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Abstract. In this paper, we present a new generalization for somewhere dense of a topological
space (Z,7), namely wSWD-open subsets. We introduce the concept of this family and discuss
some of their properties with the help of illustrative example. Moreover, we will show if the
space (Z,7) is anti-locally countable and 7 is finer than the cocountable topology then the class
of wSWD-open and somewhere dense subsets of (Z,7) will be equivalent. Moreover, we present
more properties for the class of somewhere dense subsets of (Z,7), the most important of which
is a generalization for a theorem in [1]. Furthermore, we finish this work by shedding light on one
type of covering properties where we study the notion of almost wSWD-compact spaces with some
of their properties.
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1. Introduction

In recent decades, a major area of study for general topology researchers has been
the study of various kinds of generalized open sets. Mathematicians examine various
topological notions, such as continuity, compactness, etc. In 1937, stone [18] introduced
the concept of regular open sets. In 1963, Levine [13] presented the notion of semi-open
sets. In 1965, Njasted [16] introduced a-open sets. In 1982, Mashhour et al [15] introduced
the concepts of pre-open and studied their topological properties. In 1983, Abd El-Monsef
et al [9] studied the notion of S-open sets. In 1996, Andrijevic [6] defined and explored
the idea of b-open sets. A subset H of a space (Z,7) is called a regular open (semi-open,
a-open, pre-open, -open , b-open) sets if H = Znt(CI(H))(resp., H C Cl(Znt(H)), H C
Int(Cl(Znt(H))), H CZInt(Cl(H)), H CCl(Int(CI(H))), H C Int(CI(H))UCI(Znt(H))).
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Another form of generalization of open sets that we need in this work is w—open sets. A
subset H of a space (Z,7) is called an w—closed [11] if it contains all its condensation
points, where a point € Z is called a condensation point of H [10] if for each G € 7 with
x € G, the set G N H is uncountable. The complement of an w—closed is called w—open.
Moreover, in [5] the authors introduced an equivalent definition of w—open subsets, where
H C Z is an w—open subsets of (Z,7) if for each z € H there is G € 7 with = € G such
that G — H is countable. The study and exploitation of these generalizations have become
very widespread and many works have been presented based on these sets, for example in
[12] the authors presented some applications of pre-open sets, where they introduced and
studied topological properties of pre-limit points, pre-interior and pre-closure and other
topological notions [ see [8],[14]].

In 2017, Al-Shami [1] examined and studied some main properties of somewhere dense
sets on topological spaces where a subset H C Z is a somewhere dense set of (Z,7) if
there is a non-empty open set G with G C CI(H) which is equivalent to say Znt(Cl(H))
is a non-empty set. Moreover, he showed that, with the expectation of the empty set, all
semi-open, a-open sets, pre-open, (-open, and b-open sets are contained in the class of
somewhere dense sets. Then, Al-Shami and Noiri [3] used the class of somewhere dense sets
to define the concept of SWD-continuous and SWD-homeomorphism functions. Then in
[4], they introduced and investigated the notions of almost SWD-compact, almost SWD-
lindelof spaces, nearly SWD-compact, nearly SWD-lindel6f, mildly SWD-compact and
mildly SWD-lindel6f spaces and they studied the relationships between them. Moreover,
in [2] the author contributed to this area and used the notion of somewhere dense sets to
improve the approximations and accuracy measure in rough set theory.

In this work, we study and present more properties of somewhere dense of (Z,7).
One of the most important of these properties is a generalization for a theorem that
was introduced in [1]. Then, based on the class of all somewhere dense and w—open
subsets of (Z,7), we introduce and study the class of wSWD-open subsets, which is a
new generalization for somewhere dense of a topological space (Z,7) and hence it is a
new kind of generalized open sets. We organize this work as follows: In Sec. 2, we give
more properties of somewhere dense sets of (Z,7). In Sec. 3, we introduce the notion of
wSWD-open subsets and we verify some of basic properties of this class with the help of
illustrative examples. Also, we investigate what are the conditions to become the class of
wSWD-open and somewhere dense subsets of (Z,7) are equivalent. Then we show that
this family is not a topology through an example that shows this family is not closed
under finite intersection. Moreover, we use wSWD-open subsets to generalize the notions
of interior and closure and define wSWD-continuous and wSWD-irresolute. In Sec.4, we
use wSWD-open subsets and the closure operator which are discussed in Sec.3 to study
one type of covering properties, namely almost wSWD-compact spaces and study some of
its properties.

Throughout this work the family of all somewhere dense sets of (Z, 7)(resp., the family
of all closed somewhere dense which is equivalent to the family of the complement of all
somewhere dense of (Z,7)) is denoted by SWD(Z,7) (resp., SWDC(Z,7)). Moreover,
SWPD interior of H (is denoted by, Zntsywp(H)) is given by Zntswp(H) =U{G: G C H
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and G € SWD(Z,7) } and the SWD closure of H (is denoted by, Clsyyp(H)) is given
by Clswp(H) =N{F : H C F and F € SWDC(Z,7) }. Also, the family of all w—open
subsets of a space (Z,7) forms a topology on Z finer than 7 and denoted by 7,[5]. The
w—interior( resp., w—closure) of a subset H of a space (Z,7) is the interior (resp., closure)
of H in the space (Z,7,) and it is denoted by Znt,(H)(resp., Cl,,(H)).

