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Abstract. In this paper, we propose the concept of (€,€ V(¢*,q,))-bipolar fuzzy ideals in
BCK/BCl-algebras. We show that an (€, € Vg, )-bipolar fuzzy ideal is an (€, € V(¢*, ¢,,))-bipolar
fuzzy ideal. For a BCK/BCl-algebra, it has been shown that an (€,€ V(¢*,¢,)-bipolar fuzzy
ideal is an (€, € V§)-bipolar fuzzy ideal of X, but not conversely, and then an example is given.
We introduce the concept of (€, € V(¢*, ¢, ))-bipolar fuzzy fantastic ideals in BCK/BCl-algebras.
It has been shown that an (€, € V(¢*, g,))-bipolar fuzzy fantastic ideal is an (€, €)-bipolar fuzzy
ideal in BCK/BCl-algebras. Furthermore, the connection between (€, € V(¢*, ¢,,))-bipolar fuzzy
fantastic ideals and fantastic ideals are established.
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1. Introduction

Zadeh [45] introduced the concept of fuzzy set theory in 1965 as a mathematical frame-
work for handling uncertainty and vagueness. Rather than being merely inside or outside
a set, it broadens the classical thought of set theory to allow for varying degrees of mem-
bership among its elements, from 0 to 1. This method is especially suitable for areas with
non-binary information or where there is imprecision, such as artificial intelligence, control
systems, and decision-making. Axiomatic systems of propositional calculi are formal sys-
tems that use axioms and inference rules to come up with theorems in propositional logic.
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This has been first described by Imai et al. [25, 26]. These systems are foundational in
the study of logic and are crucial for understanding the formal properties and limitations
of logical systems.

A bipolar fuzzy set (BFS) was introduced by Zhang [47] to extend the classical fuzzy
set theory by incorporating both positive and negative membership degrees. This method
can better reflect real-life situations where an element can show different levels of belong-
ing and not belonging to a set at the same time. It also has a more complex semantic
interpretation compared to traditional fuzzy sets. Bipolar logic and bipolar fuzzy logic
are conceptual frameworks introduced by Zhang [46]. These frameworks extend classical
binary logic and traditional fuzzy logic by incorporating bipolarity, which means that they
handle positive and negative information separately. This allows for a more nuanced rep-
resentation of reality, reflecting the inherent dualities found in many real-world situations.

Bipolar fuzzy subalgebras and bipolar fuzzy ideals are concepts introduced by Lee
[31-33] to extend the theory of BCK/BClI-algebras into the realm of fuzzy logic. Saied et
al. [44] studied bipolar-valued fuzzy BCK/BCI-algebras, which is a niche but fascinating
area within mathematical logic and algebra. Rosenfeld [43] extended the classical concept
of a group in algebra to accommodate the notion of fuzziness, which is characterized
by elements having degrees of membership rather than crisp membership. Aslam [17]
presented the idea of bipolar fuzzy ideals in LA-semigroups, which gives the study of
algebraic structures using fuzzy set theory a big new dimension. Akram et al. [2, 3]
introduced the concept of m-polar fuzzy Lie ideals of Lie algebras.

Al-Masarwah et al. (See [5, 10-14]) extended the concept of bipolar/m-polar fuzzy
subalgebras and ideals to BCK/BCI-algebras. The concept of (€, €,Vq)-fuzzy subgroup
was introduced by Bhakat [20] as a generalization in the context of fuzzy group theory.
Chen et al. [21] worked on m-polar fuzzy sets as an extension of bipolar fuzzy sets, which
is a significant contribution to the field of fuzzy set theory. Farooq et al. [22] presented
a topic related to m-polar fuzzy groups. Ibrar [24] studied ordered semigroups and their
structures using (v, §)-bipolar fuzzy generalized bi-ideals. Jana [28] studied (€, € Vq)-
bipolar fuzzy BCK-algebras, which belong to a specialized branch of mathematics that
deals with algebraic structures and fuzzy logic. Bipolar fuzzy UP-algebras are a concept
in mathematics introduced by Kawila et al. [29].

Balamurugan et al. [18, 42] investigated (€&, €V ¢ )-uni-intuitionistic fuzzy soft h-Ideals
in subtraction BG-algebras and (€, € V{§)-bipolar fuzzy-ideals of BCK/BCI-algebras. Al-
Maswarwah et al. [6-9] developed multipolar fuzzy ideals of BCK/BCl-algebras. Balamu-
rugan [19]presented the concept of complex fuzzy ideals in BCK/BCl-algebras. Iampan
et al. [23] discussed anti-intuitionistic fuzzy soft b-ideals in BCK/BCI algebras. Moin [15]
introduced roughness in JU-algebras. Mohseni et al. [35] studied the concept of multi-
polar fuzzy p-ideals of BCI-algebras. Muhiuddin et al. (see [36-41]) applied the concept
to multipolar fuzzy ideals in BCK/BCI algebras. Al-Kadi et al. [4] looked into a group
of BCl-algebras called bipolar fuzzy BCI-implicative ideals. These ideals probably share
some properties with both fuzzy logic and BCI-algebras. Abubhijileh et al. [1] developed
the concept of complex fuzzy group based on Rosenfeld’s approach. Mahmood [34] studied
bipolar complex fuzzy soft sets and their applications in decision-making. Jaleel et al. [27]
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demonstrated interval-valued bipolar complex fuzzy soft set as a generalization of fuzzy
set, interval-valued fuzzy set, bipolar fuzzy set, complex fuzzy set, and soft set. Ali et al.
[30] extended KU-algebras and investigated properties based on them whereas Moin et al.
[16] introduced intersectional soft ideals and their quotients on KU-algebras,

The article is organized as follows: Section 2 proceeds with a recapitulation of all
required definitions and properties. In Section 3, we present (€,€ V(¢*,q,))-bipolar
fuzzy ideals in BCK/BClI-algebras. In Section 4, (€, € V(¢*, ¢,))-bipolar fuzzy fantastic
ideals in BCK/BCl-algebras are proposed and their properties are discussed in detail.
Finally, in Section 5, the conclusions and scope of future research are given.

