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Abstract. In this paper, we propose the concept of (∈,∈ ∨(φ⋇, q̌φ))-bipolar fuzzy ideals in
BCK/BCI-algebras. We show that an (∈,∈ ∨q̌φ)-bipolar fuzzy ideal is an (∈,∈ ∨(φ⋇, q̌φ))-bipolar
fuzzy ideal. For a BCK/BCI-algebra, it has been shown that an (∈,∈ ∨(φ⋇, q̌φ)-bipolar fuzzy
ideal is an (∈,∈ ∨q̌)-bipolar fuzzy ideal of ℵ̌, but not conversely, and then an example is given.
We introduce the concept of (∈,∈ ∨(φ⋇, q̌φ))-bipolar fuzzy fantastic ideals in BCK/BCI-algebras.
It has been shown that an (∈,∈ ∨(φ⋇, q̌φ))-bipolar fuzzy fantastic ideal is an (∈,∈)-bipolar fuzzy
ideal in BCK/BCI-algebras. Furthermore, the connection between (∈,∈ ∨(φ⋇, q̌φ))-bipolar fuzzy
fantastic ideals and fantastic ideals are established.
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1. Introduction

Zadeh [45] introduced the concept of fuzzy set theory in 1965 as a mathematical frame-
work for handling uncertainty and vagueness. Rather than being merely inside or outside
a set, it broadens the classical thought of set theory to allow for varying degrees of mem-
bership among its elements, from 0 to 1. This method is especially suitable for areas with
non-binary information or where there is imprecision, such as artificial intelligence, control
systems, and decision-making. Axiomatic systems of propositional calculi are formal sys-
tems that use axioms and inference rules to come up with theorems in propositional logic.
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This has been first described by Imai et al. [25, 26]. These systems are foundational in
the study of logic and are crucial for understanding the formal properties and limitations
of logical systems.

A bipolar fuzzy set (BFS) was introduced by Zhang [47] to extend the classical fuzzy
set theory by incorporating both positive and negative membership degrees. This method
can better reflect real-life situations where an element can show different levels of belong-
ing and not belonging to a set at the same time. It also has a more complex semantic
interpretation compared to traditional fuzzy sets. Bipolar logic and bipolar fuzzy logic
are conceptual frameworks introduced by Zhang [46]. These frameworks extend classical
binary logic and traditional fuzzy logic by incorporating bipolarity, which means that they
handle positive and negative information separately. This allows for a more nuanced rep-
resentation of reality, reflecting the inherent dualities found in many real-world situations.

Bipolar fuzzy subalgebras and bipolar fuzzy ideals are concepts introduced by Lee
[31–33] to extend the theory of BCK/BCI-algebras into the realm of fuzzy logic. Saied et
al. [44] studied bipolar-valued fuzzy BCK/BCI-algebras, which is a niche but fascinating
area within mathematical logic and algebra. Rosenfeld [43] extended the classical concept
of a group in algebra to accommodate the notion of fuzziness, which is characterized
by elements having degrees of membership rather than crisp membership. Aslam [17]
presented the idea of bipolar fuzzy ideals in LA-semigroups, which gives the study of
algebraic structures using fuzzy set theory a big new dimension. Akram et al. [2, 3]
introduced the concept of m-polar fuzzy Lie ideals of Lie algebras.

Al-Masarwah et al. (See [5, 10–14]) extended the concept of bipolar/m-polar fuzzy
subalgebras and ideals to BCK/BCI-algebras. The concept of (∈,∈,∨q)-fuzzy subgroup
was introduced by Bhakat [20] as a generalization in the context of fuzzy group theory.
Chen et al. [21] worked on m-polar fuzzy sets as an extension of bipolar fuzzy sets, which
is a significant contribution to the field of fuzzy set theory. Farooq et al. [22] presented
a topic related to m-polar fuzzy groups. Ibrar [24] studied ordered semigroups and their
structures using (α, β)-bipolar fuzzy generalized bi-ideals. Jana [28] studied (∈,∈ ∨q)-
bipolar fuzzy BCK-algebras, which belong to a specialized branch of mathematics that
deals with algebraic structures and fuzzy logic. Bipolar fuzzy UP-algebras are a concept
in mathematics introduced by Kawila et al. [29].

