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Abstract. In this paper, we study CR-warped product submanifolds in locally metallic Rieman-
nian manifolds. We provide several non-trivial examples of such submanifolds. We establish a
sharp inequality known as Chen’s inequality for the squared norm of the second fundamental form.
We also discuss the equality case of Chen’s inequality.
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1. Introduction

Warped products are considered a generalization of Cartesian products. The study
of warped product manifolds was developed by Bishop and O’Neill in [1], who obtained
fundamental properties of warped product manifolds and constructed a class of complete
manifolds with negative curvature. Subsequently, B. Y. Chen studied CR-submanifolds
of Kahler manifolds, that are warped products of complex and totally real submanifolds,
and published his findings in a series of papers [6-8]. Also, He presented a multitude
of properties for warped product manifolds and submanifolds in [9] and discussed the
applications of these properties to differential geometry and geometric analysis.

Hretcanu and Crasmareanu introduced the notion of a Golden structure on Riemannian
manifolds in [15]. They showed that a Golden structure is a generalization of an almost
product structure. The properties of submanifolds in Golden Riemannian manifolds were
then studied in [10, 16] using the correspondences between a Golden structure and an
almost product structure. The metallic structure, defined in [17], is a further generalization
of the Golden structure. Different types of submanifolds in metallic Riemannian manifolds
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were studied in [3, 13], which involved obtaining different integrability conditions for the
distributions related to these submanifolds. The metallic warped product Riemannian
manifold was studied in [2, 14]. After that, Hretcanu and Blaga worked on the existence
problem of proper warped product bi-slant submanifolds in locally metallic Riemannian
manifolds [14]. They provided a brief overview of metallic Riemannian manifolds and their
submanifolds, and then discussed slant and bi-slant submanifolds (including semi-slant and
hemi-slant submanifolds) in locally metallic Riemannian manifolds. They also studied the
properties of warped product bi-slant submanifolds in metallic Riemannian manifolds and
investigated the existence of various types of warped products, including warped product
CR submanifolds in locally metallic Riemannian manifolds [14] where they proved that
there is no proper CR warped product of the form M7 x; M, where My and M, are
invariant and anti-invariant submanifolds, respectively, in a locally metallic Riemannian
manifold. A study related to this field using other mathematical methods that may be
relevant from another point of view in [18].

In this paper, we continue the research on warped product CR-submanifolds of the
form M| xy Mr in locally metallic Riemannian manifolds. We provide some examples
of warped product CR-submanifolds in a metallic Riemannian manifold. Also, we obtain
some useful lemmas that will be used to prove our main theorem. We derive a relation
for the squared norm of the second fundamental form in terms of the components of the
gradient of the warping function, and consider the equality case.

2. Preliminaries

Let M be a smooth manifold of dimension m. The metallic structure .J is a (1,1) tensor
field defined by the equation
J? =pJ +ql, (1)

where p, g€ N and [ is the identity operator on the space of all vector fields on M, denoted
by [(T'M), [17].

A metallic Riemannian manifold is a Riemannian manifold (M , §) where the Rieman-
nian metric g is J-compatible. This means that

9(JX,Y) = g(X,JY) (2)

holds for all vector fields X and Y in I'(T'M)[17]. Specifically, a Golden structure is a
special type of a metallic structure. It is defined by the equation J? = J + I, where
p=q=1[11]. On a metallic Riemannian manifold M, the Riemannian metric § satisfies
the equation

GIX,TY) = pglIX,Y) + (X, Y), (3)

for all X,Y € I'(TM). This equation can be derived from equations (1) and (2).