2. Preliminaries

BCK-algebras and BCl-algebras are types of algebraic structures used in the study
of non-classical logics, particularly in the context of certain types of implication algebras.
These algebras generalize certain aspects of set theory, logic and have applications in some
areas, such as theoretical computer science and mathematical logic.

Definition 1. /25, 26] A BCK-algebra is a structure (X;{),0) consisting of a non-empty
set X, a binary operation () on R, and a constant 0 € X, satisfying the following axioms:
(€1) ((d0 0 01) 0 (00  €2)) § (€2 0 1) =0,

00 ( (0o ) 01)) § 01 =0,
5) é QQ 0,

o =0,
C5) 00001 =0 and ¢ ( 0o =0= g = 01,
V0o, 01,02 € N

SIS
SN—
/\/-\

A non-void subset A is an ideal of R if (I) 0 € A, (Is) Ydo, 61 € R, do () 01 € A g €
A= 0o € A.

A non-void subset A is a fantastic ideal of R if (I) and (I3) Ydo, 61, 62 € R, (do 0 61) 0
02€A0EA=0( (010 (1 000)eEA ) )

A bipolar fuzzy set (BFS) is denoted by ¢ = ((—,(+), where (— : N — [—1,0] and
¢ R—[0,1].

Definition 2. [42] A BFS ¢ is a BFT of R if it meets the ensuing assertions:
(1) ¢-(0) < ¢-(do), ¢+(0) = C1(o)-

(i1) ¢~ (do) < C(do [ 61) V (= (1),

(iii) (4 (do) = C(do 0 61) A (4 (01), Voo, 01 € R,

Definition 3. [/2] A BFS ¢ is a (€,€ V§)-BFT of X if it meets the ensuing assertions:
(i) ¢=(0) < C-(do), C+(0) > ¢4-(do)-

(i1) (—(00) < (- (60 § 01) V(- (01) V —3,

(iid) C4(do) > C1(do § 01) A C4(01) A 3,V00, 01 € R.
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3. (€,€ V(yp*,g,))-bipolar fuzzy ideals

In this section, we investigate an (€, € V(¢*,qy))-bipolar fuzzy ideal of BCK/BCI-
algebras.

Definition 4 A BFS C is an (€, € Vqy,)-BFL of R if it meets the ensuing assertions:

(1) ¢=(0) < ¢-(d0), ¢+(0) = C+(o)-

(ii) ¢-(do) < (- (do § 61) V(- (1) V (5 — %), )

(491) C+(00) > C+(00 § 61) A C+(91) (=2 +1),V00,01 € R

Definition 5 ABFS Cis an (€, € V(¢*,q,))-BFI of R if it meets the ensuing assertions:
(i) ¢=(0) < C-(do), C+(0) > ¢4-(0)- )

(i1) (-(do) < C-(do 0 61) V(@) V (5 — 5),

(i) Cr(20) > Co (0o 0 1) A C(8) A (=5 + %), Vo, 01 € R

Definition 6. A BFS ( is an (€,€ V(¢*,q,))-BFL of R if it fulfills the ensuing asser-
tions:

(1) (0 Q 01,3) € ¢, (a1,1) € - =
(i) (00 ) 01,u) € C+a(917 ) € G = (do, uAD) € V(p
for all gy, 01 € R, 5,1 € [~1,0) and @, € (0,1].

= (00,3 V) € V(p*, q;)f—_
7q(,0)<

Example 1. Take a BCK/BClI-algebra X = {0, 1, go, 01, 02} with the subsequent Cayley
table:

00 a g0 01 02
0j]0 0 O 0 O
w | 0 w 0 u
00|00 6o O 0O O
oo uw g 0 @
o | 02 02 02 02 O
Define a BFS ¢ of R as follows:
((—0.72,0.52), @ = 0;
(—0.42,0.22), 1 = i
¢(u) =< (—0.22,0.06), @ = do;
(—0.52,0.12), = dy;
(—0.12,0.22), 1 = go.
It is easy to show that C is an (€, € V(¢*,q,))-BFL of X.
Theorem 1. A BFS ( is an (€, € V(¢*,q,))-BFZ of N if and only if satisfies
C-(00) < ¢ 0 @) V() V (5 — %)
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and
(+(00) = (00 § 61) ACe(01) A (=5 + ?)
for all gy, 01 € N.
Proof. Let ¢ be an (€, € (ga ,G))-BFI of X. If C_ (0o § 01) VC-(01) > £ — % and
Ce(do 0 1) AC(d1) < —% + 5, then
-

(00) <C-(do § a1) V¢ (1)
and

G4+(00) = (4(00 § 61) A Co(07).