Balamurugan et al. [18, 42] investigated (∈́, ∈́∨ q́ǩ)-uni-intuitionistic fuzzy soft h-Ideals
in subtraction BG-algebras and (∈,∈ ∨q̌)-bipolar fuzzy-ideals of BCK/BCI-algebras. Al-
Maswarwah et al. [6–9] developed multipolar fuzzy ideals of BCK/BCI-algebras. Balamu-
rugan [19]presented the concept of complex fuzzy ideals in BCK/BCI-algebras. Iampan
et al. [23] discussed anti-intuitionistic fuzzy soft b-ideals in BCK/BCI algebras. Moin [15]
introduced roughness in JU-algebras. Mohseni et al. [35] studied the concept of multi-
polar fuzzy p-ideals of BCI-algebras. Muhiuddin et al. (see [36–41]) applied the concept
to multipolar fuzzy ideals in BCK/BCI algebras. Al-Kadi et al. [4] looked into a group
of BCI-algebras called bipolar fuzzy BCI-implicative ideals. These ideals probably share
some properties with both fuzzy logic and BCI-algebras. Abuhijileh et al. [1] developed
the concept of complex fuzzy group based on Rosenfeld’s approach. Mahmood [34] studied
bipolar complex fuzzy soft sets and their applications in decision-making. Jaleel et al. [27]
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demonstrated interval-valued bipolar complex fuzzy soft set as a generalization of fuzzy
set, interval-valued fuzzy set, bipolar fuzzy set, complex fuzzy set, and soft set. Ali et al.
[30] extended KU-algebras and investigated properties based on them whereas Moin et al.
[16] introduced intersectional soft ideals and their quotients on KU-algebras,

The article is organized as follows: Section 2 proceeds with a recapitulation of all
required definitions and properties. In Section 3, we present (∈,∈ ∨(φ⋇, q̌φ))-bipolar
fuzzy ideals in BCK/BCI-algebras. In Section 4, (∈,∈ ∨(φ⋇, q̌φ))-bipolar fuzzy fantastic
ideals in BCK/BCI-algebras are proposed and their properties are discussed in detail.
Finally, in Section 5, the conclusions and scope of future research are given.

2. Preliminaries

BCK-algebras and BCI-algebras are types of algebraic structures used in the study
of non-classical logics, particularly in the context of certain types of implication algebras.
These algebras generalize certain aspects of set theory, logic and have applications in some
areas, such as theoretical computer science and mathematical logic.

Definition 1. [25, 26] A BCK-algebra is a structure (ℵ̌; ≬, 0) consisting of a non-empty
set ℵ̌, a binary operation ≬ on ℵ̌, and a constant 0 ∈ ℵ̌, satisfying the following axioms:
(C1) ((ϱ̌0 ≬ ϱ̌1) ≬ (ϱ̌0 ≬ ϱ̌2)) ≬ (ϱ̌2 ≬ ϱ̌1) = 0,
(C2) (ϱ̌0 ≬ (ϱ̌0 ≬ ϱ̌1)) ≬ ϱ̌1 = 0,
(C3) ϱ̌0 ≬ ϱ̌0 = 0,
(C4) 0 ≬ ϱ̌0 = 0,
(C5) ϱ̌0 ≬ ϱ̌1 = 0 and ϱ̌1 ≬ ϱ̌0 = 0 ⇒ ϱ̌0 = ϱ̌1,
∀ϱ̌0, ϱ̌1, ϱ̌2 ∈ ℵ̌

A non-void subset Ǎ is an ideal of ℵ̌ if (I1) 0 ∈ Ǎ, (I2) ∀ϱ̌0, ϱ̌1 ∈ ℵ̌, ϱ̌0 ≬ ϱ̌1 ∈ Ã, ϱ̌1 ∈
Ã ⇒ ϱ̌0 ∈ Ǎ.

