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Abstract. A graph G = (V, E) is called cordial if it is possible to label the vertex by the function
f:V — 0,1 and label the edges by f* : E — 0,1, where f*(uv) = (f(u) + f(v))mod2, u,v € V so
that |vg —v1| < 1 and |eg —e1]| < 1.A lemniscate graph is a plane curve with a characteristic shape,
consisting of two loops that meet at a central point as shown below. The curve is also known as
the lemniscate of Bernoulli. A fourth order of lemniscate graph is a graph of two fourth order
of circles that have two vertex in common. In this paper, we give the conditions that the corona
product of paths and fourth order of lemniscate graphs be cordial.
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1. Introduction

Let G be a graph with p vertices and ¢ edges. All graphs considered here are simple,
finite, connected and undirected. The concept of graph labeling was introduced during the
sixties’ of the last century by Rosa [16]. Hundreds of researches have been working with
different types of labeling graphs [5, 13, 14, 17]. A labeling of a graph G is a process of
allocating numbers or labels to the nodes of G or lines of G or both through mathematical
functions [1]. Labeling graphs are used for a wide range of applications in different subjects
including astronomy, coding theory and communication networks. Cordial labeling is a
weaker version of graceful labeling and harmonious labeling introduced by Cahit in [3].
In 1990, Cahit [4], proved the following: each tree is cordial; an Euerlian graph is not
cordial if its size is congruent to 2(mod 4) ; a complete graph K, is cordial if and only if
n < 3 and a complete bipartite graph K, ,, is cordial for all positive integers n and m. Let
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G1, Go respectively be (p1,q1), (p2,q2) graphs. The fourth power of a lemniscate graph
is defined as the union of fourth power of cycles where both have a common vertex; it is
denoted by L%,m = C}4C% as shown in Fig.1. Obviously, thm has n 4+m — 1 vertices and
4n + 4m — 18 edges. For more details about the cordial labeling and types of labeling, the
reader can refer to [2, 6-12, 15]. The corona G1®G2 of two graphs G (with ny vertices ,

Figure 1: The fourth power of a lemniscate graph L‘%;.

mq edges) and Go (with ngy vertices , mo edges) is defined as the graph obtained by taking
one copy of G1 and copies of G5 , and then joining the it" vertex of G; with an edge to
every vertex in the " copy of Gy . It is easy to see that the corona G;®G9 that has
n1 + ning vertices and mi + nymso 4+ ning edges.

2. Terminology and Notation

Given a path or a cycle with 4r vertices, We let L4r denote the labeling 0011...0011
(repeated r-times), let L. denote the labeling 1100...1100 (repeated r times). The labeling
1001 1001...1001 (repeated r times) and 0110...0110 (repeated r times) are denoted by Sy,
and Sjr. Let My, denote the labeling 0101...01, zero-one repeated r—times if r is even
and 0101...010 if r is odd. Sometimes, we modify labeling by adding symbols at one end
or the other (or both). If G and H are two graphs, where G has n vertices, the labeling of
the corona GOH is often denoted by [A:By, By, Bs, ..., B,|, where A is the labeling of the
n vertices of G, and B;, 1 < i < n is the labeling of the vertices of the copy of H that is
connected to the i—" vertex of G. For a given labeling of the corona G®H, we denote v;
and e; (i=0,1) to represent the numbers of vertices and edges, respectively, labeled by i.
Let us denote z; and a; to be the numbers of vertices and edges labeled by i for the graph
G. Also, we let y; and b; be those for H, which are connected to the vertices labeled 0 of
G. Likewise, let y, and b} be those for H, which are connected to the vertices labeled 1 of
G. Tt is easily to verify that vo=x0 + zoyo + 1Y}, vi=21 + Toy1 + 21V}, eo=ao + xobo +
z1bh+zoy1 + 1y and ey=aq +xob1 + 216 +zoyo + 1Y) Thus vo—vi= (xo—x1) +zo(yo —
y1) +x1(yo—yy) and eg —e1= (ap —a1) +zo(bo — b1) +21(bg — 1) +zo(yo —y1) — 71 (yp — 1)
In particular, if we have only one labeling for all copies of H, i.e., y;=y, and b;=b], then
Vo=T0 + NYo, V1=T1 +NnY1, eo=ao +nby +xoy1 + 1Yo and e;=a; +nb; +xoyo + z1y1. Thus
vg — v1= (20 — x1) + n(yo — y1) and eg — e1= (ap — a1) + n(bo — b1) + (x1 — 20) (Yo — Y1),
where n is the order of G. Section one contains a brief literary analysis of the topic of
this work, and Section Two deals with the terminology employed throughout. section
three examines and study the cordiality of the corona product P,®L? — of paths and

n,m
fourth power of lemniscate graphs, and show that this is cordial for all positive integers
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k > 1,n,m > 3. The last section, is the conclusion which summarize the important points
of our finding in this paper

3. Main results.

In this section, we show that the corona product of paths and fourth power of lemnis-
cate graphs, PkQLi,m , is cordial for all & > 1, n,m > 3.Throughout our proofs, the way
of labelling LfL’m starts always from a vertex that next the common vertex and go further
opposite to this common vertex. Before considering the general form of the final result,
let us first prove it in the following specific case.

Theorem 3.1. The corona PkQthm between paths Pj. and fourth power of lemniscate
graphs L%,m s cordial for al k > 1,n,m > 3. In order to prove this theorem, we will
introduce a number of lemmas as follows.

Lemma 1. Pk®L§7m is cordial for all k> 1 and m > 3.

Proof. We need to examine the following cases :

Case 1. At m=3, we consider the following subcases.

subcase 1.1. k is even.

Let k= 2r, r > 1. Then, one can choose the labelling[M>,;00100, 11011, ..., (r —times)]
for P27®L§’3. Therefore xog=x1=r, ag= 0,a1= 2r — 1,yo= 4,

y1= Lbo= 2,b1= 4,y,= 1,y)= 4.b{= 2 and bj= 4. Hence, it is easy to show that |vy —
v1] =0 and |eg — e1| = 1. Thus P2r®L§73 ,r > 1 is cordial.

subcase 1.2. k is odd.

Let k= 2r+1 where r > 0. Then take the labeling [M»,11;00100, 11011, 00100, 11011, ..., (r—
times), 11100] for Png@Lg’?). Therefore zo=r+1,21=r, ag= 0,a1= 2r, yo= 4,51= 1,bp= 2,b1= 4,
yo= 1,y1= 4,b6= 2,b)= 4,y5= 2,y7= 3,b5= 4 and bj= 2, where y; and b are the numbers
of vertices and edges labelled 7 in Lg’g that are connected to the last zero in Py.y3. Con-
sequently, it is easy to show that |vg —v1| = 0 and |eg — e1| = 1. Thus P2T+1®L§73, r >0,
is cordial and the lemma follows.

