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Abstract. The theory of monotone operators is fundamental in modern optimization and various
areas of nonlinear analysis. Key classes of monotone operators include matrices with a positive
semidefinite symmetric component and subdifferential operators. In this paper, we extend our
investigation to displacement mappings. We derive formulas for set-valued and Moore-Penrose
inverses. Additionally, we conduct a thorough examination of the operators (one-half times the
identity plus T) and its inverse, providing a formula for the inverse of the operator. Our results are
illustrated through an analysis of reflected and projection operators onto closed linear subspaces.
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1. Introduction

It is well known that one of important classes of monotone operators are Displace-
ment mappings of nonexpansive mappings. There are many key examples that have
proven how these mappings are highly useful in optimization problems. For example, in
2016 Heinz H. Bauschke, Warren Hare, and Walaa Moursi used displacement mappings
in analyzing the range of the Douglas—Rachford operator to derive valuable duality re-
sults, see [5]. Additionally, the asymptotic regularity results for nonexpansive mappings
were generalized in [8] to the broader context of displacement mappings. Overall, the
displacement mapping framework has emerged as a powerful tool for analyzing the be-
havior of nonexpansive mappings, with a range of important applications in optimiza-
tion and related areas. Throughout, we assume that

X is a real Hilbert space with inner product (-,-) : X x X - R, (1)
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and induced norm || - [|: X — R: x — /(x,x). We also assume that A : X =% X and
B : X = X are maximally monotone operators. The resolvent and the reflected resolvent
associated with A are

Ja=(Id+A)"! and Ry =2J4 —1d, ()

respectively. An operator T : X = X is nonexpansive if it is Lipschitz continuous with
constant 1, i.e.,

(Vx € X) (vy € X) | Tx - Ty < [lx -yl ®)

Moreover, T : D = X is firmly nonexpansive if
(vxeD)(Yy e D) |Tx—Ty|> + [ (1d-T)x — (-T2 < x— vyl @

Fact 1. [4, Definition 4.10] Let D be a nonempty subset of X, let T : D — X, and let B € Ry,
where R4 is the set of strictly positive real numbers |0, +oo[. Then T is B-cocoercive ( or p-
inverse strongly monotone) if BT is firmly nonexpansive, i.e.,

(Vx € D)(Vy € D) (x—y,Tx —Ty) > p||Tx — Ty|/*.

In optimization, we have seen the importance the displacement mappings of nonexpan-
sive mappings:
Id —R ®)

because of the nice properities that have such as monotonicity which plays a central role
in modern optimization (see [4, 11, 18, 20-23] for more details). A comprehensive anal-
ysis of the displacement mappings of nonexpansive mappings from the point of view of
monotone operator theory under the condition of isometry of finite order of R are given
in [2, Lemma] and [1, Section 3]. We refer the reder to [18, Exercise 12.16], and [4, Example
20.29], [7]. More information is in [10, 15, 17, 19].

Throughout this paper, we assume that

R : X — X s linear and nonexpansive, with D := Fix R = ker (Id —R). (6)

In this paper, we study the displacement mapping using the assumption in (6). Our results can
be summarized as follows

* Proposition 1, Lemma 1, and Remark 1 collect some useful properities of the dis-
pdisplacment mapping and its inverse, which will be useful in our study.

¢ Lemma 2 provides a formula and gives nice properties of the operator T.

¢ We derive a formula for the inverse of the displacment mapping (see Theorem 2 (i)).
A formula for the Moore-Penrose inverse of the displacement mapping is given in
Theorem 2(ii).
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* Theorem 3 gives a comprehensive study of the the operators (1/2)Id +T and its

-1
inverse. Additionaly, we derive a formula of ((1 /2)1d +T> and prove that is
equal to the resolvant of the operator 27T.