In this paper, we will write 7S instead of topological space. The sets R and Q,
respectively the set of real numbers and rational numbers. The cofinite topology, the
cocountable topology, the indiscrete topology, and the usual topology are denoted by 7.y,
Teoey Tind and 7, respectively. Also, if H is a subset of a space (Z,7), then the relative
topology on H in (Z,7) will be denoted by 7.

Definition 1. [10] A filter on Z is a family F C P(Z) which satisfies the following:
(i) & F.
(i) If H G € F, then HNG € F.
(i) If H € F and H C G C Z, then G € F.

Moreover, A filter F on Z is said to be a maximal filter on Z if each filter H on Z that
contains F we have F = H. Also, a family F C P(Z) is said to be a filter base on Z if
it is a non-empty such that ¢ ¢ F and if H,G € F then there is V € F with V C HNG.

Definition 2. Let (Z,7) be a TS. Then (Z,7) is said to be:
(i) Hyperconnected [17] if no mutually disjoint non-empty open sets.
(ii) Strongly hyperconnected [1] if a subset of Z is dense iff it is non-empty and open.

Theorem 1. [1] Let (Z,7) be a TS and H, G C Z. If H € SWD(Z,7) and (Z,7) is:
(i) hyperconnected, then H NG € SWD(Z, 1) whenever G € T.
(ii) strongly hyperconnected, then H NG € SWD(Z, 1) whenever G € SWD(Z,T).

Definition 3. [10] Let {(Z4,70) : @ € A} be a family of topological spaces with Z,N
Z3 = ¢ for each a # 3. Let Z = UAZQ with the topology 7s = {G C Z: GN 2, € 14 for
ac

each o € A}. Then (Z,75) is called the sum of the spaces {(Z4,7a) : @ € A}and denoted
by Z = @AZa.
aE

n
Theorem 2. [1] Let ( lea,T) be a finite product TS. Then Hy, € SWD(Z2,,7a) for
a=
n n
each a = 1, 2, ..., n, iff HlHa € SWD( HIZa,T).
a= a=

Theorem 3. Let (Z,7) be a TS and H,G C Z. Then:
(i) If HC G and H € SWD(Z,7), then G € SWD(Z, 1) [1].
(i) If E € 7 and H C E, then H € SWD(Z, 1) whenever H € SWD(E,1g) [7].

Definition 4. [5] Let (Z,7) be a TS. Then (Z,7) is said to be anti-locally countable if
each non-empty open subset of (Z,7) is uncountable.

Note that, if (Z,7) is an anti locally countable space, then (Z,7,) is also anti-locally
countable.
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Definition 5. [4] Let (Z,7) be a TS. Then:
(i) A family H = {Hqy : « € A} is said to be SWD(Z,1)-cover of Z if Z = UAHa
ae

with H, € SWD(Z, 7).
(ii) (Z,7) is said to be almost SWD-compact if for each SWD(Z,T)-cover H = {H, :
a € A} of Z there is a finite subset Ao C A with Z = UA Clswp(Ha).
aElo

2. More Properties of Somewhere Dense sets

In this section, we examine further properties of somewhere dense of a topological
space (Z,71).

Proposition 1. Let (Z,7) and (K, 0) be two TSs and T : (Z,7) — (K, o) be a continuous,
open and surjective function. If H C Z and H € SWD(Z,7), then I'(H) € SWD(K, o).

Proof. Since H € SWD(Z,7), then there is G € T with ¢ # G C CI(H). Therefore,
¢ #T(Int(Cl(G)) C Int(T(CI(H)) C Int(CI((T'(H)) and hence T'(H) € SWD(K, o).

Theorem 4. Let {(Z2,,7,) : @ € A} be a family of topological spaces with Z, N Z3 = ¢
for each a £ B. For each a € A, let ¢ # Hy C 2, and put H =U AHoé. Then:
(¢S

(i) H € SWD(Z,7s) iff there is ao € A with Hy, € SWD(Z4,, Tas )-
(i) If Hy € SWD(Z,,74) for each o € A, then H € SWD(Z, 5).

Proof. (i) First, note that for all o« € A, Clo(Hy) = CI(H,) where Cl,(Hy) is the
closure of H, in Z, while CI(H,) is the closure of H, in Z. Now, choose o, € A
with H,, € SWD(Z,,,7Ta,)- Then there is G,, € 7o, With ¢ # Go, C Clo,(Ha,) =
Cl(H,,) C CI(H) and hence H € SWD(Z,75). Conversely, since H € SWD(Z, 1)
and the family {H, : o € A} is locally finite in (Z,7y), then there is G € 74 with
o # G C ClI(H) = Cl( U Hy) = UCI(Hy) = U Cly(H,). Since ¢ # G, choose

acA aEA aEA
ZTo, € G for some a, € A. Then G N Z,, is a non-empty set in (Z,,,7,,) such that
GN2Z, C U Clo(Ho)N 24, = Clo, (Hy, ). Therefore, H,, € SWD(Z2,,,Ta,)-

(ii) Follows from part (i).

The following theorem is one of the most important results that we present in this
section. Since Theorem 5 ( Part ii) is a generalization of Theorem 2.

Theorem 5. Let Z = H Z, be the product space of the spaces (24, 7o), € A with the

Tychonoff topology Tp,. Let H, C Z, for each o € A. Then the following are equivalent:
(i) Hy, € SWD(Z,,7a) for each o € A.

(ii) For each finite subset A* C A, the set H= 11 H,x Il Zge SWD(Z,1,).
aEA* BEA—A* P
(iii) For each a € A, the set H = H, X BIE_IAZB € SWD(Z,1p).