Case 2. At m = 0(mod4), we consider the following subcases.

subcase 2.1. k = 0(mod4)

Let k= 4r,r > 1 and m= 4t, t> 1. Then, the labelling [L4,;03 13My;—4,03 13My;_4,

01L4 M}, 4, 01L4 M}, g, ..., (r—times)] for P4, L3 4, can be applied. Therefore zo=21= 2r,

ap=2r,a1=2r — 1,yo=y1= 2t + 1,bp= 8t — 3,b1= 8t — 3,y{=y}= 2t + 1,b{= 8t — 3 and
bi=8t — 3. So, |vgp —vi|=0 and |eg — e1] = 1. For the case P4r®L§’4, the labeling
[L4,;03 13,03 13,01L4,01 Ly, ..., (r — times)] is sufficient and thus P4T®L§74t is cordial.

subcase 2.2.k = 1(mod4)

Let k= 4r+1,r > 0 and m= 4t, t> 1. Then, the labelling [L4,0;05 13My;_4, 03 13 M4,

01L4M}j; 4, 01Ly My, ..., (r — times),03L3 My 4] for Py.y1OL3 4, is considered. There-
fore xo= 2r+1,21= 2r, ap=a1= 2r, yo=y1= 2t+1,bp= 8t—3,b1= 8t—3,y(=y|= 2t+1,b,= 8t—
3 and b= 8t —3. Hence, |vg—v1| = 1 and |eg —e1| = 0. For the case P4r+1®L§’4, the label-
ing [L4,0;03 13,03 13,01L4,01Ly, ..., (r — times), 1303] is sufficient and thus P4T+1®L§,4t
is cordial.

subcase 2.3.k = 2(mod4)
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Let k= 4T—|—2,T’ > 0 and m= 4t, t> 1. Then, the labelling [L4T10;03 13M4t_4, 03 13M4t_4,
O1L4M},_y,01L4Mjy_y, ..., (r —times), 01 Ly Mj,_y, 03 13Mys_y] for Pa2@L3 4 is applied.
Therefore zo=x1= 2r+1,a0= 2r+1,a1= 2r, yo=y1= 2t+1,bp= 8t—3.,b1= 8t—3,y(=y|= 2t+
1,by= 8t—3 and b= 8t—3. So, |vg—v1| = 0 and |eg—e;| = 1. For the case P4r+2®L§74, the
labeling [L4,10;03 13,03 13,01L4, 01Ly, ..., (r — times),01L4, 03 13] is sufficient and thus
P4r+2®L§74t is cordial.

subcase 2.4.k = 3(mod4)

Let k= 4r+3,r > 0 and m= 4t, t> 1. Then, one can select the labelling [L4,001;0313My;_4,
03 13Mys—4,01L4 M}, ,,01L4 My, 4, ..., (r — times),

03 13Mys_4,03 13Mys_4, 01L4M4t_4] for P47~+3®L§74t. Therefore xo= 2r + 2,21=2r +
Lap=a1= 2r+1,yo=y1= 2t+1,bp= 8t—3,b1= 8t—3,y,=yi= 2t+1,by= 8¢t—3 and b} = 8t—3.
Hence, one can easily show that |ugp—v1| = 1 and |eg—e1| = 0. For the case P4,«+3®L§74, the
labeling [L4,001;03 13,03 13,01Ly,01Ly..., (r — times)] is sufficient and thus Py, 3©L3 4,
is cordial.

Case 3. At m = 1(mod4), we consider the following subcases.

subcase 3.1. k even

Let k= 2r,r > 1 and m= 4t+1, t> 1. Then, one can choose the labelling [Ma,;10 13L/, 412,

10 13544—402, ..., (r — times)] for P2T®L‘31’4t+1. Therefore zo=z1=r, ap= 0,a1= 2r — 1,

Yo=2t + 2y1=2t + 1bo=8t — Lb1=8t — Lyl=2t + 1y\=2t + 2,b)=8t — 1 and

/= 8t — 1. Hence, one can easily show that |vg —v1| = 0 and |eg — e1]| =1. For the special
case P4T®L§’5and P4T+2®L§’5, the labeling [L4y; 1403, 1403,04 13,04 13, ..., (r — times)]
and [L4,01; 1403, 1403,04 13,04 13, ..., (r —times), 1403,04 13,04 13] is sufficient and thus
Pg,ﬂ@LéAt 41 is cordial.

subcase 3.2. k odd

Let k=2r + 1 > 1 and m=4¢t + 1, t> 1. Then, one can choose the labelling
[MQTJ,_]_;].O 13Lﬁlt—4 12, 10 1384,5_402, ceey (T—times), 10 135’415_402] for P2r+1®L131,4t+1- There-
fore xo=r+1,z1=r, ag= 0,a1= 2r,yo= 2t + 2,y1= 2t + 1,bg= 8t — 1,b1= 8t — 1,y6:y8: 2t +
Lyl=y,= 2t + 2,by=by=8t — 1 and b}=b;=8t — 1. Hence, one can easily show that
|vg—wv1| = 0 and |eg —e1| = 1. For the special case Py,41 ®L§75and P4r+3®L§’5, the labeling
[L47~0; 1403, 1403, 04 13, 04 13, ceey (r—times),04 13} and [L47«010; 1403, 1403,04 13, 04 13, ceey (7’—
times), 1403, 04 13,04 13,04 13] and thus Py, ®L4 4, is cordial.