A non-void subset Ǎ is a fantastic ideal of ℵ̌ if (I1) and (I3) ∀ϱ̌0, ϱ̌1, ϱ̌2 ∈ ℵ̌, (ϱ̌0 ≬ ϱ̌1) ≬
ϱ̌2 ∈ Ǎ, ϱ̌2 ∈ Ǎ ⇒ ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)) ∈ Ǎ.

A bipolar fuzzy set (BFS) is denoted by ζ̄ = (ζ̄−, ζ̄+), where ζ̄− : ℵ̌ → [−1, 0] and
ζ̄+ : ℵ̌ → [0, 1].

Definition 2. [42] A BFS ζ̄ is a BFI of ℵ̌ if it meets the ensuing assertions:
(i) ζ̄−(0) ≤ ζ̄−(ϱ̌0), ζ̄+(0) ≥ ζ̄+(ϱ̌0).
(ii) ζ̄−(ϱ̌0) ≤ ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1),
(iii) ζ̄+(ϱ̌0) ≥ ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1),∀ϱ̌0, ϱ̌1 ∈ ℵ̌.

Definition 3. [42] A BFS ζ̄ is a (∈,∈ ∨q̌)-BFI of ℵ̌ if it meets the ensuing assertions:
(i) ζ̄−(0) ≤ ζ̄−(ϱ̌0), ζ̄+(0) ≥ ζ̄+(ϱ̌0).
(ii) ζ̄−(ϱ̌0) ≤ ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1) ∨ −1

2 ,
(iii) ζ̄+(ϱ̌0) ≥ ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1) ∧ 1

2 , ∀ϱ̌0, ϱ̌1 ∈ ℵ̌.
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3. (∈,∈ ∨(φ⋇, q̌φ))-bipolar fuzzy ideals

In this section, we investigate an (∈,∈ ∨(φ⋇, q̌φ))-bipolar fuzzy ideal of BCK/BCI-
algebras.

Definition 4. A BFS ζ̄ is an (∈,∈ ∨q̌φ)-BFI of ℵ̌ if it meets the ensuing assertions:
(i) ζ̄−(0) ≤ ζ̄−(ϱ̌0), ζ̄+(0) ≥ ζ̄+(ϱ̌0).
(ii) ζ̄−(ϱ̌0) ≤ ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1) ∨ (φ2 − 1

2),
(iii) ζ̄+(ϱ̌0) ≥ ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1) ∧ (−φ

2 + 1
2),∀ϱ̌0, ϱ̌1 ∈ ℵ̌.

Definition 5. A BFS ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-BFI of ℵ̌ if it meets the ensuing assertions:
(i) ζ̄−(0) ≤ ζ̄−(ϱ̌0), ζ̄+(0) ≥ ζ̄+(ϱ̌0).

(ii) ζ̄−(ϱ̌0) ≤ ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1) ∨ (φ2 − φ⋇

2 ),

(iii) ζ̄+(ϱ̌0) ≥ ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1) ∧ (−φ
2 + φ⋇

2 ), ∀ϱ̌0, ϱ̌1 ∈ ℵ̌.

Definition 6. A BFS ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-BFI of ℵ̌ if it fulfills the ensuing asser-
tions:
(i) (ϱ̌0 ≬ ϱ̌1, š) ∈ ζ̄−, (ϱ̌1, ť) ∈ ζ̄− ⇒ (ϱ̌0, š ∨ ť) ∈ ∨(φ⋇, q̌φ)ζ̄−,
(ii) (ϱ̌0 ≬ ϱ̌1, ǔ) ∈ ζ̄+, (ϱ̌1, v̌) ∈ ζ̄+ ⇒ (ϱ̌0, ǔ ∧ v̌) ∈ ∨(φ⋇, q̌φ)ζ̄+,
for all ϱ̌0, ϱ̌1 ∈ ℵ̌, š, ť ∈ [−1, 0) and ǔ, v̌ ∈ (0, 1].