BF#a

Proof. The implication (is — i) is obvious.
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I (0% « [0 — (0% o =
(t — i) For each o € A*, there is G, € 74 with ¢ # G, C Z, and G, C
Cl(Hy). Then G = II G, x II 2z is a non-empty open set in (Z,7,) such that

aEA* BEA—A*
G C 1II Cl(Hy) x 11 Zg= CI(II( Hy) x II Zg) = CI(H). Therefore, H €
a€A* BEA—A* e A BEA—A*

SWD(Z,1,).
(¢4 — i) Since for each a € A, the projection function 7, : (Z,7,) = (Z4,7q) is
continuous, open and surjective such that m,(H, X ﬁHAzﬁ) = H,, then by Proposition 1,
€

o
H, € SWD(Z2,, 1) for each a € A.

Theorem 6. Let Z = HAZa be the product space of the spaces (Z4,7a), 0 € A with the
aec

Tychonoff topology 1,. Let Hy, C Z, for each o € A. Then :
(i) If Hy, € SWD(Z24,74) for each o € A, then UA( Hy xII Zg) € SWD(Z,7,).
aE BeEA
Ba
(i) If IE'IAHQ € SWD(Z, 1), then H, € SWD(Z2,,1,) for each a € A.
Proof. (i) Follows from Theorem 5 (Part iii) and Theorem 8 (Part i).
(ii) Follows from Proposition 1 ( see the proof of the implication (iii — i) in Theorem

5).

The following example shows that the converses of Theorem 6 need not be true in
general:

Example 1. (i) Let Z = R and consider the spaces (Z1,171) = (R,7,) and (Z2,72) =
(R, Ting). Then the set ({2} x Z3) U (21 x {1}) is somewhere dense of (R, 7,) X (R, Ting)
while {2} ¢ SWD((R, 1,,).

(ii) For each oo € A with A is an infinite set, consider (Z4,7¢) = (Ka, Tina) where
Ko any set with |Ky| > 1. For each a € A, choose x, € K,, then for each a € A,
H, =A{zo} € SWD(Kqy, Ting) while ale'[AHa ¢ SWD(Z, ).

Theorem 7. Let Z = HAZa be the Cartesian product of the spaces (Z4,7a) with the
ac
topology 1, which is generated by the base { HAVa : Vo € 7o for each a € A}y is called
[e1S
the box topology). Then H, € SWD(Z,,7,) for each o € A iff HAHQ € SWD(Z, ).
ac

Proof. For each o € A, there is G € To with ¢ # Go C 2, and G, C Cl(H,). Then

G = 1I G, is a non-empty open set of Z such that G C 1I Cl(H,) = CIUII( Ha)).
a€A a€A aEA
Conversely, let oo € A. Then H,, xII1H, € SWD(Z,7,) and hence there is G € 1, such

acA

aFao

that ¢ # G C Cl(Hg, xl}Ha) and so there is a basic open set V =
ac

aFao
HAVa C Cl(Hq, xI}Ha). Therefore, V,, C Cl(Hy,) and thus Hy, € SWD(Z2,,, Ta,)-
(1S [0S

aFao

II V,, with Vg, X
EA

(e}

a#Fao
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Corollary 1. (i) Let Z = HAZO‘ be the product space of the spaces (Z4,7a), @ € A with
aec
the topology 1, and F, C Z, for each o € A. If UA( Fo xIl  Zg) € SWDC(Z,1,),
[¢1S BeA

Bra
then F, € SWDC(Zy,Ta).

(ii) Let Z = ale'[AZa be the product space of the spaces (Z4,7a), a € A with the topology
7y and F,, C Z,. Then F, € SWDC(Z2,,74) iff aLeJA( F, x %eAZﬁ) € SWDC(Z, ).
BF#a
(iii) Let Z = alﬁlza be the finite product space of the spaces (Z4,7o) and F, C
Zo for each a € {1,2..,n}. Then for each a € {1,2..,n},F, € SWDC(Z4,7a) iff
O ( F, x1I Z3) is closed somewhere dense of Z.

o=l Be{1,2...,n}
B#a
Note that, in Example 1 (Part (ii)), F, = {zo} € SWDC(Z,, 7o) while UA( FoxIl Z3)¢
ac BEA
BF#a
SWDC(Z, 1), since Z — U ( FoxII Zg)= I (2, —F,) ¢ SWD(Z, ) and so the
acA BeA €A
B#a

converse of Corollary 1 (Part i) is not true in general.

3. w—Somewhere Dense Open Sets With Some Applications

In this section we introduce the notion of wSWD-open subsets, denoted by wWSWD(Z, 1),
as a new generalization for somewhere dense of a topological space (Z, 7). Then we discuss
the sufficient conditions for the equivalence between the classes SWD(Z, 1), wSWD(Z, 1)
and wSWD(Z,1,). Also, we study some applications by using wSWD(Z, 7).

Definition 6. Let (Z,7) be a TS with H C Z. A point x € Z is an wSWD— condensation
point of H if for each S € SWD(Z,7) with x € S, the set SN H is uncountable. If H
contains all its wWSWD—condensation points, then H is said to be wSWD-closed subset
of (Z,7) and its complement is an wSWD-open subset of (Z,7). The collection of all
wSWD-closed (resp., wSWD-open) subsets of (Z,7) will be denoted by wSWDC(Z,T)
(resp., wSWD(Z,T)).