Case 4. At m = 2(mod4), we consider the following subcases.

subcase 4.1. k = 0(mod4)

Let k= 4r,r > 1 and m= 4t+2, t> 1. Then, the labelling [L4,;010310 13M4_g, 010310

13My—¢, 010310 13My_g,010310 13Mys—, ..., (r — times)] for Py ®L3 4,5 can be ap-
plied. Therefore xo=x1= 2r, ap= 2r,a1= 2r — 1,yo=y1= 2t + 1,bp=b1= 8t + 1,y{=y|= 2t +
1,by= 8t + 1 and bj= 8¢t + 1. So, |vg — v1| =0 and |ey — e;| = 1. For the case P4r®L§76,
the labeling [L4,;03 120 12,03 120 12,03 120 15,03 120 1g, ..., (r — times)] is sufficient and
thus P4r®L§74t 4o is cordial.

subcase 4.2.k = 1(mod4)

Let k= 4r+1,r > 0 and m= 4t+2, t> 1. Then, the labelling [L4,0;010310 13My;_¢,010310
13M4t76a 010310 13M4t763 010310 13M4t767 ceey (T—times), 010310 13M4t76] for P4T+1 QL%AH—?
is considered. Therefore zo= 2r+1,z1= 2r, ap=a1= 2r, yo=y1= 2t+1,bp=b1= 8t+1, y =y = 2t+
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1,by= 8t+1 and b= 8t+1. Hence, |[vg—v1| = 1 and |eg—e1| = 0. For the case P4r+1®L§’6,
the labeling [L4,0;03 120 12,03 120 15,03 120 12,03 120 1o, ..., (r —times),03 120 19] is suf-
ficient and thus Py, @Lg’ 4¢4o is cordial.

subcase 4.3.k = 2(mod4)

Let k= 4r + 2,7 > 0 and m= 4t + 2, t> 1. Then, the labelling [L4,10;01031013M; ¢,

01031013M4t—67 0103 1013M4t—6a 01031013M4t—67 ceny (r—times), 01031013M4t—67 0103 1013M4t—6]
for Pyryo @L§,4t+2 is applied. Therefore xo=x1= 2r + 1,a9= 2r + 1,a1= 21, yo=y1= 2t +
1,bg=b1= 8t+1,y,=vyi= 2t+1,by= 8t+1 and b= 8t+1. So, |vg—v1| = 0 and |eg—e1| = 1.

For the case P4r+2®L§76, the labeling [L4710;0312012,0312012, 0312012,0312012,...,(7‘ -
times),0312012,0312015] is sufficient and thus P4T+2®L§74t+2 is cordial.

subcase 4.4.k = 3(mod4)

Let k= 4r+3,r > 0 and m= 4t+2, t> 1. Then, one can select the labelling [L4,001;010310
13M4ys—6,01031013M4s—6,010310 13Mys—6,010310 13Mys—g, ..., (r—times), 010310 13My;_g,
010310 13My4:_g,010310 13M4t76] for P47‘+3®L§74t+2- Therefore xo= 2r+2,21= 2r+1,a9=a1= 27+
Lyo=y1= 2t + 1,bop=b1= 8t + 1,y(=y;= 2t + 1,by= 8¢t + 1 and b}= 8¢ + 1. Hence, one can
easily show that |vg — v1| =1 and |eg — e1| = 0. For the case P4T+3®L§76, the labeling
[L47~001;03 120 12,03 120 12,03 120 12,03 120 12, ceey (r—times),03 120 12,03 120 12,03 120 12]
is sufficient and thus P4T+3®L§74t 1o s cordial.

Case 5. At m = 3(mod4), we consider the following subcases.

subcase 5.1.k even

Let k= 4r,r > 1 and m= 4t+3, t > 1. Then, the labelling [M2,;010 15L/,0102,010 15L},0104,
1010254,10 12,1010257,10 1, ..., (r — times)] for Py®L3 4,3 can be applied. Therefore
zo=x1=r, ap= 0,a1= 2r—1,y0= 2t+3,y1= 2t+2,bp=b1= 8t+3,y{= 2t+2,y) = 2t+3,b{= 8t+
3 and bj= 8t + 4. Hence, |vg — v1| = 0 and |eg — e1| = 1. Thus P27®L§’4t+3 is cordial.

subcase 5.2.k odd

Let k= 4r,r > 1 and m= 4t+3, ¢t > 1. Then, the labelling [Ms,11;010 15L/,0102,010 15L/,0102,
1010257,10 19,1010257,10 1o, ..., (r — times), 10102.5%,10 15] for P2T+1®L§74t+3 can be ap-
plied. Therefore xo=r+1,r1=r, ag= 0,a1= 2r, yo= 2t+3,y1= 2t+2,bp=b1= 8t+3,y6:y6: 2t+
2,y1=y1”= 2t + 3,b :b;): 8t +3 and b} =b;= 8t +4. Hence, |vg —v1| = 1 and |eg —e1| = 0.

Thus Por©L3 4,3 is cordial.

Lemma 2. PkQLf;’m 1s cordial for all k > 1 and m > 6 except at m=n =71.

Proof. Let k = 4r+4¢ (¢ =0,1,2,3 and r > 0) , n=4s+1i and m = 4t + j
(i,7 =0,1,2,3 and s,t > 2), then, we may use the labeling Ay or Aj for Py as given
in Table 1. For a given value of j with 0 < 4,57 < 3, we may use one of the labeling
in the set {Bjj, ng} for L%’m, where B;; and Bi],- are the labeling of L%,m which are
connected to the vertices labeled 0 in Py, while B;; and Bl’-j are the labeling of qum
which are connected to the vertices labeled 1 in Py as given in Table 3.2. Using Table
3.3 and the formulas vo —v1 = (xo — x1) + zo.(yo — y1) + x1-(y) — ¥y) and eg —e1 =
(ap — a1) + zo.(bo — b1) + z1.(bf — b)) + xo-(yo — y1) — x1.(y) — v}), we can compute the
values shown in the last two columns of Table 3.3. We see that P,OL?Y  is isomorphic

n.m
to PkQLfnm. Since all of these values are 1 or 0, the lemma follows.