Example 1. Take a BCK/BCI-algebra ℵ̌ = {0, ǔ, ϱ̌0, ϱ̌1, ϱ̌2} with the subsequent Cayley
table:

≬ 0 ǔ ϱ̌0 ϱ̌1 ϱ̌2
0 0 0 0 0 0
ǔ ǔ 0 ǔ 0 ǔ
ϱ̌0 ϱ̌0 ϱ̌0 0 0 0
ϱ̌1 ϱ̌1 ǔ ϱ̌1 0 ϱ̌1
ϱ̌2 ϱ̌2 ϱ̌2 ϱ̌2 ϱ̌2 0

Define a BFS ζ̄ of ℵ̌ as follows:

ζ̄(ǔ) =



(−0.72, 0.52), ǔ = 0;

(−0.42, 0.22), ǔ = ǔ;

(−0.22, 0.06), ǔ = ϱ̌0;

(−0.52, 0.12), ǔ = ϱ̌1;

(−0.12, 0.22), ǔ = ϱ̌2.

It is easy to show that ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-BFI of ℵ̌.

Theorem 1. A BFS ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-BFI of ℵ̌ if and only if satisfies

ζ̄−(ϱ̌0) ≤ ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1) ∨ (φ2 − φ⋇

2 )
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and

ζ̄+(ϱ̌0) ≥ ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1) ∧ (−φ
2 + φ⋇

2 )

for all ϱ̌0, ϱ̌1 ∈ ℵ̌.

Proof. Let ζ̄ be an (∈,∈ ∨(φ⋇, q̌φ))-BFI of ℵ̌. If ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1) >
φ
2 − φ⋇

2 and

ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1) < −φ
2 + φ⋇

2 , then

ζ̄−(ϱ̌0) ≤ ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1)

and
ζ̄+(ϱ̌0) ≥ ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1).

Assume that ζ̄−(ϱ̌0) > ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1) and ζ̄+(ϱ̌0) < ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1). Let us
take š ∈ ¬ζ̄ and ǔ ∈ ζ̄ such that

ζ̄−(ϱ̌0) > š > ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1)

and
ζ̄+(ϱ̌0) < ǔ < ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1).

Then (ϱ̌0 ≬ ϱ̌1, š) ∈ ζ̄−, (ϱ̌1, š) ∈ ζ̄− and (ϱ̌0 ≬ ϱ̌1, ǔ) ∈ ζ̄+, (ϱ̌1, ǔ) ∈ ζ̄+ but (ϱ̌0, š ∨ š) =

(ϱ̌0, š)∈ ∨(φ⋇, q̌φ)ζ̄− and (ϱ̌0, ǔ ∧ ǔ) = (ϱ̌0, ǔ)∈ ∨(φ⋇, q̌φ)ζ̄+, a contradiction.

Hence, ζ̄−(ϱ̌0) ≤ ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1) whenever ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1) > φ
2 − φ⋇

2 and

ζ̄+(ϱ̌0) ≥ ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(y̌) whenever ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1) < −φ
2 + φ⋇

2 .

Suppose that ζ̄−(ϱ̌0 ≬ ϱ̌1)∨ ζ̄−(ϱ̌1) ≤ φ
2 −

φ⋇

2 and ζ̄+(ϱ̌0 ≬ ϱ̌1)∧ ζ̄+(ϱ̌1) ≥ −φ
2 +

φ⋇

2 . Then,

(ϱ̌0 ≬ ϱ̌1,
φ
2 −

φ⋇

2 ) ∈ ζ̄−, (ϱ̌1,
φ
2 −

φ⋇

2 ) ∈ ζ̄− and (ϱ̌0 ≬ ϱ̌1,−φ
2 +

φ⋇

2 ) ∈ ζ̄+, (ϱ̌1,−φ
2 +

φ⋇

2 ) ∈ ζ̄+,
which imply that

(ϱ̌0, (
φ
2 − φ⋇

2 ) ∧ (φ2 − φ⋇

2 )) = (ϱ̌0, (
φ
2 − φ⋇

2 )) ∈ ∨(φ⋇, q̌φ)ζ̄−

(ϱ̌0, (−φ
2 + φ⋇

2 ) ∧ (−φ
2 + φ⋇

2 )) = (ϱ̌0, (−φ
2 + φ⋇

2 )) ∈ ∨(φ⋇, q̌φ)ζ̄+.