The proofs of the following results are straightforward and thus are omitted.

Proposition 2. Let (Z,7) be a TS with H C Z. Then H € wSWD(Z,7) iff for each
x € H there is S € SWD(Z,71) with x € S and S — H is countable.

Corollary 2. Let (Z,7) be a TS with H C Z. Then H € WSWD(Z,7) iff for each x € H
there is S € SWD(Z,7) and a countable set G with x € S — G C H.

Theorem 8. Let (Z,7) be a TS.Then wSWD(Z,1,) C wSWD(Z, 7).
Proof. Let H € wSWD(Z,7,) and x € H. Then there is S € SWD(Z,7,) with
x € S and C = S — H is countable. Then there is G € 1, with ¢ # G C Cly(9).
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Choose t € G. Then, there is V € T witht € V and C1 =V — G is countable. Thus,
V CGUC C Cl,(S)UCl,(Cy) = Cl,(SUCy) C CI(SUCy). Therefore, SUC, €
SWD(Z,7) withx € SUC] and (SUCy) — H = (S — H)U (Cy — H) is countable and
hence H € WSWD(Z,T).

By using Definition 6 and Theorem 8 we generate the following diagram where none
of these implications being reversible.

T = T |
v N\
| SWD(Z,7) | | SWD(Z,1.) |
1 ]
[ WSWD(Z,7) | — [ wWSWD(Z,7.,) |

Example 2. (i) Consider Z = {1,2,3} with 7 = {¢, Z,{1,2}}. Then {3} € 7, — {¢} C
SWD(Z,1,) while {3} ¢ SWD(Z,T).

(ii) Consider (R, 1,) with H = Q. Then H € SWD(R, 1,) while H ¢ SWD(R, (T4)w)
since Int,Cl,(H) = Int,(H) =Int(H) = ¢.

(i11) Consider (R, 7.or) with H = {1}. Then H € WSWD(R, 7cor) while H ¢ SWD(R, Teof).

(iv) Consider Z =R with 7 = {R}U{G C R : G CR—-Q} and H = Q. Then
H ¢ wSWD(R, 1,) while H ¢ SWD(R, 7,).To show that, H € wWSWD(R, 7,), let z € H.
Choose r € R— Q. Then G = {r} € 7 such that ¢ # G C H U{r} C Cl,(H U{r}). So
H U{r} € SWD(R,,) with v € H U{r} and (H U{r}) — H is countable. Therefore,
H e wSWD(R, 1,).

(v) Consider (R, Ting) with H = {1}. Since WSWD(R, Tina) = P(R), then {1} €
WSWD(R, Ting) while {1} ¢ wSWD(R, (Tind)w). Since if there is S € SWD(R, (Tina).,)
with 1 € S and S—{1} is countable, then S is countable and hence Int,Cl,(S) = Int,(S) =
¢. Therefore, {1} ¢ WSWD(R, (Tinad).,)-

Theorem 9. Let (2, 7) be a TS. If (Z,7) is an anti-locally countable and 7 is finer than
the cocountable topology, then the following families are equivalent:

(i) SWD(Z, ).

(ii) WSWD(Z, 7).

(111) WSWD(Z,1,).

Proof. (i — i) Trivial.

(15 — i) Let H € WSWD(Z,7) and v € H. Then there is S € SWD(Z,7) with
z € S and C = S — H is countable. Hence S C H UC. Now, choose G € T with
¢»# G CCIS)CCI(HUC) CCI(H)UCI(C) =CI(H)UC (since Teoe C 7). Since (Z,7) is
an anti-locally countable and ¢ # G € 7, then G—C # ¢. Now, we claim G—C C Cl,(S).
Suppose not, then there ist € G — C and t ¢ Cl,(S) and so there is V € 1, witht € V
and VNS = ¢. Now, choose, O € 7 witht € O and Cy = O —V is countable. Then we
havet € O—Cy € 7 with O—Cy C V. Finally, put W = (G—C)N(O—-C1). Then W € 1
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with t € W and hence WNS # ¢. On the other hand, WNS C (O—-C1)NS C VNS =g,
which is a contradiction. Therefore, S € SWD(Z,1,,) and hence H € wSWD(Z,1,).

(tit) — (i) Let H € wSWD(Z,71,) and v € H. Then there is S € SWD(Z,1,) with
x €S and C =S — H is countable. Choose G € 1, witht € G C Cl,(S) CCl,(HUC) C
Clu,(H)UCl,(C) = Cl,(H) U C. Now, choose O € T witht € O and O — G = Cy is
countable. Since, O — C1 C G C Cl,(H)UC, then ¢ # (O —Cy) —C C Cl,(H) CCI(H).
Therefore, H € SWD(Z,T).

Corollary 3. Let (Z,7) be a TS. If (Z,7) is an anti-locally countable, then:

(i) SWD(Z,1,) = wSWD(Z,1,).

(ii) SWD(Z,7) = SWD(Z,1,) whenever Teoe C T.

Proof. (i) Since (Z,7,) is anti locally countable and 7., C 7, then by Theorem 9,
SWD(Z,1,) = wSWD(Z,1,).

(ii) From part(i) and Theorem 9.

Note that from Example 2 (Part iii) imposing the condition of anti locally countable
on (Z,7) alone in Theorem 9 is not enough and hence we looked for another condition on
(Z,7).