Now, let M be a submanifold embedded in a metallic Riemannian manifold (M, g, J).
Let TX and NX be the tangential and normal components of JX, respectively, for any
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X € I(T'M). Similarly, let tV and nV be the tangential and normal components of JV,
respectively, for any V € T'(T+M). That is

JX =TX + NX, (4)
JV =tV +nV. (5)

This implies that for any X,Y in I'(TM) and U,V in T'(T+M), we have [3]

g(TX’Y) :g(XvTY)’ (6)
g(nUv V) = g(Uv nV), (7)
JINX, V) =g(X,tV). (8)

Clearly, the maps T and n are g -symmetric. Consequently, the following equations hold
for any X € T(TM) and V € T(T+ M), [13]

T?°X =pTX +¢X —tNX, pNX = NTX +nNX, (9)
n?V = pnV + ¢V — NtV, ptV = TtV + tnV. (10)

Suppose that V and V be the Levi-Civita connections on Riemannian manifolds M )
and M, respectively. Then, for any X.Y € I'(M), V € T(T*+M), the Gauss and Wein-
garten formulas are given by

VxY =VxY +h(X,Y), (11)
VxV = —-Ay X + V%V, (12)

where h and Ay are the second fundamental form and the shape operator on M, respec-
tively [5]. They are related by

g(h(X,Y),V) = g(Av X, Y). (13)

A locally metallic Riemannian manifold (M, §,J) is a manifold that has a metallic
Riemannian structure such that J is parallel with respect to the Levi-Civita connection
V on M, that is V.J = 0, [12].

Hence, from equation (1), one can see that the following equation holds for any
X,Y,Z e(TM), [4]

W(Tx )Y, Z) = 4, (VxJ)2). (14)

Now, let (M1,¢1) and (Ma,g2) be two Riemannian manifolds, then the warped product
My xy Ms is a Riemannian manifold with Riemannian metric g = g1 + f?g2, where f is
a positive smooth function on Mj, called the warping function [1]. Note that if M; and
M5 have dimension n; and ng, respectively, then the dimension of the warped product
My x ¢ Ms is n = nq + na.

On the warped product M = My x s M, if X,Y € I'(TM;), and Z,W € I'(T'M3), then
[9],

VxY e I'(TM,), (15)
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VxZ=VzX=X(nf)Z, (16)
VW =V W — g(Z,W)VIn f. (17)

where V is the Levi-Civita connection on M and V In f is the gradient of In f which is
defined for any X € I'(T'M) as

9(V 1. X) = X(f). (18)
This implies that

n
IVFIP=) () (19)
i=1
where {ej,- -, e,} is a local orthonormal frame field on M. Moreover, on any warped
product M = My Xy My, My and M; are totally geodesic and totally umbilical submani-
folds of M [1].

A submanifold M of a metallic Riemannian manifold M is called invariant under the
metallic structure J if J(T,M) C T, M, for any = € M. It follows that the orthogonal com-
plement of the tangent space of M is also invariant under .J, J(T,M+) C T,M*, for any
x € M. This is because g(X, JU) = g(JX,U) = 0, for any U € ['(TM~*) and X € I'(TM).
An anti-invariant submanifold M of M is a submanifold such that J(T,M) C T, M=, for
any x € M [4].

The existence of warped product CR submanifolds in a locally metallic Riemannian
manifold M has been studied in[14], and proved the following:

Theorem 1. ([14]) Let M = My xy M| be a warped product CR-submanifold in a lo-
cally metallic Riemannian manifold (M, g,J), where My and M| are invariant and anti-
invariant submanifolds of M, respectiely. Then, M = Mt x ¢ M, is a non-proper warped
product submanifold in M, that is, the warping function f is constant on My.

3. Basic Lemmas and Examples

In this section, we consider warped product CR-submanifolds in the form M = M, x
M such that M| is an anti-invariant subNmanifold and My is an invariant submanifold of
a locally metallic Riemannian manifold M.