Thus, ζ̄−(ϱ̌0) ≤ φ
2 − φ⋇

2 and ζ̄+(ϱ̌0) ≥ −φ
2 + φ⋇

2 . Otherwise, ζ̄−(ϱ̌0) +
φ
2 − φ⋇

2 > φ
2 − φ⋇

2 +
φ
2 − φ⋇

2 = φ−φ⋇ and ζ̄+(ϱ̌0)− φ
2 + φ⋇

2 < −φ
2 + φ⋇

2 − φ
2 + φ⋇

2 = −φ+φ⋇, a contradiction.
And so,

ζ̄−(ϱ̌0) ≤ ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1) ∨ (φ2 − φ⋇

2 )

and

ζ̄+(ϱ̌0) ≥ ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1) ∧ (−φ
2 + φ⋇

2 )

for all ϱ̌0, ϱ̌1 ∈ ℵ̌.
On the contrary, let us assume that an (∈,∈ ∨(φ⋇, q̌φ))-BFI of ℵ̌ holds. Let ϱ̌0, ϱ̌1, ϱ̌2 ∈

ℵ̌ and ǔ, v̌ ∈ (0, 1] and š, ť ∈ ¬ζ̄ such that (ϱ̌0 ≬ ϱ̌1, š) ∈ ζ̄−, (ϱ̌1, ť) ∈ ζ̄− and (ϱ̌0 ≬ ϱ̌1, ǔ) ∈
ζ̄+, (ϱ̌1, v̌) ∈ ζ̄+. Then, ζ̄−(ϱ̌0 ≬ ϱ̌1) ≤ š, ζ̄−(ϱ̌0 ≬ ϱ̌1) ≤ ť and ζ̄+(ϱ̌0 ≬ ϱ̌1) ≥ ǔ, ζ̄+(ϱ̌1) ≤ v̌.

If ζ̄−(ϱ̌0) > š ∨ ť and ζ̄+(ϱ̌0) < ǔ ∨ v̌, then ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1) ≤ φ
2 − φ⋇

2 and ζ̄+(ϱ̌0 ≬

ϱ̌1) ∧ ζ̄+(ϱ̌1) ≥ −φ
2 + φ⋇

2 .
Otherwise, we get
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ζ̄−(ϱ̌0) ≤ ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1) ∨ (φ2 − φ⋇

2 ) ≤ ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1) ≤ š ∨ ť

and

ζ̄+(ϱ̌0) ≥ ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1) ∧ (−φ
2 + φ⋇

2 ) ≥ ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1) ≥ ǔ ∧ v̌,

a contradiction. In that case

ζ̄−(ϱ̌0) + š ∨ ť < 2ζ̄−(ϱ̌0) ≤ 2(ζ̄−(ϱ̌0 ≬ ϱ̌1) ∨ ζ̄−(ϱ̌1) ∨ (φ2 − φ⋇

2 )) = φ− φ⋇,

and

ζ̄−(ϱ̌0) + v̌ ∧ ǔ > 2ζ̄+(ϱ̌0) ≥ 2(ζ̄+(ϱ̌0 ≬ ϱ̌1) ∧ ζ̄+(ϱ̌1) ∧ (−φ
2 + φ⋇

2 )) = −φ+ φ⋇.

Hence, (ϱ̌0, š ∨ ť) ∈ ∨(φ⋇, q̌φ)ζ̄− and (ϱ̌0, ǔ ∧ v̌) ∈ ∨(φ⋇, q̌φ)ζ̄+.
Therefore, ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-BFI of ℵ̌.

Lemma 1. Every (∈,∈ ∨q̌φ)-BFI is an (∈,∈ ∨(φ⋇, q̌φ))-BFI of ℵ̌, but the converse may
not be true in general.

Proof. Straightforward.