Theorem 10. Let (Z,7) be a TS. Then UAHa € wWSWD(Z,7) whenever Hy, C Z and
ae
H, € WSWD(Z,T) for each o € A.

Proof. If U H, = ¢, then U H, € WSWD(Z,7). Now, let z € U H,. Then there
acA a€A aEA

is a(z) € A such that x € H,(,) and hence there is S € SWD(Z,7) with z € S and
S — Hg () is countable. Since S — UAHO‘ C S — Hy(y), then S — U H, is countable.
ac

aEA
Therefore, U H, € WSWD(Z, ).
a€A

Corollary 4. Let (Z,7) be a TS.Then ﬂAHa € wSWDC(Z, 1) whenever H, C Z and
ac
H, € WSWDC(Z, 1) for each a € A.

The next example shows that the intersection of two wSWD-open subsets of (Z,7)
is not an wSWD-open in general and hence we can conclude for any topology 7 on Z,
wSWD(Z,7) may not be a topology on Z.

Example 3. Consider the space (R, 7coc). Take H = [0,1] and G = [1,2]. Then H,G €
SWD(R, Teoc) CWSWD(R, Teoe), while HN G = {1} ¢ wSWD(R, Teoc), since there is no
S € SWD(R, 7eoc) with 1 € S and S — {1} is countable.

Proposition 3. Let (Z,7) be a TS. Then the family wSWD(Z,7) is a topology on Z if
one of the following hold:

(i) (Z,7) is strongly hyperconnected.

(ii) Z is countable or T is the indiscrete topology.

Proof. Straightforward.
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Theorem 11. Let (Z,7) be a hyperconnected TS and H .G C Z. If H € 7, and G €
wSWD(Z,71), then HNG € wSWD(Z, 7).

Proof. Let x € HNG. Then there are V € 7 with x € V and S € SWD(Z, 1) with
x € S such that V — H and S — G are countable sets. By Theoreml, VNS € SWD(Z, )
with z € VNS and since (VNS)—(HNG) C (V-H)U(S—G), then (VNS)—(HNG)
is countable. Therefore, H NG € wSWD(Z, 7).

Corollary 5. Let (Z,7) be hyperconnected TS and H.G C Z. If Z — H € 71, and
G € WSWDC(Z,7), then HUG € wSWDC(Z, 7).

From Example 3 we note that in Theorem 11 is not enough to be (Z, 7) is hyper-
connected and hence we looked for another condition on the sets. Also, note that this
example (Example 3), QN (R — Q) € wSWD(R, 7eoc) and (R — Q) € wSWD(R, 7¢oe) but
Q ¢ 7, and hence the converse of Theorem 11 is not true in general.

Theorem 12. Let (Z,7) be a TS and HE C Z. If E €7 and H C E, then:
(i) If H € WSWD(E, 1g), then H € WSWD(Z, 7).
(ii) If H € WSWD(Z,7), then H € WSWD(E, Tg) provided that E is dense.

Proof. (i) Obvious by using Theorem 3 (Part (ii)).

(ii) Let x € H. Then there is S € SWD(Z,7) with € S and S — H is countable.
Since E is an open dense subset, then for some G € 7 we can have ¢ # GNE C CI(S)NE C
CI(SNE) and hence GNE C CI(SNE)NE = Clg(SNE)(The closure of SNE in (E, 7g)).
Therefore, SNE € SWD(FE,g) and hence H € wSWD(FE, ).

Remark 1. Let (Z,7) and (K,0) be two TSs. Then:
(i) If WSWD(Z,7) CwSWD(K,0), then it is not true in general T C o.
(i) If T C o, then it is not true in general WSWD(Z,7) C wSWD(K, o).

The following example illustrates Remark 1.

Example 4. (i) Note that, wSWD(R, Tcoc) COSWD(R, Ting) while Teoc € Tind.
(ii) Note that, Ting C Teoe while WSWD(R, Ting) € wSWD(R, Teoc)-

Theorem 13. Let (£, 1) be a TS. Then:
(i) T = Int(wSWD(Z,7)) ={Int(H) : H € wWSWD(Z,7)}.
(i) 7 = Int,(WSWD(Z,7)) = {Int,(H) : H € WSWD(Z,71)}.

Proof. Let G € 7. Then G € wSWD(Z, 1) and hence Int(G) = G € Int(wWSWD(Z,T)).
Conversely, is obvious since {Znt(H) : H € wWSWD(Z,7)} C 7.
(ii)The proof is similar technique in part (i).

Definition 7. Let (Z, 7) be a TS and H C Z. Then:
(i) Inty,swp(H) =U{G: G C H and G € wWSWD(Z,T) }.
(i) Cluswp(H) =N{F : H C F and F € wWSWDC(Z,71) }.
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Theorem 14. Let (Z,7) be a TS and H,G C Z. Then:
(i) Intswp(H) C Int,swp(H) and Clyswp(H) C Clsywp(H).
(ii) H € WSWD(Z,7) iff H = Int,swp(H).
(iii) Intwswp (InthWD(H)) = InthWD(H).
(iv) He wSWDC(Z,T) iff H= ClngD(H).
(v) x € Clyswp(H) iff for each G € wWSWD(Z,7) with x € G we have G N H # ¢.
(vi) Intyswp(Z — H) = Z — Clyswp(H).
(’Uii) CleWD(Z — H) = Z—InthWD(H).

Proof. Straightforward.