Assume that (—(do) > (- (do () 61) V (-(01) and (4 (do) < (+(do 0 61) A C4(d1). Let us
take § € (¢ and @ € ( such that
(~(do) >8> C-(do 0 1) V(-(a1)
and
(o) <@ < C4(do 0 1) A Gy ()
Then (do ) 61,5) € ¢, (61,3) € ¢ and (do | 01,%) € (r, (1,4) € (y but (do,3V 3) =
(00, 8)€ V(p* ng)C and (go, u A u) = (0o, u)€ V(p* ,qw)CJr, a contradiction. _
Hence, ¢_(do) < ¢_(do § 01) V ¢_(01) whenever ¢_(go Qﬁ) v f_(vgﬁ) > £ — % and
C+(do) = C4(d0 0 61) A G+ (9) whenever C.(00 0 61) Ay (d1) < —§ + 5
Suppose that ¢ (6o 0 61)V¢- ( 1) < %—* and (4 (do 0 Ql)/\C+(Ql) >
01,

(G0 8—5)el, (61,8—%) el and (do ) d1,—£+%) € o (
which imply that

€% Then,

549 The
%—{_%) € CJrv

(@0,
Thusaf—(go) <$- %_ and (4 (do) Zyé—% + & (3therw1se ¢_(00) + % —E > 4
S-S =p—p*and (1 (do) -+ 5 < -5+ %5 — T+ %5 = —p+¢*, acontradiction
And so,

and

for all gy, 61 € R.

On the contrary, let us assume that an (€, € V(¢*, gy,))-BFT of X holds. Let gy, 61, 02 €
N and @,7 € (0,1] and 3, € =¢ such that (do { 61,5) € (—, (01,£) € (_ and (do { 01,1) €
(5 (01,9) € (4. Then, ((do § 1) < 5,(—(do § 1) < T and (4(do ) 61) > @, (4 (d1) < 0.

*

If (_(go) > 5V ¢ and C+(Qo) < @V v, then (_(dy § 01) V (-(01) < £ — % and (4(do §

61) ACi(a) > =% + 5
Otherwise, we get
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and
C+(00) 2 C(do § ) ACi(@) A (=5 + %) = (il 0 @) A Gy (@r) Z @A,
a contradiction. In that case
(= (do) +3VI<2((do) <2(C(d0 | 61) V(1) V(5 —F)) =~ g%
and
(=(d0) + 0 A > 2C(do) = 2(C+(do O 01) A C(01) A (=5 + ) = —p + 9%

Hence, (do, 3V t) € V(¢*, 4,)(— and (do,u AD) € V(o*, G,)
Therefore, ¢ is an (€, € V(¢*, q,))-BFT of N.
Lemma 1. Every (€, € Vq,)-BFZ is an (€,€ V(p*, d,))-BFI of R, but the converse may

not be true in general.

Proof. Straightforward.

Example 2. Take a BCI-algebra X = {0, @, gy, 01} with Cayley table:
00 @ g a
010 a do o
| u 0 g1 0o
o0 01 0
1|01 6 u O
Define a BFS ¢ of R as follows:
(—0.67,0.67), @ = 0;
- —0.17,0.57), @ = i
=1 o
(—0.57,0.57), @ = do:
(—0.17,0.47), 1= 0y

Hence, (€,€ V(p*,q,))-BFL of R, but is not BFT of N because (4 (g1) = 0.47 # 0.57 =
Cr(ar § @) A Gy ().
4. (€,€ V(¢*, ¢,))-bipolar fuzzy fantastic ideals

This section investigates (€, € V(¢*, g,))-bipolar fuzzy fantastic ideals of BCK/BCI-
algebras.
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Definition 7. A BFS ( is a BFFI of R if it fulfills the Definition 5(i) and the resulting
assertions:

(1) ¢-(do 0 (61 0 (01 0 60))) < C((do § 61) O G2)) V (- (d2), )

(1) ¢+(00 Q (01 Q (01 Q 00))) = C4+((do § 01) § 02)) A C4(02), Vo, 01, 02 € R.

Definition 8. A BFS ( is an (€, € V(p*, d,))-BFFI of N if it fulfills the ensuing asser-
tions:

(i) ((60 O 61) § 62),8) € (-, (02,1) € (- = (00 0 (01 Q (61 0 60)), 8V E) € V(p*,G)C—,
(i) ((do Q 01) Q é) ) € G-, (02,0) € ¢~ = (do Q (1 Q (01 Q do)),u AD) € V(6™,G5) G+,
Voo, 01, 02 € N, [—1,0) and u,0 € (0, 1].

Example 3. Consz'vder N = {0,, 6o, 01, 02} be a BCK-algebra in Example 1, and now we
define a BFS ¢ of X as

(—0.76,0.53), u = 0;
(—0.46,0.23), = i;
¢(u) = (—0.26,0.32), @ = do;
(—0.56,0.13), u = g1;
[ (—0.16,0.03), &= g>

It is easy to show that C is an (€, € V(¢*,q,))-BFFL of X and BFFI of X.

Theorem 2. A BFS C is a BFFI of X < the succeeding assertions are holds:
(i) (0o, 3) € (- = (0,3) € _ and (do,u) € (= (0,) € (4, o
(i7) ((do 0 61) [ 62),8) € (=, (02,) € C- = (6o 0 (1 ( (61 0 60)), 5V ) € C,

(iii) (6o O 61) 0 02),%) € Cy,(02,0) € ¢ = (do § (61 0 (61 § 60)), @A D) € (., for all
00, 5,1 € [-1,0)01, 02 € X and @, 7 € (0,1].