Example 2. Take a BCI-algebra ℵ̌ = {0, ǔ, ϱ̌0, ϱ̌1} with Cayley table:

≬ 0 ǔ ϱ̌0 ϱ̌1
0 0 ǔ ϱ̌0 ϱ̌1
ǔ ǔ 0 ϱ̌1 ϱ̌0
ϱ̌0 ϱ̌0 ϱ̌1 0 ǔ
ϱ̌1 ϱ̌1 ϱ̌0 ǔ 0

Define a BFS ζ̄ of ℵ̌ as follows:

ζ̄(ǔ) =


(−0.67, 0.67), ǔ = 0;

(−0.17, 0.57), ǔ = ǔ;

(−0.57, 0.57), ǔ = ϱ̌0;

(−0.17, 0.47), ǔ = ϱ̌1.

Hence, (∈,∈ ∨(φ⋇, q̌φ))-BFI of ℵ̌, but is not BFI of ℵ̌ because ζ̄+(ϱ̌1) = 0.47 ⩾̸ 0.57 =
ζ̄+(ϱ̌1 ≬ ǔ) ∧ ζ̄+(ǔ).

4. (∈,∈ ∨(φ⋇, q̌φ))-bipolar fuzzy fantastic ideals

This section investigates (∈,∈ ∨(φ⋇, q̌φ))-bipolar fuzzy fantastic ideals of BCK/BCI-
algebras.
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Definition 7. A BFS ζ̄ is a BFFI of ℵ̌ if it fulfills the Definition 5(i) and the resulting
assertions:
(i) ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)) ∨ ζ̄−(ϱ̌2),
(ii) ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)) ∧ ζ̄+(ϱ̌2),∀ϱ̌0, ϱ̌1, ϱ̌2 ∈ ℵ̌.

Definition 8. A BFS ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-BFFI of ℵ̌ if it fulfills the ensuing asser-
tions:
(i) ((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2), š) ∈ ζ̄−, (ϱ̌2, ť) ∈ ζ̄− ⇒ (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), š ∨ ť) ∈ ∨(φ⋇, q̌φ)ζ̄−,
(ii) ((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2), ǔ) ∈ ζ̄−, (ϱ̌2, v̌) ∈ ζ̄− ⇒ (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), ǔ ∧ v̌) ∈ ∨(φ⋇, q̌φ)ζ̄+,
∀ϱ̌0, ϱ̌1, ϱ̌2 ∈ ℵ̌, š, ť ∈ [−1, 0) and ǔ, v̌ ∈ (0, 1].

Example 3. Consider ℵ̌ = {0, ǔ, ϱ̌0, ϱ̌1, ϱ̌2} be a BCK-algebra in Example 1, and now we
define a BFS ζ̄ of ℵ̌ as

ζ̄(ǔ) =



(−0.76, 0.53), ǔ = 0;

(−0.46, 0.23), ǔ = ǔ;

(−0.26, 0.32), ǔ = ϱ̌0;

(−0.56, 0.13), ǔ = ϱ̌1;

(−0.16, 0.03), ǔ = ϱ̌2.

It is easy to show that ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-BFFI of ℵ̌ and BFFI of ℵ̌.

Theorem 2. A BFS ζ̄ is a BFFI of ℵ̌ ⇔ the succeeding assertions are holds:
(i) (ϱ̌0, š) ∈ ζ̄− ⇒ (0, š) ∈ ζ̄− and (ϱ̌0, ǔ) ∈ ζ̄+ ⇒ (0, ǔ) ∈ ζ̄+,
(ii) ((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2), š) ∈ ζ̄−, (ϱ̌2, ť) ∈ ζ̄− ⇒ (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), š ∨ ť) ∈ ζ̄−,
(iii) ((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2), ǔ) ∈ ζ̄+, (ϱ̌2, v̌) ∈ ζ̄+ ⇒ (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), ǔ ∧ v̌) ∈ ζ̄+, for all
ϱ̌0, š, ť ∈ [−1, 0)ϱ̌1, ϱ̌2 ∈ ℵ̌ and ǔ, v̌ ∈ (0, 1].

Proof. Suppose that Definition 5 (i) is hold and ϱ̌0 ∈ ℵ̌, ǔ ∈ (0, 1], š ∈ [−1, 0) such
that (ϱ̌0, š) ∈ ζ̄− and (ϱ̌0, ǔ) ∈ ζ̄+. Then

ζ̄−(0) ≤ ζ̄−(ϱ̌0) ≤ š and ζ̄+(0) ≥ ζ̄+(ϱ̌0) ≥ ǔ,

and so
(0, š) ∈ ζ̄−and(0, ǔ) ∈ ζ̄+.