A. Abd El-hay et al. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5470 6 of 14
Table 3.1.Labeling of P
K =4r 4+,
i =0,1,2,3 labeling of
Pk i) I ap al
'—0 Ao = Ly, 2r 2r 2r 2r — 1
1T =
0 = My, 2r 2r 0 4r —1
1 A = L4,0 2r+1 2r 2r 2r
1=
Al = My 2r +1 2r 0 4r
Ay = L4,01 2r+1 2r +1 2r 2r +1
=2 Al = Myy4o 2r +1 2r +1 0 4r +1
AY = L4 10 2r +1 2r + 1 2r +1 2r
Ag = L4,001 2r 42 2r +1 2r +1 2r +1
i =3 Al = Myrys 2r 4+ 2 2r +1 0 4r 42
4 = 54,100 2r + 2 2r +1 2r +1 2r +1
: 4
Table 3.2.Labeling of L, ,,
n=4s+1,
m =4t + j, .
ij=0.1,2.3 labeling of
Ly m Yo Y1 bo b
i,j=0 Boo = S 1oM], 03 25+ 2t |25+2t—1|85+8—9 | 8s+8—9
i.j=0 Bl = L, 0oMy_g1ls 25+ 2t—1| 25+2t |85 +8—9|8s+8—9
1=0,7=1 Bo1 = 13Mys—603L4:—4013 2s+2t—1 | 2s+2t+1 | 85+8 —6 | 8 +8 —8
i=0,5=1 Bop = 0sM), (13544105 | 25+ 2t +1 | 25+ 2t —1 | 85+ 8t — 6 | 85+ 8t — 8
i=0,7=2 Boz = 85,015My;_403 2s+2+1| 25+2f |85+8—5|8+8—5
i=0,j=2 Bl = L, 10sM], 13 25+2t |25+2t+1|85+8—5]|8s+8—5
i=0,j=3 | Bos=13Ms, 03L}, 415010 | 2s+2t |2s+2(+2|85+8—2 | 8s+8t—4
i=0,j=3 | Bhy—=03Mj, 4135, 405101 | 2512642 | 2s+2t |85+ 8 —2 | 8s+8—4
ij=1 Bi1 = Las02L), 413 2s+20 | 2s+2—1|8s+8—5|8s+8—5
ij=1 Bl = S4s125,_ 4,03 25+2t—1| 2542t |8s+8—5|8s+8—5
i=1,5=2 Biy = 131}, ,041013My 25+ 20 | 25+20+2|8s+8—2|8s+8—4
i=1,j=2 Bj, = 038}, ,14010sM]), | 2s+2t+2| 2542t |8s+8 —2| 8s+8—4
i=1,j=3 Bis = 13l 405100}, , | 2s+2t+1 | 2s+2(+2 | 8s+8f—1|8s+8t—1
i=1,7=3 Bis = 0354541201544 2s+2t+2 | 2s+2t+1 | 8s+8 —1 | 8 +8t—1
ij=2 Byy = 0313}, ,051015My; ¢ | 25+ 26+ 1 | 25+ 2t +2 | 85+ 8t —1 | 85+ 8t — 1
ij=2 Bhy = 13055), ,150105M), 4 | 25+ 2t +2 | 25+ 26+ 1 | 8s+ 8t — 1 | 85+ 8t — 1
i=2,7=3 Bsg = 031015My, 0L}, 41 | 25 +26+2 | 25+ 2t +2 | 85+ 86+ 1 | 8s+ 8t + 1
i=2,7=3 Bgsg = 130103M},_154,_40 [ 2s+2t+2 | 2s+2t+2 | 8s+8+1 | 8s+8t+1
i,j=3 Bl = 0oM}, 5135}, 405101 | 25+ 2t +3 | 25+ 2t +2 | 85+ 8t + 3 | 85+ 8t + 3
=3 Bssz = 12]\4745,203%“7413010 2s+2t+2 | 2s+2t+3 | 8s+8 +3 | 8+ 8t+3
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Table 3.3.Labeling of P, O Ly, ,,

) Zj Pk Lézm |U0—U1| |€0—61|
000 A Boo, Blyy, Boo, By 0 1
100 A Boo, Bho, Boo, B, - Bho 0 1
2100 | Ay | Boo, Bhy, Boo, B, - Boos Bl 0 1
300 [ A% | Boo, Bhg, Boo, Bl ---» Boo, Bhy» Bho 0 1
001 A Bot, Bo1, By, By, 0 1
1101 | A B01,301,361,361,...,301 1 0
201 | Ay | Boi, Boi, By, Bly, . Boi, Bl 0 1
3101 | Az | Boi, B, Bby, By, -, Bot, Bot, By 1 0
002 A Bo2, Bly, Boz, B, 0 1
1] 02] A Boz, Bhy, Boz, Bhg, -, By 0 1
2102 Ay | Bogz, Bhy, Boz, Bhy, - Boz, Bl 0 1
3102 | A, | Boa, Bly, Boa, Bhy, .., Boz, Bby, Bb 0 1
0] 037 4 Bos, Bos, Bhs, Bbs 0 1
1]03]| Ay Bog,Bog,B63,Bé3,...,B()3 1 0
2| 03| AY | Bos, Bos, Bys: Bhg, .- Bbs, Bos 0 1
31 03| AY | Bos, Bos, Bhg, Bhg, ---» Bbs, Bos, Bos 1 0
011 A Bi1, B),, Bi1, B}, 0 1
111 ] 4] Bi1, B}, B, B}, ..., B, 0 1
2114, | B, B,Bn,B,,....,Bu, B, 0 1
3|11 | A, | B, B}, B, B}y, ..., Bi1, B, B}, 0 1
012 A4 Bia, Bia, Bly, B}, 0 1
112 A B12,B12,B12,B12,...,Blg 1 0
2112 | Ao B127B127B127B127~--,BIZ,B12 0 1
3112 | As Blg,Blz,Biz,BiQ,...,Blg,Blg,BiQ 1 0
0|13 4] Bi3, B)3, Bi3, B 0 1
1] 13] A Bi3, B|3, Bi3, B3, .., B3 0 1
213 Ay | Bis, B3, Bi3, B3, ..., Bi3, B3 0 1
3 13| A, | Bis, B]3, Bi3, Bl3, ..., Bi3, Bl3, Bl3 0 1
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) Zj Pk Lim "Uo — ’Ul‘ ’60 — 61’
0122 A Baa, Bhy, Baz, B, 0 1
1] 227 4] Bag, Bly, Bag, Bhy, ..., Bl 0 1
2|22 A, | Baa, Byy, Baa, By, ..., Baz, Bh 0 1
3| 22 [ A, | By, By, Bag, Bhy, ..., Bag, Bhy, B) 0 1
0237 A4 Bas, Ba3, By, B 0 1
123] 4 Ba3, By3, Bys, By, ..., Bas 1 0
2|23 AQ 323,323,353,353,...,323,353 0 1
3| 23 A3 ng,ng,Bé3,Bé3,...,323,323,353 1 0
0334 B3, Bhy, B33, Bl 0 1
1]33] 4] Bass, Bhy, B33, By, ..., Bhs 0 1
233 Ay | Bss, Bbs, B33, Bhg, ..., Bs3, Bl 0 1
3| 33| Ay | Bs3, By, Bss, Bhs, ..., B33, Bhs, B 0 1