Proof. Suppose that Definition 5 (i) is hold and ¢y € N, @ € (0,1], 5 € [~1,0) such
that (do, $) € (— and (do, @) € (4. Then

¢-(0) <C-(do) <5 and (4(0) > C(d0) > 4,

and so
(0,3) € (_and(0,u) € ;.

Since (0o,¢(d0)) € ¢ and (do,{(do)) € ¢t for all gy € N, it follows from (i) that
(0,C(d0)) € ¢ and (0,C(d0)) € Cs 5o that ¢ (0) < C_(do) and G (0) > Cy(go) for all
do € N. Assume that Definition 7 holds.

Let do, 01,02 € R, and 3, € [-1,0), @,
(d2,7) € ¢, and ((do § 61) O do, ) €
5,(—(02) <tand (4((do 0 01) O 62) > @

¢—(60 0 (61 0 (010 ¢0))

0 , 1] be such that ((do 0 61) 02, 3) € -
s 92,17) € ¢4 Then ¢ ((do § @) § o) <
,C4+(02) > v. It follows from Definition 7,

((

00 61)002)VC(d) <5V

c
(

VAN
|
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and

C+(00 G (010 (01 0 00))) = (o § 01) § 62)) Ay (02) = wND.

So, that (do § (61 0 (61 ( do)),5 Vi) € - and (do § (61 0 (61 0 do)), N ) € Cy-
Next, suppose that (ii) and (iii) are holds. For every dp, d1,02 € N, ((6o ( 01) (

02, ((do 0 1) 0 62)) € C-,(d2,C-(d2)) € ¢ and ((do § 61) O d2,C+((do Q 01) | &2)) €
(s (02,1 (d2)). Hence, (do O (a1 0 (61 0 60)),C~((do § 61) U d2) V (—(d2)) € (- and
(00 0 (010 (010 60)),C+((d0 0 01) 0 02) A (s(02)) € (s by (ii), and (iii), respectively and
thus,

C(60 0 (610 (010 60) <C-((do 0 61) 0 62) VC(62),

and

C(d0 0 (01 0 (010 00))) = (0o 0 61) § d2) A (1 (02)-

Theorem 3. A BFS ( is an (€,€ V(¢*,q,))-BFFL of X & satisfies the succeeding
assertions:

(i) C-(0) < {(d0) V (§ — &
(it) ¢~ (g0 § (61 O (01§ 00))
(iii) (4 (do § (610 (61 0 do)

for all gy, 01, 02 € N.

) and ¢4 (0) > ¢4 (do) A (=5 + 5),
< ¢ (00§ 61) 0 d2) V¢ (d2)
> ¢4 ((60 0 01) § 62) A Cy(02)

Proof. Suppose ¢ be an (€,¢€ v(w*,qzo))—BffI of R. Let gy € R be such that
o) > (5 = ) and Ci(do) < (=5 + %) 1 C(0) > (- (o) and ((0) < Co(av),
¢_(0) >35> ( (0o) and ¢, (0) < @t < C+(Q0) for every § € (f—f 0) and @ € (0, —§+“’ )s
s0 we get (60,5 € C-. (0,5)EC and (g0, 1) € Ce, (0.D)EC-

Since (—(0)+5 > p—¢* and (4 (0)+u < —p+p*, so we have (0, $)g,C— and (0
It follows that (0, 3)€ Vg,(— and (0,%)€ Vq,(y, a contradiction. Hence ¢-(0

)
and (+(0) = (i (o). Now if C_(do) < (5 — %) and (i (do) > (=5 + %), then (db,
)€ Coand (6 (-5 +9) € Cpo Thus, (0.5~ 5)) € Vi and (0,5 + %
\/q<pC+ Thus, (_ )<f—i and (. (0) > -l—“’
Otherwise, (_ (go)+f——>f———|—f——*—g0 ©* and (4 (do)
-2+ ‘p; +—5+ “D = —p+¢*, a contradiction. Consequently, ¢_(0) < {¢_(do),
and €4 (0) > (€4 (d0). —£+ %7}, forall gy € R.
Let go, 01,02 € X. Suppose that ¢_((do § 61) § 62) V (—(d2) > § — % and (4 ((do §

01) 0 0)ACi(da) < —£+ 2. Then ¢ (do 0 (61 0 (61 ( 60))) < C-((do 0 61) § 02) V(- (02)
and Cy(do 0 (1 0 (61 Q 9))) > ¢4 ((do § 61) § d2) A Cy(da)-

If not, then (- (do § (61 0 (61 ( 00))) > &> (-((do 0 01) { 02) V C (62) and ¢4 (do (g} 0
(610 60))) <u < C((do §01) () 02) A (4 (d2), for some 3 € (§ — L ,0),% € (0, -5 + %)

u)gq

) ) 406
< C—(Q
(o

X

w\
S~—
m

00
(0
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It follows that ((do ( 61) { 62, 3) € ¢ and (d2, 5) € (- but (0o § (01 0 (01 00)),5V35) =
(do § (61 0 (61 0 60)),3) € VgpC— and ((do § @1) § do,@) € ¢4 and (d2, @) € (4 but
(00 0 (01 Q (61 0 00)), V)= (0o ( (610 (010 00)),%) € Vgp(+ which is a contradiction.