¢ We illustrates the reults by giving four examples. The first two examples are re-
lated to the projection operator to a closed linear subspace (see Example 2 and Ex-
ample 3), while the other two are related to the reflected operator to closed linear
subspace (see Example 4 and Example 5).

2. Results

Important properties of the displacement mapping (Id —R) and its inverse are given
in the next proposition.

Proposition 1. Let R be nonexpansive operator, then the following holds:
(i) 3(Id —R) is firmly nonexpansive.
(ii) Id —R is nonexpansive.
(iii) 1d —R and (Id —R)~! are maximally monotone.
(iv) 1d —R is 1-cocoercive.
(v) (Id —R)~1 is strongly monotone*with constant 3.
(vi) Id —R is 3" monotone.
(vii) (Id —R)~! is 3* monotone
(viii) Id —R is paramonotone.
(ix) (1d—R)""

Proof. (i): We have

- % Id is maximally monotone.

R is nonexpansive < —R =2 ( (Id—R)/ 2) is nonexpansive
& ( Id —R) /2 is firmly nonexpansive,

by [4, Proposition 4.4]. (ii): It follows from (i) and [4, Proposition 4.2] . (iii): See [4,
Example 25.20(v)] or [2, Theorem 7.1]. (iv): Combine (i) and Fact 1. (v): Take (x,u) €
gra(Id —R)~! and (y,v) € gra(Id—R)~!. Thenu € (Id—R) 'x = x = u — Ru and
ve (Id—-R)"ly=y=0v—Ro.

1
(u—v,x—y) 2 5 lx -yl

& (u—v,(u— Ru) ~ (0~ R0)) > 7 |(u — Ru) ~ (0~ Ro)|%

*An operator A : X = X is strongly monotone with constant € R if A — BId is montone, i.e.,

(V(x,u) € graA) (Y(y,0) €graA) (x—y,u—0v)>pllx—y|
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which deduce from (iv) and Footnote * that (Id —R)~! is strongly monotone with con-
stant (1/2). (vi) and (vii): It follows from (iv) that Id —R is bounded by (1/2) and
its monotone by (iii). Hence, Id —R and (Id —R)~! are 3* monotone by [4, Proposi-
tion 25.16(i) & (iv)].

(viii): See [4, Example 22.9]. (ix): By (iv) and [4, Example 22.7], (Id —R)~! is (1/2)-
strongly monotone, i.e., B:= (Id —R) ! — % Id is still monotone. If B was not maximally
monotone, then neither would be B + %Id = (Id —R)~! which would contradict (iii).
[

Lemma 1. Set D := ker (Id —R) = Fix R. Then the following holds:
(i) D is a closed linear subspace.
(ii) FixR* = D.
(iii) Tan (Id —R) = tan (Id —R*) = D*.
Proof. (i): Let x,y € D such thatx — Rx = 0and y — Ry = 0. Let a, § € R. Then

(Id —R) (ax + By) = (1d —R) (ax) + (1d —R)(By)
= a(x — Rx) + B(y — Ry)
=04+0=0.

Therefore, ax + By € D and hence D is a linear subspace. To show that D is closed, let
(xn) be a sequence in D such that (x,) converges to x. Then
nli_r)go(ld —R)(x — x,) = lim (Id —R)x — ;}Ego(ld —R)xy,

n—00

= (Id—R)x — (Id —R)x = 0.

Therefore, x € D and hence D is closed.

(ii) and (iii): It follows from Proposition 1(iii) & (iv) that Id —R is monotone and bounded.
Hence, FixR* = FixR = D and fan (Id —R) = tan (Id —R*) = D* by [4, Proposi-
tion 20.17]. |

Remark 1. Suppose that X = {,(IN) and that

R:X = X (xn)nen = (((1—€n)xn)), cppr (7)

where (&,)neN lies in |0, 1] with €, — 0. Then the following holds:
(i) Id —R : (x)neN — (snxn)n is a compact operator.
(ii) D = FixR = {0}.
(iii) ran (Id —R) is not closed.
(iv) ran R is a closed subspace.

