multivalued contractions, by com-
bining some concepts, as generalized Berinde type contractive conditions and as-admissible
mappings due to [14] with JS- contractions type due to [10] also we have proved the exis-
tence of a fixed point for such novel contractions under some conditions. An example is
given to support the validity of our results and an application to the existence of solutions
for integral inclusions.
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