Lemma 3. Pk@Lim is cordial for all k> 1 and m > 3 .
Proof. We need to examine the following cases :
Case 1. At m = 0(mod4), we consider the following sub subcases.
subcase 1.1.k = 0(mod4)
Let k= 4r,r > 1 and m= 4¢, t> 1. Then, the labelling [L4r;0 15 My 03,0 15M 403, 1O5Méllt76 13
105 My, ¢ 1s..., (r—times)] for Py, ® L3,4t is applied. Therefore zo=x1= 2r, ag= 27, a1= 2r—
Lyo= 2t+1,y1= 2t +2,bp= 8t —1,b1= 8t —2,y,= 2t+2,y|= 2t +1,b;= 8t —1 and b} = 8t —2.
So, [vo—wv1| = 0 and |eg—e1| = 1. For the case Py, ®Lj 4, the labeling [My,;010103, 1010 13,
010103, 1010 13, ..., (r — times)] is sufficient and thus P47~®Li4t is cordial.
subcase 1.2.k = 1(mod4)
Let k= 4r+1,r > 0 and m= 4t, t> 1. Then, the labelling [L4,0;015My;_03, 015 M4:—603,
105 My, g 13,105 M}, ¢ 1s..., (r —times), 0 15My;_603] for Pyr11© Li4t is applied. There-
fore xo= 2r + 1,21=2r, ap=a1= 2r,yo= 2t + 1,y1= 2t + 2,bp= 8t — 1,b1= 8t — 2,y(= 2t +
2,y1= 2t + 1,b{= 8t — 1 and b= 8t — 2. So, |vp — v1| =0 and |ey — e1| = 0. For the case
P4r+1®Li4, the labeling [My,41;010103, 1010 13,010103, 1010 13, ..., (r — times), 1010 13]
is sufficient and thus P4r+1®Li4t is cordial.
subcase 1.3.k = 2(mod4)
Let k= 4r+2,r > 0 and m= 4t, t> 1. Then, the labelling [L4,10;0 15My;_603,0 15M4;—603,
105M£/1t76 13, 105M41t76 13..., (r—times), 105M41t76 13, 0 15M4t—603] for P47»+2 O] Li,4t is ap-
plied. Therefore zog=x1= 2r+1,a0= 2r+1,a1= 2r, yo= 2t+1,y1= 2t +2,bp= 8t—1,b;= 8t —
2,y6=2t+2,y]= 2t+1,bj= 8t —1 and bj= 8t —2. So, |vg—vi| = 0 and |eg—e;| = 1. For the
case Pi,42@LY,, the labeling [My,12;010103, 1010 13,010103, 1010 1, ..., (r—times), 1010 13, 010103]
is sufficient and thus P4r+2@Li4t is cordial.
subcase 1.4.k = 3(mod4)
Let k= 4r+3,r > 0 and m= 4t, t> 1. Then, the labelling [L4,001;0 15M4;_603,0 15M4—03,
105M1’Lt—6 13, 105M41t—6 13..., (r—times), 0 15M4t76037 0 15M4t76037 105M41t—6 13] for P4T+3@
Li,4t is applied. Therefore xg= 2r + 2,21=2r + 1,ap0=a1= 2r + l,yo= 2t + l,y1= 2t +
2.bo= 8t — 1,by= 8t — 2,y)= 2t + 2,y/,= 2t + 1,b)= 8¢ — 1 and b,= 8¢ — 2. So, vy — v1| =0
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and |eg — e1| = 0. For the case P4T+3®Li4, the labeling [My,43;010103,1010 13,010103,
1010 1s, ..., (r — times), 010103, 1010 13,1010 13] is sufficient and thus P4T+3@Lj11,4t is cor-
dial.

Case 2. At m = 1(mod4), we consider the following subcases.

subcase 2.1.k = 0(mod4)

Let k= 4r,r > 1 and m= 4t+1, t> 1. Then, the labelling [M4,;010 125}, ,03,10102L}, 13,
010 1254, _403,10105L}, 13, ..., (r—times)] for Py,® L} 4, is applied. Therefore zo=x1= 2r,
ao= 0,a1=4r — 1,yo= 2t + 3,y1= 2t + 1,bp= 8t,b1= 8t + 1,y6: 2t + 1,y/1= 2t + 3,()’ =8t
and bj=8t + 1. So, |vg — v1| =0 and |eg — e1] = 1. For the case P4r®Li5, the la-
beling [My,;03 19021,03 12021, 1302 120, 1302 150, ..., (r — times)] is sufficient and thus
Py ®LY 4,1 is cordial.

subcase 2.2.k = 1(mod4)

Let k= 4r+1,r > 0 and m= 4t+1, t> 1. Then, the labelling [M4,11;010 155}, ,03,10102L}, 13,
010 1254,_403,10105L}, 13, ..., (r — times),010 13L}, ,03] for Py41® Lj 4, is applied.
Therefore zg= 2r+1,z1= 2r, ap= 0,a1= 4r, yo= 2t+3,y1= 2t+1,by= 8¢, b1= 8t+1,y,= 2t+
Lyi= 2t+3,b)= 8t , b= 8t+1,y,= 2t+2,y; = 2t+2,by= 8t and b;= 8t+1. So, [vg—v1| = 1
and |eg — e1| = 1. For the case P4T+1®Lﬁ75, the labeling [My,;03 12021,05 15021, 1502 120,

1302 120, ..., (r — times), 010 140] is sufficient and thus P4T+1®Li4t+1 is cordial.

subcase 2.3.k = 2(mod4)

Let k= 4r+2,r > 0 and m= 4¢, t> 1. Then, the labelling [M4,4+1;010 1257, ,03,10102 L}, 13,
010 155},_403, 101021}, Ls, ..., (r — times), 010 15}, _,03, 10105 L), 13] for Pypa®Li,, is
applied. Therefore xo=x1= 2r+ 1,a9= 0,a1= 4r + 1,y0= 2t + 3,y1= 2t + 1,by= 8t,b1= 8t +
Ly= 2t + 1,1 = 2t + 3,b{= 8t and b, = 8t + 1. So, |vg — v1| = 0 and |eg — e1]| = 1. For the
case P4r+2@Li5, the labeling [L4r01;03 12021,03 12021, 1302 120, 1302 120, ceey (r—times),

03 12021,03 15021] is sufficient and thus P4r+2@Li4t+1 is cordial.

subcase 2.4.k = 3(mod4)

Let k= 4r+3,r > 0 and m= 4t+1, t> 1. Then, the labelling [M4,11;010 155}, ,03,10102L}, 13,
010 1254, _403,1010oL}, 13, ..., (r — times),010 13L}, ,03] for Py 430 Lj 4 is applied.
Therefore zo= 2r + 2,x1= 2r + 1,a0= 0,a1= 4r + 2,y0= 2t + 3,y1= 2t + 1,bp= 8t, b1= 8t +
Lyh= 2t + 1,yj= 2t +3,b)= 8t , b= 8t + 1,yy= 2t +2,y, = 2t +2,b,= 8t and b;= 8t + 1. So,
|lvo—v1| = 1 and |eg—e1| = 1. For the case P4T+3®Li5, the labeling [My,;05 12021, 1502 120,

03 12021, 1302 120, ..., (r—times),03 12021, 1302 120,010 140]is sufficient and thus P4r+3®Li4t+1
is cordial.