Hence, ¢ (do { (91 0 (€10 o)) < ¢-((do § 01) § d2) V (- (g2) whenever ¢_((do { ¢1) {
@2)VC (02) > §— % and C+(Qo 0 (01 Q (61 0 60))) = ¢+((do 0 61) O 62) A (4 (d2) whenever

C+((20 0 1) 0 @ )/\C+(02) g+%. .

If C—((do O 61) O 62) V (- ( 2) < £ — £, then (6 | 61) 0 ém%—?) € ¢ and
(62 % — —) € c_ which imply that (g § (61 (61 0 6o). & £-5)=(00 (a0 (a0
00)), % ) %) € Vgy(— and if C+((Qo 0 01) § 02) ACy(d2) > 5 — ?, then
(o Q 91) Q 2,5 — %) € (¢ and (62, —% + % ) € (4, which lmply that (do 0 (01 (61
d0)): =%+ %) = (do 0 (61 0 (61 0 o)), %Jr%) (—2+ %) € Vg(s.

Therefore ¢ (00 (010 (010 00) <%— % and (4 (do Q (010 (010 00)) > —%
because if {_(do § (61 0 (61 U 60))) > § — & and (:(do ) (61 0 (n Q 0))) < —%
then (- (000 (010 1§go>>>+f—%>% SHS -G eyt and G(d 0 (0
(01000) —5+%5 <—-5+ % -4 % = — + ¢*, which is a contradiction. Hence,

C(d0 0 (610 (610 60))) < C-((do 0 1) § 62) V() V (8 —2),

f
2

(p%
T
(Pié
T
01

©0
(¢
\°

and

Ci(do 0 (01 0 (61 0 60))) = Ci((do § 01) 0 62) A Cy(2) A (=5 + 5),

for all gy, 01, 02 € N.

Conversely, assume that ¢ satisfies the conditions of (i), (i), and (iii). Let gy € X and
i € (0,1] and 5 € [~1,0) be such that (go, 5) € ¢_ and (gg, ) € ;. Then, (_(gy) < 5 and
C+(do) = . ) ) )

Suppose that (_(0) > s and (4 (0) < @. If {_(do) > +
C-(0) < C(d0) V(= 5) =C (do) < 5and C(0) > Cy(do) A(—5+ 5
a contradiction. Hence, we know that (_(do) < £ —
get

C-(0)+5<20(0) < () V (5~ ) =9 —¢°
and
C+(0) + 02 > 20-(0) = Co(@0) A (=5 + %) = —o + ™.

Thus, (0,3) € V(_ and (0,%) € V(4.

Let do, 01,02 € R, 4,0 € (0,1] and 3,7 € [1,0) be such that ((do ( ¢1) § 62,3) € ¢,
(d2,1) € C— and ((do § 61) 0 do,%) € Ct, (61,9) € (4. Then C-((do § 61) § 62) < 3,
(-(¢2) <t and ¢4((do O 61) O 62) > u, €4 (1) = 0.
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 Suppose that (60 0 (61 (61 0 @) > 5V and Co(eo 0 (61 0 (e
C (000 61) 0 2) VC(22) > § — % and &((60 0 61) § 62) A Cy(61) < —% + % Then

(=6 0 (610 (610 60))) < C-((do U 02) 0 62) V- (&2) V (5 = 5)
< (e 0 6) 0 62) V- (22)
<35Vt
and
Coldn (62 0 (610 60)) 2 Celldn 1 60) § 62) A Culen) A (-2 + 20)

> Cy (
> (4((00 § 01) § 62) A C4(02)
>uaN

v,

a contradiction. Thus, C—((0 § 01) § 62) V{(d2) <% — % and (1 ((do § 01) § 02) A
C(02) > -2+ %. In that case

(6o (61 0 (610 60))) + 5V T <20 (00 ) (610 (a1 0] do)))

< 2((¢-(do § 1) § d2) V(- (d2) V
=9 -5,

SRS

SO%Z%
— ?)

and
¢ (0o 0 (610 (610 60)) +aAd>2C(do 0 (610 (610 o))
> 2(C4((00 § 01) § 02) A C4-(02) A —g + %)
=—p+p~

Hence, (do { (61 0 (61 0 60)), 3V E) € V(E*,¢p)¢— and (do ) (61 § (61 ( do)).u A D) €
V(E*,dp)C+. So, ¢ is an (€, € V(¢*,q,))-BFFI of N.

Definition 9. Let ¢ be a BFS of X and (5,1) € [—1,0] x [0,1], we define U((;5,1) =
{do € R | ¢ (do) <8 and ¢y (do) > u} is called a 3-level cut of ( and u-level cut of Cy of
the BFS (.