Lemma 1. Let M = M, Xy My be a warped product CR-submanifold in a locally metallic
Riemannian manifold M, then for any X, Y € T(TMy) and Z,W € T'(TM ), we have

gh(X,Y),JZ)=—-Z(nf)g(X,JY), (20)
g(h(X,Z),JW) =0, (21)
gh(JX,Y),JZ)=—pZ(Inf)g(JX,Y)+qZ (In f)g(X,Y). (22)
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Proof. Since M is a locally metallic Riemannian manifold, then by using (3), for any
Z eI(TM,)and X,Y € I'(T'Mr), we have

9 (X,Y),72) = ~o(VxTY,12) = Lg(9xY.2) (23)
Also, by Gauss formula (11) and (16), we have
g(h(X,Y),]Z) = ;g(h (X,JY),J7) + ]%z (In f) g(X,Y). (24)
By interchanging Y by JY in (24), we have
g(h(X,JY),JZ) = g(h(X,JY),JZ) + gg(h (X,Y),JZ) - ]%Z (In f) g(X,JY). (25)

Then, we get

which proves (20). Now, by using the same strategies,
g(h (X, 2),JW) = ;g(?ZJX, JW) — %g(ﬁzx, w). (27)
On the other hand, we derive
o(h (X, 2),TW) = ;g(h (Z.7X), TW). (28)
By replacing X with JX, and applying (3), we get
g(h (JX,Z), W) = g(h(Z,JX), W) + %g(h (Z,X),JW). (29)

This implies that
g(h(X,2),JW) =0.

By rewriting the equation (20) with JX instead of X, and by using (3), we can see that
(22) holds. This completes the proof of the lemma.

Corollary 1. Let M = M, xy My be a warped product CR-submanifold M in a locally
metallic Riemannian manifold M, then

gh(JX,JY),JZ)=qq(h(X,Y),JZ)+pg(h (JX,Y),JZ). (30)
for any X, Y e I'(TMr) and Z € I'(TM ),
Proof. After interchanging Y by JY in (22), and applying (3), we obtain
g(h(JX,JY),JZ) = =(p* + ) Z (In f) g(JX,Y) = pgZ (In f) g(X,Y).  (31)
Using equation (31)and (20) along with (22), we get (30).

Here, we provide some examples of a CR-warped product manifold M = M x; My
in a locally metallic Riemannian manifold (M, g, J).
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Example 1. Let M be a submanifold of M defined by the immersion i as follows:
i(f,a,0) = (f cos@sina, fcosfcosa, fsinfsina, fsinf cosa, f, 6q%1f, Uq%lf),
2
where f >0, a, 0 € (0, §), 0 is a metallic number, defined by o = 17-1-7;7-&-41]7 and 6 = p—o,
for some positive integers p and q.

It is straightforward to compute that the tangent bundle of M is spanned by the vectors
{Zl, ZQ7 Z3}, where

0 0 0
Z1 = cosfsina—— + cos cosae—— + sinf sin o—— + sin 0 cos o——
X1 01‘2 833‘3 Ty

R )
dzs  \/qOxe  /qOx7’

0 . 0 . 0 . . 0
Zoy = fcos@cosoca—w1 —fcos&smoza—m—i—fsmecosaa—xg —fsm@smaa—m,

. . 0 . 0 . 0 0
Zsy = —fsm@smaa—xl — fschosaa—w2 +fcos€smozaax3 —i—fcos@cosoca—m.

By using the metallic structure J of M which is
J(x1, 22, 3, T4, 75, T6, T7) = (0X1,0L2,023,024,0L5,0L6,0L7),

Then, we find that

0 0 0
JZ1 =0ccosfsina—— + o cosf cosa—— + osinfsina—— + osinf cosa——
0xq 0rs Ozs O0xy
0 o6 0 oo 0

o o A — o,
drs  /q0x¢ \/qO0x7

JZy = facosé’cosai — facos@sirloci + fasinﬁcosai — fosinfsina—

o1 Oxs Oxs 81’4,
JZs=—f sin&sinai—f sin@cosai—|—facosﬁsina£+facosecosa—
37 7 81'1 7 83:2 81‘3 83347

Now, we define two vector spaces Dr and D, where Dy = Span{Zs, Z3} is the
invariant distribution and D = Span{Z;} is the anti-invariant distribution, which are
preserved by the action of J. Hence, the Riemannian metric of the warped product CR-
submanifold M is given by the following:

g= 2+ + 2 VA2 f + f2(d%0 + d*a).