Case 3. At m = 2(mod4), we consider the following sub subcases.

subcase 3.1.k = 0(mod4)

Let k= 4r,r > 1 and m= 4t+2, t> 1. Then, the labelling [L4,;0 15My4;_0310,0 15M4;—0310,
105 My, 1301, 105 M}, ¢ 1301, ..., (r—times)] for P4T®L?174t+2 is applied. Therefore xo=x1= 2r,
ap=2r,a1= 2r—1,y0= 2t+2, y1= 2t+3,bp= 8t+3,b1= 8t+2,y(= 2t+3,y]= 2t+2,by= 8¢t+3
and )= 8t + 2. So, |[vg — v1| =0 and |eg — e1| = 1. For the case P4,«®Li6=, the labeling
[L4r;03 1409,03 1409, 1304 1o, 1304 1o, ..., (r — times)] is sufficient and thus P47"®L211,4t+2 is
cordial.

subcase 3.2.k = 1(mod4)
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Let k= 4r+1,r > 0 and m= 4t+2, t> 1. Then, the labelling [L4,0;015M;_60310,015 My;_0310,
105 My,_g 1301,105 M}, ¢ 1301, ..., (r—times), 0 15 M4 —60310] for P4T+1®L3,4t+2 is applied.
Therefore xo= 2r+1,21= 2r, ap=a1= 2r, yo= 2t+2,y1= 2t+3,bo= 8t+3,b1= 8t+2,y,= 2t+
3,1 =2t 4+ 2,b{= 8t + 3 and bj= 8t + 2. So, |vg — v1| =0 and |eg — e1| = 0. For the case
P4r+1®L?£767 the labeling [L4T0;03 1402,03 1402, 1304 12, 1304 12,..., (T‘ — times),Og 1402]
is sufficient and thus P4r+1@Li4t 1o is cordial.

subcase 3.3.k = 2(mod4)

Let k= 4r+2,r > 0 and m= 4t+2, t> 1. Then, the labelling [L4,10;015 M4 _¢0310, 015My;_0310,
1O5M4/Lt—6 1301, 105M4/Lt—6 1301, ceey (r—times), 105M41t—6 1301, 0 15M4t760310] for P47'+2®Lj11,4t+2
is applied. Therefore zog=x1=2r + 1,a0= 2r + 1,a1= 2r,yo= 2t + 2,y1= 2t + 3,bp= 8t +
3,b1= 8t+2,y,= 2t+3,y} = 2t+2,by= 8t+3 and b} = 8t+2. So, [vg—vi| = 0 and |eg—e;| = 1.
For the case P47"+2®Li6’ the labeling [L47‘01;03 1402,03 1402, 1304 12, 1304 12, ceny (7“ —
times),03 1402, 1304 19] is sufficient and thus P4r+2®L?1,4t+2 is cordial.

subcase 3.4.k = 3(mod4)

Let k= 4r 4+ 3,r > 0 and m= 4t + 2, t> 1. Then, the labelling [L4,021;0 15My;_¢0310,
015M4t—603107 1O5M£1t76 1301, 105M4/lt76 1301, ceuy (r—times), 0 15M4t—603107 0 15M4t—603107
105 My,_g 1301] for Pyr130 L3,4t+2 is applied. Therefore zg= 2r+2,x1= 2r+1,a90=a1= 2r+
Lyo= 2t+2,y1= 2t+3,bp= 8t+3,b1= 8t+2,y,= 2t+3,y;= 2t +2,b(= 8t+3 and b= 8t+2.
So, |[vg—wv1| = 1 and |eg—e;| = 0. For the case P47“+2®Li11,67 the labeling [L4,001; 1504 12, 1304 12,
03 1409,03 1409, ..., (r—times), 1304 1o, 1304 12,03 1402} is sufficient and thus P47"+3®Lj11,4t+2
is cordial.

Case 4. At m = 3(mod4), we consider the following sub subcases.

subcase 4.1.k is even.

Let k= 2r,r > 1 and m= 4t+3,t > 1. Then, the labelling [Mgr;log 1oL4: 40102, 1010 My
1o, ..., (r—times)] for Py, ® L3,4t+3 is applied. Therefore xo=z1=r, ag= 0,a1= 2r—1,y0= 2t+
4y1= 2t + 2,bp= 8t + 5,b1= 8t + 4,y;= 2t + 2,y}= 2t + 4,b{= 8t + 3 and V)= 8¢ + 6. Hence,
|lvg —v1] = 0 and |eg — e1| = 1 and thus PQTGLZIAH?) is cordial.

subcase 4.2.k is odd.

Let k=2r+1, > 0 and m= 4t+3, t > 1. Then, the labelling [Ma;,11;103 15L4;— 40102,
1010My; 1o, ..., (r — times), 103My; 15] for P2T+1®Lji4t+3 is applied. Therefore xg=r +
1,x1=r,a0= 0,a1= 27, y0= 2t + 4,y1= 2t + 2,bp= 8t + 5,b1= 8t + 4,y6: 2t + 2,y’1: 2t +
4.by= 8t +3,by= 8t +6,yy= 2t +3,y; = 2t +3,by= 8t +4 and b= 8t +5. Hence, |vg—v1| = 1
and |eg — e1| = 1. Thus P44 @L?Mt 3 is cordial and the lemma follows.l

Lemma 4. Pk,@Lém is cordial for all k> 1 and m > 3 .

Proof . We need to examine the following two cases :

Case 1. At m = 0(mod4), i.e m=4t;t > 1.

We see that Pk(DLéA and PkQLéAt,t > 1 are cordial. This is clear since these graphs
are isomorphic to PkQLiE) and PkQLthﬁ respectively. So, by lemma 3, we conclude that
PkG)Lé,4 and PkQLéAt are cordial.