Proof. (i) and (ii): See [12, PropositionIl.4.6]. (iii): It follows from [16, Proposition 3.4.6]
that ran (Id —R) is closed if and only if ran (Id —R) is finite-dimensional. On the other
hand, X = D+ = ran (Id —R), i.e., the range of Id —R is dense in the infinite-dimensional
space X. Altogether,

€N

ran (Id —R) is not closed.
(iv): See [16, Lemma 3.4.20]. |
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Lemma 2. Suppose that ran (Id —R) is closed; equivalently,
ran (Id —R) = D+,

Set

1
T:=Pp.(Id—R)"'Pp. —5Ppe- (8)

Then,
(i) ran (Id —R)* = D+,
(ii) T is a linear and continuous.
(iii) T is monotone.
(iv) T is maximally monotone.
(v) ranT C D+, where D = ker(Id —R).
(vi) Pp. T =TPp. =T.

Proof. (i): By using the closeness of ran (Id —R) and ...

ran (Id —R)* = ran (Id —R*)
=ran (Id —R)
=D".
(ii): This is clear because T is defined using Py, which is a linear and continuous oper-
ator. (iii): See [4, Example 20.12]. (iv): Combine (ii), (iii) and [4, Corollary 20.28]. (v): It
follows directly from (8). (vi): Sinceran T C D+ by using (v), we obtain
Ppi T=T.
Moreover, both T and Pp. commute and so
TPpr =Ppu T=T.
n
Remark 2. It is well known that ran (Id —R) is closed if and only if there exists « > 0 such that

(¥ € (ker(ld—R))* = D*) |ly — Ryl = allyl|; ©)

Proof. See [13, Theorem 8.18]. |
Proposition 2. Suppose that (9) holds, then the operator

Pp.(Id —R)~!: D+ — D4, (10)

(i) is a linear selection of T~ 1.
(ii) is continuous and its norm is bounded above by 1/ .
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Proof. (i): It follows from (8) and Lemma 2. (ii): Clear from (9). |

Theorem 1. Suppose that ran (Id —R) is closed. Set

A:=(Id-R)"'— %Id, (11)
and defined
Qa:domA — X :y+— Pyyy. (12)
Set
B :=Paoma QaPdoma - (13)

Then the following holds;
(i) dom A = D and is closed.
(ii) A is linear relation.
(iii) A is maximally monotone.
(iv) we have

1
(Vy € dom A) Qay =Ppi(Id —R) 'y — 5 Ppiy.

(v) B is maximally monotone, linear and continuous.
(Z)l) A= NDJ_ + B.

(vii) B=T.

(viii) B|gom 4 15 @ selection of Alyo a-

Proof. (i): From (11) dom A = ran (Id —R) = D+, which is closed by the assumption.

(ii): It is clear that A is a linear relation, i.e., gra A is a linear subspace, that AO = D, and
by (i) the dom A = D+ is closed.

(iii): It follows directly from Proposition 1(ix).

(iv): By [9, Proposition 6.2], we have (Vy € dom A) Qay = P(40): (Ay) € Ay. Hence,

(Vy € DY) Qay =Pp.(Ay) = Pp. ((Id —R)"ly — %y)
=Py (Id —R) 1y — % PpLy.
(v): See [9, Example 6.4(i)]. (vi): Combining (i) and [9, Example 6.4(iii)] gives
A = Ngoma + B = Np. +B.
(vii): Using (13), (iv) and (i) gives
B = Pdom 4 Qa Pdom 4

1
— PDL (PDL (Id —R)il - E PDL ) PDL

1
- PDL (Id —R)_l PDL —5 PDL
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=T (from (8)).
(viii): Using (i) gives

Algoma = (Npi + B)|p1 (from (vi))
pi+T)|pe (from (vii))

(N
) 1
= (Np- +Pp.(1d—R) " Pp. —>Pp. )

(from (8))
DL
=D + D" (because Np.|p. = D),
and
Blioma = Tlp. (from (i) and (vii))
1
= (Pp.(d=R)™'Pp. =5 Pp. )| (from (8))
2 DJ_
= D"
Hence, B4, 4 is a selection of A|4 .\ 4- [

In the next theorem we derive formulas for the inverse and Moore-Penrose inverse of
the operator (Id —R).