Theorem 4. A BFS ( is an (€, € V(¢*,q,))-BFL of X & the level subset
U(G:3,a) = {do, 62 € X | ¢-(do § (€1 0 (61 60))) < & and ¢ (do ( (61 0 (01 ] 60))) > i}
is a BFFT of R for all § € [£ — ?,O) and for all u € (0,—% —l—%].
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Proof. Assume that ¢ is an (€, € \/(go*,q'@))—B}"I of X. Let (do 0 61) ) 02,00 €

U(¢;s, )Wlthse[%—T,)andué(, Jr‘p.). Then ¢_((do § 01) § d2) <
5,C- (gg) < §and (4+((00 § 1) O d2) > @, 4(02) > @. Therefore from Theorem 1 that

C (600 (a1 ) (@ § o)) < (v D 1) § ) V(@) v (£~ D)
e
=sviG g

=35

and

Cold (61 0 (610 60)) 2 ol 1 61) § 62) A Culen) A (— 2+ £0)

*
songe

=1,

so that gy ( (01 0 (01 0 do)) € U(é, 5,1). Therefore, U((; 3, %) is a fantastic ideal of R.
Conversely, let ¢ be a BFS of R be such that U(C; 3, @) = {Qo eR| (. <sand (. >}
is a fantastic ideal of R for all § € [*-?, 0) and % € (0, =%+ ] If there exist (go ) 01)
02, 02 € R such that ¢_(do § (61 § (61§ 60))) > ¢~((do § Ql) 0 Q2) vV (d2)V (£~ %) and
(00 0 (610 (61 0 60))) < C4((d0 § 61) U 62) A4 (G2)A(—%+%), then we take 5 € (—1,0)
and @ € (0,1) such that ¢(00 0 (010 (10 60)>5>C((do(o1) 0 d2)V (- (2) V(% -
£7) and ¢4 (o 0 (010 (610 60))) < @ < (4((d0 0 01) 0 02) A Cy(01) A (=5 + 5p).
Thus, (do § 01) § 02), 01 € U((; 3,1) with & < — +% and § > —%4—%, and so gy ) (61 ()
(61 0 60)) € U(33,a), ie, ¢-(do 0 (610 (a1 Qo))) < 5 and (1 (do ( (01 0 (01 00))) = @

which is a contradiction. Therefore,

¢ (60 0 (010 (010 0))) <C-((do () 01) § d2) VE(d2)V(

N6

SO?Z%
R

and

C (60 0 (610 (10 60)) > Co((do 1 1) 0 62) A Cald) A (=5 + “’;)

for all gy, 01,02 € N. Using the Theorem 1, we conclude that ¢ is an (€,€ V(p*, qp))-
BFFT of N.

Theorem 5. Let ¢ be an (€, € V(p*,q,))-BFFI Of& where (o § (01 0 (01 0 60))) >

%—% and E+(Qv()v§ (01 § (01 § 00)) < -5+ “0 for all go, 01,02 € X. Then C is an
(€,€)-BFFI of N.

Proof. The proof is simple with theorem 1.
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Theorem 6. Let )\ be an index set and {(&_,Gy) i€ A} be a family of (€,€ V(¥™,dp))-
BFFT of X. Then { = Niep Gy Gy ) is an (€, € V(9™, dp))-BFFL of .

Proof. Let us take (go ( 01) ) 02,02 € X and 31,3 € [—1,0), and 41,79 € (0,1] be
such that ¢_((do § 01) § 02) < 81 and (—((do § 61) § 02) < 32, C+((do § 01) O 02) > w1 and
(00 0 01) O 02) = tia. _ _
Assume that go ( (61 0 (01 0 00))s,vs, € V(#*,q)C— and do ( (61 0 (01 0 00))anas€ V(*, q)(+
. Then ¢—(do § (01 0 (01 0 00))) > 81V 82 and (—(do § (01 § (01 ( 00))) + 81V 52 > p— ¥,
and (4 (do () (01 0 (01 0 d0))) < 1 Aig and (4 (do 0 (01 § (61 ( 00))) + U1 At < —p + ¢*,
which implies

C- @) > £ = T and Cy(do) <

SRS

SO%
ER (1)
Now, we define

Ar={ie A\ |d0 (@0 (00d)svs €, and do§ (010 (610 6o))arnas € Cip}

and

Ay ={[{i e Al 0 (a0 (a1 0 @)avar(e™,Gp)G }n{i € Al e (e (e
00))s1vs. € G} and [{i € A\ | do § (01 0 (61 § 00)anieaCic} N{F €N | 600 (61 0 (61
00)ainas € Giy }}

Then A\ = A1 UAy and A N Ay = 0. ) )

If A/z\ = (), then go () (01 0 (01 Q 6o))syvs, € G and go () (01 0 (01 O 0))asnas € Gy for all
1€ N,

Le., Gi_(do § (010 (610 00))) <81V and ¢, (do § (61 0 (010 o)) > w1 A g for all for
all ¢ € A\, which indicate

Gi- (60 0 (1 ( (610 60))) < 51V 32 and G, (do O (61 ) (61 ( 6o))) >t A e

This is a contrary. Hence, for every ¢ € Ag, and so, As # (), we have

Gi (000 (610 (610 60)) >31 V52 and ¢G_(do ) (61 0 (61§ 6))) + 81V 352 < ¢ — ¥, and
Giy (00 ( (01 ( (01 Q d0))) < ta Aig and ¢, (00 § (01 0 (01 § 00))) + U1 Atig > —p + p*.