In general, in Theorem 14 the reverse inclusion of (Part i) does not hold, since in
Example 2 (Part iii), Zntsywp({1}) = ¢ while Znt,swp({1}) ={1}. Also, if Z ={1,2,3}
with the topology o = {¢, Z,{1}}. Then Clsywp({1}) = Z while Cl,swp({1}) = {1}.

Definition 8. Let (Z,7) and (K,0) be two TSs. Then a function T : (Z,7) — (K, 0) is
said to be:

(i) An WSWD-continuous iff T-1(G) € WSWD(Z,7) for each G € o.

(ii) An wSWD-irresolute iff T=HG) € wSWD(Z, 1) for each G € wWSWD(K, o).

Proposition 4. FEach wSWD-irresolute function is wSWD-continuous.
The following example will show the converse of Proposition 4 is not true in general.

Example 5. Consider the identity function T : (R, Teoc) = (R, Teor). ThenT'is an wSWD-
continuous while it is not wSWD-irresolute since T=1({1}) ¢ WSWD(Z, Teoc)-

In the following theorem, we use the family wSWD(Z, ) to present a theorem similar
to Theorem 4.

Theorem 15. Let {(Z,,7,) : « € A} be a family of topological spaces with Z,N Zg = ¢

for each o # B. For each o € A, let ¢ # H, C Z, and put H =U H,. Then:
a€A

(i) H € WSWD(Z,7s) iff there is ao € A with H,, € WSWD(Z,,,Ta,)-
(ii) If Hy € WSWD(2,,74), then H € WSWD(Z, 7).

Proof. (i) Let x € H. Then there is S € SWD(Z,7s) with x € S and S — H
is countable. Write S = UASa. Then by Theorem 4 (Part (i)) there is a, € A with
aE

S, € SWD(Z,,,Ta,) such that S, — H,, C Sa, — UAHO“ C S—H. Therefore, S,, — Hq,
aec

is countable. Now, let z, € H,,. Then S} = S,, U{z.} € SWD(Z,,, Ta,) With z, € S
and S} — H,, is countable. Therefore, H,, € wSWD(Z,,,7a,). Conversely, choose
Zo € Hy,. Then there is S,, € SWD(Z2,,, Ta,) With z, € S,, and S,, — H,, is countable.
Now, let z € H and put S = S,, U {z}. Then by Theorem 4 (Part (i)), S € SWD(Z,s)
with x € Sand S — H C S — Hy, € (Sao — Ha,) U {x}. Since (Sa, — Ho,) U {z} is
countable, then H € wSWD(Z, 75).

(ii) Follows from part (i).

In the next example we will show that the converse of part (ii) of Theorem 4 and
Theorem 15, is not true in general.
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Example 6. Let (Z1,71) = ((0,1), Tind), (Z2,72) = ((2,3), Tecoc) and consider Z = 2,
©2Zy. Let H = {x1} UE, where x1 € Z; and E is countable subset of Z5. Note that,
Cl(H) = Z1UE and 2, C Int(CI(H)). Therefore, H € SWD(Z,7s) and hence H €
WSWD(Z,7s). On the other hand E ¢ wSWD(Z,1).

4. Almost wSWD-compact spaces

In this section, we will introduce and study the notion of almost wSWD-compact
spaces with some of their properties.

Definition 9. Let (Z,7) be a TS and H C Z. A point v € Z is said to be wSWDO-
accumulation point of H if Cluswp(G) N H # ¢ for each G € wSWD(Z, 1) with = € G.
Furthermore, an wWSWDO- closure of H is the set off all wSWDO- accumulation points of
H and it is denoted by Cl,swpe(H). If Clyswpe(H) = H, then H is said to be wSWDO-
closed subset of (Z,7) and its complement is said to be wSWDE- open subset of (Z,1).

The following Proposition can be easily constructed.

Proposition 5. Let (Z,7) be a TS and H C Z. Then :

(i) H is wSWDO- open set iff for each v € H there is G € wWSWD(Z,7) withx € G C
Clyswp(G) C H.

(i) If H € WSWD(Z,7)NwSWDC(Z,7), then H is wSWDO- closed subset of (Z, 7).

(m) CZwSWD(H) C CleWDG(H) and Z.fI—I € WSWD(Za T); then CleWD(H) = CleWDO(H)'

Definition 10. Let (Z,7) be a TS and H C Z. Then:
(i) A family H = {H, : a € A} is said to be wWSWD(Z,T)-cover(resp., WSWD(Z,T)-
0-cover, T-cover) of H if H C UAHa and H, is an wSWD-open (resp., wSWDO- open,
ae

open) subset of (Z,7) for each o € A.
(ii) (Z,7) is said to be almost wSWD-compact if for each WSWD(Z,T)-cover H =
{H, : a € A} of Z there is a finite subset A, C A with Z = 6L,IA Closwp(Hy).

The following results follow immediately from Definitions 5 and 10 and the fact that
T CSWD(Z,7) CwSWD(Z, 1) for any space (Z,7).

Theorem 16. If a topological space (Z,7) is almost wSWD-compact, then the following
hold:

(i) (Z,7) is almost SWD-compact.