Case 2. At m = 1(mod4), we consider the following subcases.

subcase 2.1.k = 0(mod4)

Let k= 4r,r > 1 and m= 4t+1, t> 1. Then, the labelling [L47~;014M4t_4031, 0 14My 4051,
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104 M, 4 130,104 M}, 4 130, ..., (r—times)] for Pyy® L3 4, is applied. Therefore zo=x1= 2r,
ap=2r,a1=2r—1,y0= 2t+2,y1= 2t+3,bp= 8t—3,b1= 8t+2,y)= 2t+3,y; = 2t+2,bj= 8t+3
and bj= 8t + 2. So, |[vg — v1| =0 and |eg — e1| = 1. For the case P4r®l/5175, the labeling
[My,;105 13,0 1503105, 15,0 1503, ..., (r — times)] is sufficient and thus P4T®L§’4t+1 is cor-
dial.

subcase 2.2.k = 1(mod4)

Let k= 4r+1,r > 0 and m= 4t+1, t> 1. Then, the labelling [L4,0;0 14My;—4031,0 14 M4y 4031,
104 My, 4 130,104 M}, 4 130, ..., (r — times),0 14My—4031] for P11 LéAt—i—l is applied.
Therefore zo= 2r+1,x1= 2r, ag=a1= 2r, yo= 2t+2,y1= 2t+3,bo= 8¢t—3,b1= 8t+2,y,= 2t+
3,y1= 2t 4+ 2,b{= 8t + 3 and bj= 8t + 2. So, |vg — v1| =0 and |ey — e;| = 0. For the case
P4r+1@LZ5175, the labeling [M4,~+1;105 13, 0 1503, 105 13, 0 1503, ceey (T—times), 0 1503] is suf-
ficient and thus P41 ®L§’4t 41 is cordial.

subcase 2.3.k = 2(mod4)

Let k= 4r+2,r > 0 and m= 4t+1, t> 1. Then, the labelling [L4T01;0 14My_4031,0 14Mys_40351,
104Mf;_y 150, 104 M,y 130, ..., (r—times), 0 14Ma—4031,104M},_y 150] for Payso® L 4,
is applied. Therefore zog=x1= 2r 4+ 1,a0= 2r,a1= 2r + 1,yo= 2t + 2,y1= 2t + 3,bp= 8t —
3,b1= 8t + 2,y,= 2t + 3,y}= 2t + 2,b,= 8t + 3 and b= 8t + 2. So, |vg —vi| =0 and |eg —
61| = 1. For the case P4T+2®Lg’5, the labeling [M4T+2;105 13, 0 1503, 105 13, 0 1503, ceey (7“—
times), 105 13,0 1503] is sufficient and thus P4r+2@L§,4t+1 is cordial.

subcase 2.4.k = 3(mod4) Let k= 4r+3,r > 0 and m= 4t+1, t> 1. Then, the labelling
[L47001;0 14Mys—4031,0 14Maz—4031, 104 My, 4 130,104M}, 4 130, ..., (r—times), 01, Ma 4031,
0 14Mys—4031, 104M}, , 130] for P4r+3®L‘51,4t+1 is applied. Therefore xg= 2r+2,x1= 2r+
Lap=a1= 2r+1,y0= 2t +2,y1= 2t +3,bp= 8t —3,b1= 8t +2,y,= 2t +3,y1= 2t +2,b)= 8t +3
and b= 8t + 2. So, |vg — v1| =0 and |eg — e1]| = 0. For the case P4r+3®L‘5{5, the labeling
[M47~+3;105 13, 0 1503, 105 13, 0 1503, ceey (T —times), 0 1503, 105 13, 0 1503] is sufficient and
thus P4T+3®L§,4t+1 is cordial.

Case 3. At m = 2(mod4), we consider the following sub subcases.

subcase 3.1.k is even. Let k= 2r;r > 1 and m= 4t + 2, t> 1. Then, the labelling
[Ma;;05 140103M}, g, 13040 13Mys—g, ..., (r — times)] for Py, ® L§,4t+2 is applied. There-
fore zo=x1=r,a0=0,a1=2r — Lyo= 2t + 4,y1= 2t + 2,bp= 8¢ + 4,b1= 8t + 5,y,= 2t +
2,y1=2t + 4,b)= 8t + 4 and bj=8t + 5. So, |vgp — vi| =0 and |eg — e1] =1. For the
case P27-®L§’6, the labeling [Ma,;03 1304, 1303 14, ..., (r — times)] is sufficient and thus
PQ,@LéAt 4o s cordial.

subcase 3.2.k is odd. Let k=2r + 1,r > 0 and m= 4t + 2, t> 1. Then, the labelling
[MQT+1;03 140103M4{Lt—67 13040 13M4t—6 g seey (7’ - tz’mes), 103L4t 12] for P2r+1®L§74t+2 is
applied. Therefore xo=r+ 1,x1=r, ag= 0,a1= 2r, yo= 2t + 4,y1= 2t + 2,bp= 8t +4,b1= 8t +
5.y6=2t+2,y)= 2t +4,bj= 8t +4,b)= 8t +5,y,= 2t +3,y, = 2t +3,b,= 8t+5 and b; = 8t +4.
So, |[vg —v1] =1 and |eg — e1| = 1. For the case P2r+1®l/5176, the labeling [Ma,4+1;03 1304,
1303 14, ..., (r — times), 105 14] is sufficient and thus Pa.1©OLg 445 is cordial,

Case 4. At m = 3(mod4), we consider the following sub subcases.

subcase 4.1.k = 0(mod4)

Let k=4r,r > 1 and m=4t + 3, t > 1. Then, the labelling [L4,;0 14M,02,0 14
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M},02,104 My 19, 104 My 1o, ..., (r—times)] for Py, ® L§74t+3 is applied. Therefore xo=x1= 2r,
ap=2r,a1=2r—1,y0= 2t+3,y1= 2t+4,bo= 8t+7,b1= 8t+6,y[= 2t+4,y) = 2t+3,b{= 8t+7
and b= 8t + 6. So, |ug —v1| = 0 and |ey — e1] = 1. Thus P4r®LZ51,4t+3 is cordial.

subcase 4.2.k = 1(mod4)

Let k= 4r+1,r > 0 and m= 4¢t+3, ¢t > 1. Then, the labelling [L4,0;0 14M},02,0 14M},02,
104 My 19, 104 My 19, ..., (r — times), 0 14M1,09] for Py410 L§,4t+3 is applied. Therefore
xo=2r+1,21= 2r,ap=a1=2r, yo= 2t+3,y1= 2t+4,bp= 8t+7,b1= 8t+6,y,= 2t+4,y; = 2t +
3,bp= 8t + 7 and bj= 8t + 6. So, |vg — vi| =0 and |eg — e1] = 0. Thus P4T+1®L§74t+3 is
cordial.

subcase 4.3.k = 2(mod4)