Then, M = M, x fMr is a warped product CR-submanifold in the metallic Riemannian
manifold M.
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Example 2. Let M be a submanifold of M defined by the immersion i as follows:

: . : . 1
i(u,v,0,¢) =(ucosf,usin b, vcosf,vsinb, ucos ¢, usin ¢, v cos ¢, vsin ¢, 7 ou,
q

1 . 1 1
oV, — Gu, — ov),
va't vttt
where u,v > 0, 6,¢ € (0,%), o is a metallic number, defined by o = Hivghﬂlq, and
0 = p — o, for some positive integers p and gq.
By some computation, it is easy to find that the tangent bundle of M is spanned by
{Zl, ZQ, Zg, Z4}, where

0 0 0 o 0 o 0
Zl—msga*l“meai*“w**“ ‘b**faxg Jiden
0 o 0

Zy = cos9i +S11r119i +c05d>— —l—smgb

ox T3 ox T4 \[6:1:10 %al’lg’
Z *—usm9i+uc089i—vsm@ﬂ—i-vcosﬁ—
57 ox T ox T2 ox T3 Ox X4
0 0
Z4:—usm<;3——|—ucos¢——vsm¢ +vcos¢—
Ts5 T6 00x7 T3

By using the metallic structure J of M which defines as

J(z1, 2, T3, 4, T5, T6, T7, T8,X9, T10, T11, L12) =

(ox1,029,003,024,55,0%6,0T7, TL8, 0Ty, OL10, OL11,0L12).

Following this, we obtain that

JZl—acosecail—i-asmHaaQ—i-acosqﬁa+Usm¢ f;@?cg i‘/a(?afll’
JZQ_O'COSHga:g—FUSlne;l—I-O'COSQé 0 +Jsln¢ 7[083(?10 3/23;912’
JZ3 = —uasmﬁi—&—uacosﬁi —vosin g + vo cos f—,

Oxq O0xa 00x3 O0xy
JZ4 = —uosin qbi + uo cos ¢i —vosin g 0 + vG cos p—,

(91'5 ox T 88957 ox T8

Now, we define two vector spaces Dp and D) such that the invariant distribution Dp
is spanned by {Z3, Z4} and the anti-invariant distribution D is spanned by {Z1, Z2}.
These distributions are preserved by the action of J. The Riemannian metric of the
warped product CR-submanifold M is given by the following
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1 1
g=(2+ 5&2 + 602)(d2u + d*v) + (u? 4+ v*)(d*0 + d*¢).
In other words, M = M x; Mr is a warped product CR-submanifold in the metallic

Riemannian manifold M.

4. Main Theorem

In this section, we prove the main result, which is based on Lemma 1. Now, we
can define a canonical frame field for an n-dimensional warped product CR-submanifold
M = M, x fMrp of an m-dimensional locally metallic Riemannian manifold M. Let
dim(M7) = n; and dim(M}) = ng, and so n = ny + ng. Also, let ® and D+ be the
tangent bundles of My and M, respectively. The canonical frame field of ® and D are
given by the orthonormal vectors

Jeq Jes Jet
{er,e2, -+ er,epq1 = 7,€t+2 =5 €2t = €ny = 7}7 (32)
{en1+17 €ni+2," " 7en:n1+n2}7 (33)

respectively, where o is a metallic number. On the other hand, the orthonormal frame
fields of the normal subbundles of JD* and p are respectively

{ef = J6n1+17 63 = J€n1+27 T 76;2 = Jen:n1+n2} (34)

* * *
{€n2+1 = €n4no+1yCpyt2 = Cntno+2; - €y = em} (35)

Theorem 2. Let M be a warped product CR-submanifold of a locally metallic Riemannian
manifold (M,g,J), where Mp and M, are invariant and anti-invariant submanifolds of
M, respectively. In accordance with this, we have

(i) The squared norm of the second fundamental form of M satisfies the following in-
equality
IS Al 2
12 > (2 4 9 0 £, (36)
where dim(Mr) = ny, dim(M ) = ng, and V*1n f is gradient of In f in the normal
direction to M.