(i) If H = {Hqs : « € A} is T-cover of Z, then there is a finite subset Ao C A with
zZ= Y Closwp(Ha)-

(iii) ;f’H ={Hy:a € A} is an WSWD(Z,1)-cover of Z, then there is a finite subset
Ao CA with Z= U Ci(H.,).

aclo

The converses of Theorem 16 is not true in general as will see in the following examples.
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Example 7. (i) Consider (R, Ting). Then (R, Tinq) satisfied (Parts ii and iii) of The-
orem 16, but (R, Ting) is not almost wSWD-compact since H = {{z} : v € R} is an
WSWD(Z,T)-cover of R which has no finite subset Ay = {z1,x9,...... zn} € R with
R= xigAOCleWD{fL'i} = xing{%‘}-

(ii) Let Z = R with the topology 7 = {¢,R,{1}}.Then (R, 7) is almost SWD-compact
but it is not almost wWSWD-compact since H = {{1,z} : © € R} is an wSWD(Z,T)-cover
of R which has no finite subset Ay = {1, x2,......tn} CR withR = LJA Clyswp({1,2}) =

[ASYANS
meUAo{l’ x}.
Theorem 17. Let (Z,7) be a TS. If (Z,7) is almost wSWD-compact, then each wWSWD(Z, T)-
0-cover of Z has a finite subcover.

Proof. Let H ={H, : @ € A} be wSWD(Z,7)-0-cover of Z. For each z € Z there
is Hyy) € H with @ € Hy(,) for some a(z) € A. By Proposition 5 there is G, €
wSWD(Z, 1) with = € Ga(a:) - CleWD(Ga(a:)) - Ha(x).Therefore, G = {Ga(az) cx € Z}
is an wWSWD(Z,7)-cover of Z and hence there is a finite subset A, C A with Z =

c .
IEUAOCZOJSWD(G&(Q;)) - xEUAOHa(x)

Definition 11. Let (Z,7) be a TS and x € Z. A filter base F on (Z,7) is said to be:
(i) wWSWDE- converge to x if for each G € wWSWD(Z,T) with x € G there is F € F
such that F' C Cl,swp(G).
(i) wSWDO- accumulate at x if Cl,swp(G) N E # ¢ for each F € F and for each
G € WSWD(Z,71) with x € G.

Note that, if a filter base F wSWDE- converges to a point x, then F wSWDE- accu-
mulates at z. Also, it is obvious to show that a maximal filter base F wSWDE- converges
to a point x iff F wSWDO- accumulates at x.

Theorem 18. Let (Z,7) be a TS . Then the following are equivalent:
(i) (Z,7) is almost wSWD-compact.
(i) Each maximal filter base wSWDO- converges to some point of Z.
(iii) FEach filter base wSWDO- accumulates at some point of Z.
(iv) For each family {H, : o € A} of wSWD-closed subsets of (Z,7) and OCQAHQ =9,

there is a finite subset Ao, C A with ﬂA Intuswp(Hy) = ¢.
[eISYAN
(v) For each family {Hy : o € A} of wSWD-closed subsets of (Z,7) and ﬂA Intuswp(Hy) #
aEno
¢ for each finite subset Ao C A, then ﬂAHa % ¢.
ac

Proof. The implication (iv — v) is obvious.

(i — it) Let F be a maximal filter base on Z and suppose that it does not wSWD6-
converge to any point of Z. Since F does not wSWDE- accumulate at any point x € Z,
there is F, € F and G, € wSWD(Z,7) with z € G, such that Cl,sywp(G,) N F, = ¢.
Therefore, {G : © € Z} is an wSWD(Z, 7)-cover of Z and so there is a finite subset



A. Rawshdeh, H. H. Al-Jarrah, K. Y. Al-Zoubi / Eur. J. Pure Appl. Math, 17 (4) (2024), 3370-3385 3382

Ay = {z1,22, ... zn} C Z with Z = UA Cluswp(Gy). But F is a filter base on Z and
[ ASTANS

hence there is F, € F with Fo C N{Fy, : i = 1,2,...n}. Since Fy,N Clyswp(Gz,) = ¢,
then F, = ¢ which is a contradiction.

(19 — d1i) Let F be a filter base on Z. Then there is F, a maximal filter base with
F C Fo. Since Fo wSWDO- converges to x for some x € Z, then for each G € wSWD(Z, 7)
with z € G there is F, € F, such that F, C Cly,swp(G). Therefore for each F € F,
¢ # F,NF CClyswp(G) N F and hence F wSWDE- accumulates at .

(190 — iv) Let {Hy : @ € A} be a family of wSWDC(Z, 1) with GQAHQ = ¢. If

ﬁA Intuswp(Ha) # ¢ for each finite subset A; C A. Then F = { ﬁA Intuswp(Hy) :
aEo acAo

A, C A and A, is finite} is a filter base on Z and hence F wSWD6- accumulates at z for
some x € Z. Since {Z — H, : a € A} is an wSWD(Z, 7)-cover of Z, then z € Z — H,, for
some a, € A. Therefore, Clysywp(Z — Ha, ) NIntwswp(Ha, ) = ¢ which is a contradiction.

(v — i) Let H = {Hy : @ € A} be an wSWD(Z,7)-cover of Z. Then Z — H, €
WwSWDC(Z,7) for each o € A and QQA(Z — H,) = ¢. Hence there is a finite subset

A, C A with ﬂA Intuswp(Z — Hy) = ¢. Therefore Z = UA Closwp(Hq).
[ 1SVAYY [ASTAN

Theorem 19. Let (Z,7) be almost wSWD-compact TS and E C Z. If E € TN
WwSWDC(Z,7), then (E,Tg) is almost wSWD-compact.