Theorem 2. Recall from (8) and (11) that

1
T:=Pp.(Id—R) 'Pp. —5Ppe,

and ,
=(Id-R)!— 51d,

respectively.Then the following holds;
(i) The set-valued inverse of Id —R is

(Id—R)™! = %Id +T+ Np.. (14)
(ii) The Moore-Penrose inverse of Id —R is
(Id —R)" =T + %PDL. (15)
Proof. (i): Combining Theorem 1(vi) & (vii) and (11) gives

(Id—R)™! — %Id =A

— NDL +T,
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Hence,
1
(Id—R)™' = Np. + T+ 5 1d.
(ii): By using [6, Proposition 2.1] and we obtain
(Id _R)+ = P(Id —R)* O(Id _R)_l o Pran(Id —R)
=Pp.o(Id —R) 1 oPp. (from Lemma 2(i))
1
—Pp. o (5 Id+T + Np. ) oPp. (from (i)
1
=P O(E Pp. +TPp. +D) (Because Np.|p. = D)

1
- EPDL +PDL TPDL +0

1
=5 Ppi +T (from Lemma 2(vi)),

which verified (15). |

Proposition 3 (uniqueness of T). Let T, : X — X be such that

1
(Id—R)™ ! = 51d+To + Np., (16)
and
Pp. To Ppi = To. (17)
Then To = T.
Proof. By using (8), we have
1 1
T - PDL (Id —R) PDL _E PDL
1 1
= PDL (E Id +To —+ NDL) PDL —E PDL (from (16))
=Pp. To Ppt

=T, (from (17)),
as claimed. |

Theorem 3. Recall from (8) that

1
T=Pp.(Id—R)'Pp. —5Ppe-

Then the following holds;
(i) (1/2)1d+T is 1-strongly monotone.

(i) (1/2)1d+T) ™" = 2]r.
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(iii) 2T 4+1d = 2Pp. (Id —R) ' Pp. + Pp.
(IZJ) ]2]" = PD —f-%(ld —R) PDL.

(ZJ) 2]27" = (Id —R) PDL —|—2 PD.

(vi) (Id —R) Pp. +2Pp =1d —R +2Pp.
(vii) We have

-1
(% 1d +T) = 2Jor = (Id—R) P, 42Pp =Id —R +2Pp. (18)

=Id —R.

(vidi) (%Id+T)7l )
D

Proof. (i): Showing that 3Id+T is (1/2)-strongly monotone < 1I1d+T —31d = T
is montone, which is verified by Lemma 2(iii). (ii): From Lemma 2(ii) & (iv) and [14,
Lemma 2], we have

(%Id +T) o (%(Id +2T)>_1
=2(Id+2T)"!
= 2]or.

(iii): By using (8) and Lemma 2(ii), we obtain
_ 1
2T = 2(Pp. (14 —R) ™' Pp. —> P )
= 2Py (Id —R) "' Pp. —Ppy,
hence

2T +1d = 2Py (Id —R) ' Pp. —Pp. +1d
=2Pp. (Id—R) 'Pp. +Pp.