(ii) If equality sign, in the above inequality, holds identically, then M and My are
totally geodesic and totally umbilical submanifolds of M, respectively .

Proof. As can be inferred from the definition of h, we have

n m—n

R[> =D g(hles e5), hleie;) = > Z g(h(ei,e;), er)?. (37)

i,7=1 r=1 4,j=1
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In view of the above equation and the definitions of the frame fields of ©, ®+, JO+ and
u, we can derive the following:

ng ni
2 2
P =303 ahleneet? + S S glhlenep)el)
r=114,5=1 r=no+11,j5=1
ng N1 n m—-n  ni
2
#2350 2 olhlene 42 30 D glhiener) et
r=1i=1 j=ni1+1 r=ns+1 i=1 j=n1+1
na n
2
>SS glene et Y D e (38)
r=114,j=n1+1 r=ng+1i,j=n1+1

Leaving the p-components in (38), and using (21), we obtain that

nz2  ni

IRI2 >0 g(hleieg), e

r=114j5=1

With the help of equations (32) then (34), we can find

||h||22 Z Z 6’“6] Jer +2 Z Z Z 6’1,63 J@r)2—|—

r= n1+lzj 1 r=ni1+1 =1 j=t+1

Z Z h(ei,ej), Jer)?. (39)

r=ni1+1i,j=t+1

Using (20) with the help the canonical frame field of © for all » = 1,--- ,ny, we can
simplify the last inequality as follows

|hl]? > Z ZZ (erIn f)g(ei,e;))? +2 Z Z (erInf)g ez,Je]))

r= n1+1j t+1 i=1 r=n1+1ij=1
JeZ J2e;
J
E E ((er1n f)g ))
r=ni+14,5=1

From (1), we obtain the following result

2 2 2 2
p 4q > p q >
[Pl > (5 + Z)26 VI f? = (5 + ~5)m [V In £

Focusing on the fifth and sixth terms of (38), we get
h(D+, DY) =0. (40)
Similarly, we obtain the following from leaving the second term of (34)

hD,D) C JD. (41)
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While the other terms in (34) vanish, the fourth term gives the following:
h(D,Dt) C JDt. (42)

Then we can find that M, is totally geodesic in M due to its totally geodesic in M
and (40). Similarly, equations (41) and (42) imply that My is totally umbilical in M due
to M being totally umbilical in M, which ends the proof.

Clearly, Theorem 2 is true for the Golden Riemannian manifolds i.e. p = ¢ =1, and
locally product Riemannian manifolds p =0, ¢ = 1.

5. Conclusion

The exploration of warped product submanifolds in locally metallic Riemannian man-
ifolds opens several intriguing avenues for future research. In particular, focusing on
warped products formed by the product of a proper slant submanifold with an invariant
submanifold, called warped product semi-slant, or with an anti-invariant submanifold,
called warped product hemi-slant, opens significant aspects for upcoming studies. Further
investigation into the geometric properties and characteristics of these submanifolds can
deepen our understanding of their structure and the implications of the local metallic-
ity of the ambient manifold. Additionally, establishing a comprehensive classification of
warped product submanifolds, alongside concrete examples, will enhance the literature
and provide benchmarks for further studies. Obtaining Chen’s inequality for semi-slant
and hemi-slant warped product submanifolds in locally metallic Riemannian manifolds re-
veals significant insights about the relationship between the second fundamental form and
the warping function of such submanifolds. This study also raises the question of whether
warped product pointwise semi-slant and hemi-slant submanifolds can be discussed in the
context of metallic Riemannian manifolds.
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