It follows that 31 V §5 < %—%%_and A —%—i—?. B B
Now, do 0 (01 ( (61 § 60))s, € ¢~ and go § (01 Q (01 ( 00))as € ¢+ = ¢~(do ( (01 Q (01 0
00))) < 81 and ¢4 (do ( (01 ( (01 Q o)) = 11, and thus,

Gi_ (00§ 01) § 02) <C-((do 0 &1) () 02)

< 38

<381V $
3

A

2 2
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and
Gip (00 0 01) § 02) = C((00 § 01) § 62)
> U1
> a1 N\ w2
el

~ 2 * 2
for all i € A. _ _
Similarly, we get ¢;_((do § 61) () 02) < & — % and (;, (02) > —% + % for all i € \.
We suppose that § = G ((go Q gl) 0 02) % — % and @ = G, (02) < —% %. Taking

2
((Qo 0 91) 0 02); € Gi_ (o Q (61 0 (61 0 60)) and 6a; € Gi_(do [ 62), but
90 0 (01 0 (01 0 00))svi = (00 ( (01§ (01 0 00)))i€ V(¥*,q)Ci_

and

(60§ 61) § d2)s € Gz (00 0 (01 0 (61 0 6o))) and 1 € Gi (o § (61 0 (61 0 60))), but
00 () (01 0 (01 ( 00))ons = 00s€ V(©*, q)Ciy-

This contradicts that ¢ is an (€,€ V(p*,q,)) — BFFZ of . Hence, ¢, (do § (61 0

(01 ( go))_ %.——* and (;, (02) > £—i—ﬁforalli c A, so (_(g2) < %—?ar_ld

Ci(g) > (—% g5 ) which contradicts 1. Therefore, gy § (01 () (01 Qo))sl\/32 € V(p*, q)C-
E3

and gy ( (01 { (61 0 60))annan € V(&% )Gy and consequently, C is an (€, € V(g 1 Go))-

BFFT of X.

For any BFS ¢ in R, where 5 € [1,0) and @ € (0, 1], we denote

(e

1
(01

)
Cs_ _{Q07926N| VUQ
Cay, = {00, 02 € X | 60 §

0 (01
0 (01
and

[Clsa) = {0, 62 € X[ 6o § (61 0 (61§ 00)s € (¢%,GpC— and go § (61 § (61 do)a €
(90*7qv<,0<+}'

Then it is obvious that [f](su) =U((;8,2) U (s, UGy, Here, [E](Su) is an (€, € V(¢*, ¢y))-
level fantastic ideal of (.

Theorem 7. Let { be a BFS inX. Then ( is an (€, € V(p*, ¢,))-BFFZ of N if and only
if [C] (5,0) 18 a fantastic ideal of X, for all 5 € [~1,0) and @ € (0,1].

Proof. Suppose that ¢ is an (€, € V(¢*,q,))-BFFZ of X and let 0,01, 02 € [C]( @)
for 5 € [-1,0) and @ € (0,1]. Then (do % 1) % 025 € G-, 025 € (%, ) and

(do % 01) % G2 € (¢%,dp)C4r 02 € (9%,dp)C4 That is (((do % d1) % d2) < 5 or
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C((dox01)%02)+5 < o—p*, ((d2) < 5or ((d2)+5 < o—¢* and (4 ((dox01) % d2) > @

or (4 ((do % 01) % 02) + @ > —p + ¢*, (4(d2) > U or (4(d2) + @ > —p + ¢*. Using the
Theorem 1, we get,

&6 0 (610 (62 0 o)) < E((G0 § ) 0 6 v E-en) v (£ — £

and
Coldn ) (610 (610 60)) 2 Gl 0 60) § 82) A Gy (@) A (=2 + 20
Case 1. {((do 0 1) Q 02) < 8, (_(02) < §and (4((do § 01) § 2) > @, (4(d2) > . If
§<%—§andu> —l—‘P—then
& 0 (610 (61§ 60))) < (o0 0 61) B ) v E(@) v (£~ &)
o ¥
S22
and
ol (610 (61 0 6))) > Co(d0 § 00) 0 62) Ay () A (— 2+ 20
A
BCREEE
Hence,
ST TR TS) N A S AR
and
AL TR TCET.S) T A R A

and so, go ) (01 § (01 0 90)) (9*,4,)C— and do ( (61 0 (61 § 00)) € (¢*,qp)Cy- If

*
§>%— % and < — —i—%,then

C e 1610 (6 0 6) < C (@b e ) v (@) v (£~ <
and
Coloo 1 (611 (610 60) 2 Go (@ 0 6 D ) A Cul@) A (£ + 2 2

Thus, go § (61 § (61 § d0))s € V(p*,qp)¢— and gy § (61 § (61 § 60))a € V(p*,qp) 4

Therefore, [(](sq)-
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Case 2. (((do ) 61) 0 d2) < 3, () +3 < v — ¢* and (4((do ) 61) 0 02) > 4,

Ci(02) + 1> —p + p*. Ifs<f—;anda>—%+%,then
E(60 0 (61 0 (@ o)) < E((en B ) § ) Ve v (£~ 2)
P
= (-(02) (5—7) |
= (p—¢* =5 V(£ - )
=p—¢ -3
and
Eo@o (61 0 (60 0))) > Colleo 0 ) U @0) A Co(a) A (=5 + 20
=G A £+ 2
= (—p+ ¢ W) A (—5 + )
=—p+p* —a.
Hence,
C 0 (@ 0@ i) +5< 4T 4o o
and
Celen (@ 0 (g a)+u>-L+ 8 £ o

2 2 2 2

and so, go () (01 § (01 0 QO)) (*,qp)¢- and gy (a1 § (61 § 00)) € (¥*,Gp)Cy- If

s>£—;andu< —I—%,then

E (6061 0 (610 60)) < E- (e 0 61) § 82V E-(@) v (£ = 2)
<svig-et-av(E 2=z
and
Col60 (61 0 (6§ 60))) 2 Colln D) § 82 A Col@) A (2 + 20
> U (—p+ " =) A (_§+§)