(iv): From (iii), we obtain 2T + Id = 2Pp. (Id —R) ! Pp. + Pp. Put differently,
2T+1d: D@D+ =D& D! :dedt — d+2Pp. (Id —R)1d*.
For two vectors d+, el in D+, we have the equivalences,
el =2P,. (Id—R) 14t & dt = (2 P, (I —R)*l) el
and therefore,
it = (2 P, (1 —R)—l) et

= (2(Pp.(d —R)*l))_leL
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= % (Ppe1d—R)™") et

1y il
_E(Id R)P
:%(Id—R)eL

-
pL€

Hence, .
T +1d)':DeDt - D@D :dodt —d+ 5(Icl—R)dL;
equivalently,

Jor = 2T +1d) ':z+—=Ppz+ = (Id R)Pp. z.

(v): It follows directly from (iv). (vi): Because ker(Id —R) = D, we have (Id —R) Pp = 0.
Therefore,
(Id —R) Pp. +2Pp =1d —R+2Pp.
(vii): Combine (ii), (v), and (vi). (viii): From (v), we obtain
-1

(%Id—kT) — (Id—R+2Pp)

D+t

|p. =I1d—R.

Proposition 4. Let m € {2,3,...} and assume that R™ = 1d, i.e., R is an isometry of finite
rank m. Assume that X = R™ and recall from [2, Lemma] that

1 — m—1 ‘
— d Prp=1d—— R, 19
- ; an DL - kgo (19)

where D = Fix R. Then

max{1,m —2}

: (R+R"1)).  (20)

1P R+ R*)P _1 —Id—m_szJr
SPo (R+R) Py = - L

Proof. Noted that R is an isometry = R*R = RR* =1d, so R~! = R*. But also R has rank
m, hence R"~! = R~! = R*. By using these facts, we obtain

Ppi(R+R*)Pp. =Pp. (R+R71)Pps

—Pp. (R+R7Y) (Id - mf Rk> (from (19))

(R+R™! R+R )

B

Z Rk+1+Rk—1)).

§\H S\H
3



S.T. Alwadani / Eur. ]. Pure Appl. Math, 17 (4) (2024), 3660-3676

Since R has rank m, the following holds:

m_leH e RE-1 — Rk
Y R = Z Z
k=0 k=0
Moreover,
m—1 m—1 m—1
Rlsz:ERH—k: ERk
k=0 k=0 k=0
Thus,
1 =l 1 =l 2=
R+R_1 - Rk — Rk+l —|—Rk 1 “ k.
( ) ZR) =5 L = ;
Therefore,
% 1 1 e pket
Pp. (R+R*)Pp. =Pp. [ (R+R )_%kO(R + R
=P | (R+R™ = R
P m k=0
m—1 ' 1 m—1 ‘
:(Id—mk;)R><(R+R)— LR
m—1 m—1
= <(R+R1)—2 Rk>—<1
m = m =
m—1 m—1
= (R+R—1)—E R - (2% R
m = m =
) m—1 2 m—1
=|(R+RH-=Y R|-[= YR
m = m =
m—1 m—1
= (R+R—1)—E R (2% R
m = m =
2 m—1 2 m—1
= (R+RH-=Y R|-(= Y RF-
m = m =
2 m—1
= (R+R")-= Y RF|.
m =

First: assume that m > 2. Therefore, max{1,m — 2} = m — 2. Then

2 m—1
Py (R+R*)Pp. = (R+R7Y) — — 2 Rk
k_

3670

(21)

(22)

(23)
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:i(z (R+R! ZRk>

2 m—2 m-2
= Id+——(R+R"1) - Y RF|,
( +— (R+ ) k; )

m

which prove (20) when m > 2.
Next, assume that m = 2. Then max{1,m — 1} = 1 and R~! = R?>~! = R. Therefore,

m—1
Py (R+R*) Py = (R+R7Y) - 2 R
k=0

2
= 2R — 7 (1d +R)

=2R—-1d—-R
=R-1Id.
On the other hand,
2 max{1,m — 2} ey o) 2 1 o
m<—1d+2(R+R ) — k;R =3 —Id+§(R+R) _kgéR
=~ 1d+5(2R) - 0
= —Id+R,
so equality holds when m = 2. |
3. Examples

Example 1 (isometry of finite rank). Let m € {2,3,... } and assume that
R™ =1d. (24)

Then the results in Section 2 were derived already in [1]. Moreover, the work there based on
exploiting (24) yielded to (19) and

7”; m—2k)RK = —T*, (25)

which is always skew right-shift operator, T is symmetric only when m = 2.
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Example 2. Let U be a closed subspace of X and suppose that
R="Py. (26)

Then

(i) D = U.