Let k= 4r+2,r > 0 and m= 4t+3, ¢ > 1. Then, the labelling [L4,01;0 14M},02,014M},02,
104 My 19, 104 My 1o, ..., (r — times), 0 14M},02, 104 My 15] for P4r+2®L§74t+3 is applied.
Therefore xog=x1= 2r + 1,a0= 2r,a1= 2r + 1,yo= 2t + 3,y1= 2t 4+ 4,bg= 8t + 7,b1= 8t +
6,yo= 2t +4,y1= 2t +3,by= 8t + 7 and bj= 8t +6. So, |[vg—vi| =0 and |eg —e;| = 1. Thus
P4,,+2®L‘5174t+3 is cordial.

subcase 4.4.k = 3(mod4)

Let k= 4r+3,r > 0 and m= 4¢+3, ¢ > 1. Then, the labelling [L4,001;0 14M},02,014M},02,
104 My 12, 104 My 1o, ..., (r — times), 0 14M[,02,0 14M},09, 104 My 19] for P4T+3®L§’4t+3
is applied. Therefore xg=x1= 2r+1,a0=a1= 2r+1,y9= 2t+3,y1= 2t+4,bg= 8t+7,b1= 8t+
6,yo= 2t +4,y)= 2t +3,by= 8¢+ 7 and b= 8t + 6. So, |vp —vi| =1 and |eg — e1| =0. Thus
P4T+3®L‘5{4t 3 is cordial and the lemma follows.l

Lemma 5. PkQLé,m; is cordial for all m, k.

Proof. Let n = 6, then we need to examine the following cases :

Case 1. At m = 0(mod4), i.e m=4t;t > 1.

We see that Pk@LéA and PkQLgLAt,t > 1 are cordial. This is clear since these graphs
are isomorphic to PkQLiG and PkQLZLt,G respectively. So, by lemma 3, we conclude that
PkQL‘éA and PkQLéAt are cordial.

Case 2. At m = 1(mod4), i.e m=4t + 1t > 1.

We see that PkQLéﬁ and Pk(DLé 4t4+1,t = 1 are cordial. This is clear since these graphs
are isomorphic to PkQLgﬁ and Pk@th +1,6 respectively. So, by lemma 4, we conclude that
PkQLé,E) and PkQLéAH_l are cordial.

Case 3. At m = 2(mod4), we need to examine the following two subcases:

subcase 3.1.k even

Let k= 2T, r> 1 and m= 4t—|—3, t> 1. Then, the labelling [MQT; 1205M4t 1201, 1205M4t 1201,
Op 15M4,0210,02 15M},0010, ..., (r—times)] for P, ®L§ 4 o is applied. Therefore zo=x1=r,
ap= 0,a1=2r — 1,yo= 2t + 4,y1= 2t + 3,bp=b1= 8t + 7,y = 2t + 3,y = 2t +4,by= 8t + 7 and
bi=8t+17. So, lug — v1| = 0 and [eg — e1| = 1. Thus Py, ®Lg 4 is cordial.

subcase 3.2.k odd

Let k= 2r + 1,7 > 0 and m= 4t 4+ 3, t > 1. Then, the labelling [Ma,11; 1205 My 1201,
1205M4t 1201, 02 15M4/1t0210702 15M4{Lt0210’ ceey (T‘—times),OQ 15M41t0210] for P2r+1®L§’4t+3
is applied. Therefore xo=r + 1,x1=r,a0= 0,a1= 2r, yo= 2t + 4,y1=2t + 3,bp=b1= 8t +
T yh=Yo= 2t + 4,y =y = 2t + 3,bh=by= 8t + 7 and b;=b;= 8 + 7. So, |vg — v1| =0 and
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leg — e1] = 0. Thus P2r+1®Lé74t+3 is cordial.

Case 4. At m = 3(mod4), we need to examine the following subcases:

subcase 4.1. At k = 0(mod4) .

Let k= 47‘, r> 1. Then, the labeling [L4T;S403M4t0, S403M4t0, 5403]\441507 S403M4t0, ceuy (7’—
time)] for P4r®Lé’4t+3 is applied. Therefore zo=x1= 27, ag= 2r,a1= 2r — 1,yp=y1= 2t +
4,bo=b1= 8t + 9,y,=y|= 2t + 4 and b=b= 8t + 9. Consequently, it is easy to show that
|vg —v1| = 0 and |eg — e1| = 1. Thus P4r@L%74t+3, is cordial.

subcase 4.2. At k = 1(mod4) .

Let k= 4r+1, r > 0. Then one can choose the labeling [L4,-0;5403 M40, S403 M40, S403 M40,
S403 M0, ..., (r—time),S403 M4, 0] for P4T+1®Lé74t+3. Therefore zo= 2r+1,r1= 2r, ag=a1= 27,
Yyo=v1= 2t + 4,bo=b1= 8t + 9,y,=yj= 2t + 4 and bj=b\=8t + 9. So, |vgp — v1| =1 and
leg — e1] = 0. Thus P4T+1®L‘év4t+3, is cordial.

subcase 4.3. At k = 2(mod4) .

Let k= 4r+2, r > 0. Then one can take the labeling [L4,10;5403M4;0, S403M 4,0, S403 M40,
S403 M40, ..., (7‘ — time),5’403M4t0, S403M4t0] for P4T+2®L%74t+3. Therefore xg=x1= 2r +
Lag= 2r+1,a1= 2r, yo=y1= 2t +4,bp=b1= 8t +9,y,=y;= 2t+4 and bj=b)= 8¢t+9. Hence,
|vo —v1] =0 and |eg — e1] = 1. Thus P4T+2®Lé,4t+3ﬂ is cordial.

subcase 4.4. At k = 3(mod4) .

Let k= 4r+3, r > 0. Then one can select the labeling [L4,001;5403My,0, S403M4;0, S403M 4,0,
S403 M40, ..., (r—time),S403 M40, S403 M40, S403 My, 0] for P4T+3®Lé’4t+3. Therefore o= 2r+
2,21=2r+1,ap=a1= 2r+1,yo=y1= 2t +4,bp=b1= 8t +9,y,=y}= 2t +4 and bj=b} = 8t +9.
Consequently, it is easy to show that [vg —v1| = 1 and |eg — e1| = 0. Thus Py, y30L§ 44,3,
is cordial and the lemma follows.H

4. Conclusion

We proved that the corona PkQLfL7m between paths Pi and fourth power of lemniscate
graphs L} is cordial for al k > 1,n,m > 3. In the future, we will apply cordial labeling

n,m

to other types of graphs.
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