Thus, go § (61 § (61 § d0))s € V(¢*,qp)¢— and gy § (61 § (61 § 60))a € V(p*,qp)s-

Therefore, [(](s,q)-
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g@$§-5«m99ﬂ692+8<@ ¥, ((2) < 5and (1 (00 § 01) ) &2) + > —p+%,
Cr(02) >0 If 5 <& — 5 and 0> — —i—%,then

C(60 0 (61 0 (@ o)) < C-((n D 1) § @) v <2>v<§—f>

—p—¢t 35
and
G 0 (610 (610 60))) > C((do U 61) 0 62) A i) A (—5 + 902)
N
:(—<P+1—U)/\(—§+7)
=—p+¢—1u
Hence,
@@ 0@ @) +i<t- 212 2
:gp_so*
and
C+(§OQ(QIQ(§1Qéo)))+1l>—§+¢:_§+f
=—p+¢~,

and so, go ) (01 § (01 0 90)) (9*,4,)C— and do ( (61 0 (61 § 00)) € (¢*,qp)Cy- If

s>£—;andu< —i—%,then

C- (60 0 (61 0 (610 60))) < C-((do 1 1) 0 62) v C-(@2) V (5 = )
<lp-g"—a)vav(L-T)=;
and
Eoldo (61 0 (610 60)) > el 0 60) § 82) A alen) A (=2 + 20)
z(—<p+go*—a)Au/\(—¢+¢:):a.

Thus, go § (61 § (61 § d0))s € V(¢*,qp)¢— and gy § (61 § (61 0 60))a € V(p*,G,) 4

Therefore, [(](sq)-
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Cased. C-((do ) 61) 0 &2) +3 < ¢ — 9%, (-(d2) +5 < ¢ —¢* and (;((do § 1) {

02) + it > —p + ¥, (4 (02) + 0 > —p + p*. Ifs<——iandu> —i—%,then
B0 (@18 < (@08 1 8) V@)V (5
* v
=(p—¢ —3)\/(5 7)
=p-—p"—3
and
Coldn ) (610 (610 60)) 2 Gl 1 60) § &0) A Gy (@) A (=2 + 20
= (o et - AL+ )
= —p+¢* — .
Hence,
Cl@t@i@ia) i<t -2 2 P g
and
Colan 0 (6 0 (0 Qo)+ >+ 22y &;=—¢+¢*,

and so, ¢o 0 (&1 0 (&1 ( o)) € goC— and gy § (61 0 (61 0 60)) € GpCr- If 5> £ — 2" and
o< -5+ %, then

C-(0 0 (610 (610 60))) < C-((do 1 1) § @2) V () v (5 — £

<(p—¢* =5V (5 LA (g—%)ﬁé

2
and
Cul@0 0 (61 0 (6§ ) 2 Cellen ) § @) A Cul@) A (-5 + 27
(otet A -2+ T) = -2+ P20
Therefore, gy § (61 0 (61 0 60))s € V(¥*,¢p)C— and do § (d1 0 (61 0 do))a € V(¥™, o) s

Hence, [(](s,4)- Therefore, [(](s 4 is a fantastic ideal of N. )
Conversely, let ¢ be a BFS in ¢ and 5 € [—1,0),a € (0, 1J‘ Then (¢ is an (€, €
V(0*,qp))-BF FT of R be such that [(](; ) is a fantastic ideal of N. If possible, let

X

C-(60 0 (610 (61 0 60)) > 52 C-((d0 0 6n) U 6) V@)V (5 = )
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and

for some § € (—1,0),u € (0,0). Then (g ( 01) § 02,02 € U3,
indicate do § (¢1 § (o1 Q)@)) € ]gs,a)- Thus, - (( Q a1) 0 &) <
o 20

<

OWQ
‘/\
A
—
fG<“
Sca
=
[}
=
N—
—

d) +35 < 9 — %, (( )QQg)Zfaor

C+((do § 1) () ¢2) +U >
contradiction. Hence,

C—(60 0 (610 (61 60))) < C-((do 1 1) § 62) V C-(2) V (5 —

and

Coldn (61 0 (@ o)) > Cllen D ) § ) A Cul) A (-5 + 2,

for all gy, 61,02 € N. Now, by using the Theorem 1, we conclude that ¢ is an (€, €
V(e*,qy))-BFFZL of X.

5. Conclusion

The concept of an (€, € V(¢*, ¢,))-bipolar fuzzy set combines elements from fuzzy sets
and bipolar fuzzy sets. In this paper, we investigated (€, € V(¢*, ¢,))-bipolar fuzzy ideals
and (€, € V(¢*, g,))-bipolar fuzzy fantastic ideals and discussed their essential properties.
We examined the connection between (€, € V(¢*, ¢,))-bipolar fuzzy fantastic ideals and
fuzzy fantastic ideals. In our future study of the bipolar fuzzy structure, we may consider
the following topics: (i) bipolar complex fuzzy g-ideals in BCK/BCl-algebra; (ii) bipolar
complex intuitionistic fuzzy commutative ideals in BG-algebras, BE-algebras; and (iii)
complex picture fuzzy ideals in BCC-algebras, JU-algebras etc.
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