(i) Id —R = Py..

(iii) ran (Id —R) = D+ is closed.

(i) (Id—R) ' =Td+Ny.

(v) T= 3Py =T

(vi) T is always symmetric, but skew only when U = X.
Proof. (i): D = FixR = FixPy = {x € X | x =Pyx} = U. (ii): [d —R = Id — Py = Py;..
(iii): By using (ii), we obtain ran (Id —R) = ran (Id — Py) = U+ = D*. (iv): From [4,
Example 1], we have (1d —R)_1 = (Id - Pu)_1 =P, =Id+Ny..
(v): By using (8), we have

1
T =Pp.(Id —R) ' Pp. —5Pps

1
== Pul (Id +Nul) PuL _E Pul

1

=5Pu

=T".
(vi): Follows from (v). |

Example 3. Let U be a closed subspace of X and suppose that
R=-Py. (27)

Then
(i) D = {o}.
(i) Id —R = Id + Py,.
(iii) ran (Id —R) = X.
(iv) (Id—R)™ = 11d+1P..
(v) T=1Py.

Proof. (i): D = FixR = Fix(—Py) = {x € X | x = =Py x} = {0}. (ii): [d —R = Id 4 Py,.
(iii): By [4, Minty Theorem], Id + Py has full range D = X. (iv): (Id —R)_1 = Jp, =
%PU‘i_PuL = %Id—i_%PuL. (v): We have

1

T =Py (Id—R) Py —5Ppe
1 1 1 1
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1
— E Pu .
[
Example 4. Let U be a closed subspace of X and suppose that
R = Ry. (28)
Then
(i) D = U.

(ii) 1d —R = 2Py..

(iii) ran (Id —R) = D+ is closed.
(i) (Id—R)"' = 11d+Ny.
(v) T=0.

Proof. (i): D = FixR = Fix(Ry) = {x € X | x = Ryx} = {x € X | 2x =2Py} = U.
(i) Id—R = Id—Ry = (Pu+Py. ) — (Pu—Py) = 2Py (ii)): ran(Id—R) =

ran (2P;.) = D+ is closed. (iv): (Id—R) ™' = (2(1d—Py)) "' = 11d+Ny.. (v): We
have
1 1
T - PDJ_ (Id —R) PDJ_ _E PDJ_
1 1
- PDL (E Id +NuL> PuL _E PuL
1 1
— E Puj_ —E Puj_
= 0.
[
Example 5. Let U be a closed subspace of X and suppose that
R = —Ry. (29)

Then
(i) D = Fix (- Ry) = U™,
(i) Id —R = 2Py.
(iii) ran (Id —R) = U is closed.
(i) (Id—R)' = 11d+Ny.
(v) T=0.

Proof. (i): Note that —Ry; = Ry;: and we learn from Example 4 that D = FixR = U+, (ii):
Id—-R=1d—Ry: = (Pu+Py ) — 2Py —1d) = (Py+Py. ) — (Pyr —Py) = 2Py

(iii): By using (ii), we have ran (Id —R) = ran (2Py) = D = U. (iv): (Id—R)_1 =
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1

(Jd—(Ry.)) " = (Id=(2Py. —1d)) ' = (2(1d—Py.)) ' = L1d+Ny by [4, Exam-

ple]. (v): By using (8), we have
T ="Pp.(Id—R) 1Py —% Py

1 1
- PDL (E Id +Nu> PuL —E PuL

1 1
== E PuL - E Pul
=0.
|
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