Proof. Let H = {H, : « € A} be a family with E = UAHQ and Hy, € wWSWD(E, Tg)
ac

for each a € A. Then by Theorem 12, H, € wSWD(Z,7) for each o € A and hence

{Hy:a e AYU{Z—H} = Z. Since (Z, 1) is almost wSWD-compact, then there is a finite

subset A, C A with Z = [U Clyswp(Ha)|U{Z—H}.Therefore, E = UA Cluswp(Hqa) C
aclo

€A,

EUAOCleWDE (Ha).

«

Definition 12. Let (Z,7) be a TS and H C Z. A subset H is said to be almost wSWD-
compact relative to Z (in Z) if whenever H = {H, : a € A} is an wWSWD(Z, T)-cover of
H, then there is a finite subset Ao of A with H C UA Closwp(Hy)-

[ASYAN

The following Theorem can be easily constructed.

Theorem 20. Let (Z,7) be a TS and H C Z. The following are equivalent:

(i) H is almost wSWD-compact relative to Z.

(ii) If F is a mazimal filter base on Z and meets H, then it wSWDE- converges to
some point of H.

(iii) If F is a filter base on Z and meets H, then it WSWDO- accumulates at some
point of H.

() If {H, : a € A} is a family of wSWD-closed subsets of (Z,7) and [N Hy|NH = ¢,
acA
then there is a finite subset Ag C A with [N Int,swp(Ha) N H = ¢.
acA,
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Proposition 6. Let (Z,7) be a TS and H,G C Z. If H is an wSWDE- closed subset of
(Z,7) and G is almost wSWD-compact relative to Z, then HNG is almost wSWD-compact
relative to Z.

Proof. Let H ={H, : a € A} be wSWD(Z,1)-cover of H N G. Then by Propo-
sition 5 (Part i) for each z € Z — H there is W, € wSWD(Z,7) with x € W, C
Clyswp(Wy) € Z — H. Therefore, HU{W, : x € G — H} is an wSWD(Z, 7)-cover of G
and hence there are a finite subset A, C A and a finite subset {x1,x2,...x,} € G — H
with G € [U Cluswp(Ha)] U [UCloswp(Wa,)]. Since Cluswp(We) € Z — H, then

€A, =1
HNnGC U Clyswp(Ha).
FASVANS

Corollary 6. If (Z,7) is an almost wSWD-compact and H C Z is an wSWDE- closed
subset of (Z,7), then H is almost wSWD-compact relative to Z.

Theorem 21. Let (Z,7) be a TS. If there is a non-empty proper subset E € WSWD(Z,7)N
WSWDC(Z,7) of Z, then (Z,7) is almost wSWD-compact iff each H € WSWD(Z,7) N
WwSWDC(Z,7) is an almost wSWD-compact relative to Z.

Proof. Let H € wSWD(Z,7) NwSWDC(Z,7). Then by Proposition 5 (Part ii) H is
an wSWD0- closed subset of (£, 7) and hence by Corollary 6, H is almost wSWD-compact
relative to Z. Conversely, Let H ={H, : @ € A} be wSWD(Z,7)-cover of Z. Then E
and (Z — FE) are almost wSWD-compact relative to Z and hence there are finite subset
A, C A with Z2 = zGUA CZWSWD(HQ).

Proposition 7. A finite union of almost wSWD-compact subsets relative to Z is almost
wSWD-compact relative to Z.

Proof. Let .GlGi be a finite union of almost wSWD-compact subsets relative to Z and
1=
H={H, : a € A} be WSWD(Z,T)-cover of CJIGH. Then for each i € {1,2,3...n} there
1=

is a finite subset A; C A with G; C UA Closwp(H,). Tt is clear that ,GlAi is finite set.
ach;

1=

n
Therefore, U G; C U CZWSWD(HQ).
=1 &EvglAi

The proofs of the following results are obvious and hence they are omitted.

Theorem 22. Let ' : (Z,7) — (K,0) be wSWD-irresolute. If H is almost wSWD-
compact relative to Z, then I'(H) is almost wSWD-compact relative to K.

Corollary 7. LetI': (Z,7) — (K, 0) be surjective wSWD-irresolute. If (Z,7) is almost
wSWD-compact, then (K, o) is almost wSWD-compact.

Corollary 8. If 11Zyca is almost wSWD-compact, then Z, is almost WSWD-compact
for each o € A.



REFERENCES 3384

5. Conclusions

The study of different types of generalized open sets has been one of the main areas
of research in general topology during the last several decades. Mathematicians investi-
gate the properties of various broad topological concepts using generalized open sets. To
continue this line of research, this manuscript has been written.

The main achievements of this work are:

(i) We present a generalization for Theorem 2 which was introduced in [1] and provide
additional features of SWD(Z, 7).

(ii) We introduce the notion of wWSWD(Z, 1) which is a new generalization for some-
where dense subsets of a topological space (Z,7) and hence it is a new generalization for
open subsets of a topological space (Z, 7).

(iii) We verify some fundamental features of WSWD(Z, 1) and study the requirements
for the equivalence between the classes SWD(Z, 1), wSWD(Z,7) and wSWD(Z, 7).

(iv) We study the notions of the interior, closure, wSWD-continuous and wSWD-
irresolute via wSWD(Z, T).

(v) We study the notion of almost wSWD-compact spaces with some of their proper-
ties.

This work can be considered as a starting point for many topics and studies in topology
since WSWD(Z,7) forms a generalization of open sets. Therefore, in upcoming papers,
we plan to study the notion of connected, separation axioms and other types of covering
such as paracompact spaces via the class wWSWD(Z, 1).
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