Since (ϱ̌0, ζ̄(ϱ̌0)) ∈ ζ̄− and (ϱ̌0, ζ̄(ϱ̌0)) ∈ ζ̄+ for all ϱ̌0 ∈ ℵ̌, it follows from (i) that
(0, ζ̄(ϱ̌0)) ∈ ζ̄− and (0, ζ̄(ϱ̌0)) ∈ ζ̄+ so that ζ̄−(0) ≤ ζ̄−(ϱ̌0) and ζ̄+(0) ≥ ζ̄+(ϱ̌0) for all
ϱ̌0 ∈ ℵ̌. Assume that Definition 7 holds.

Let ϱ̌0, ϱ̌1, ϱ̌2 ∈ ℵ̌, and š, ť ∈ [−1, 0), ǔ, v̌ ∈ (0, 1] be such that ((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2, š) ∈ ζ̄−,
(ϱ̌2, ť) ∈ ζ̄−, and ((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2, ǔ) ∈ ζ̄+, (ϱ̌2, v̌) ∈ ζ̄+. Then ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≤
š, ζ̄−(ϱ̌2) ≤ ť and ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≥ ǔ, ζ̄+(ϱ̌2) ≥ v̌. It follows from Definition 7,

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)) ∨ ζ̄−(ϱ̌2) ≤ š ∨ ť
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and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)) ∧ ζ̄+(ϱ̌2) ≥ ǔ ∧ v̌.

So, that (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), š ∨ ť) ∈ ζ̄− and (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), ǔ ∧ v̌) ∈ ζ̄+.
Next, suppose that (ii) and (iii) are holds. For every ϱ̌0, ϱ̌1, ϱ̌2 ∈ ℵ̌, ((ϱ̌0 ≬ ϱ̌1) ≬

ϱ̌2, ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)) ∈ ζ̄−, (ϱ̌2, ζ̄−(ϱ̌2)) ∈ ζ̄− and ((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2, ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)) ∈
ζ̄+, (ϱ̌2, ζ̄+(ϱ̌2)). Hence, (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2)) ∈ ζ̄− and
(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2)) ∈ ζ̄+ by (ii), and (iii), respectively and
thus,

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2),

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2).

Theorem 3. A BFS ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-BFFI of ℵ̌ ⇔ satisfies the succeeding
assertions:
(i) ζ̄−(0) ≤ ζ̄−(ϱ̌0) ∨ (φ2 − φ⋇

2 ) and ζ̄+(0) ≥ ζ̄+(ϱ̌0) ∧ (−φ
2 + φ⋇

2 ),

(ii) ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (φ2 − φ⋇

2 ),

(iii) ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ
2 + φ⋇

2 )
for all ϱ̌0, ϱ̌1, ϱ̌2 ∈ ℵ̌.

Proof. Suppose ζ̄ be an (∈,∈ ∨(φ⋇, q̌φ))-BFFI of ℵ̌. Let ϱ̌0 ∈ ℵ̌ be such that

ζ̄−(ϱ̌0) > (φ2 − φ⋇

2 ) and ζ̄+(ϱ̌0) < (−φ
2 + φ⋇

2 ). If ζ̄−(0) > ζ̄−(ϱ̌0) and ζ̄+(0) < ζ̄+(ϱ̌0),

ζ̄−(0) > š > ζ̄−(ϱ̌0) and ζ̄+(0) < ǔ < ζ̄+(ϱ̌0) for every š ∈ (φ2 −
φ⋇

2 , 0) and ǔ ∈ (0,−φ
2 +

φ⋇

2 ),
so we get (ϱ̌0, š) ∈ ζ̄−, (0, š)∈ζ̄− and (ϱ̌0, ǔ) ∈ ζ̄+, (0, v̌)∈ζ̄+.

Since ζ̄−(0)+š > φ−φ⋇ and ζ̄+(0)+ǔ < −φ+φ⋇, so we have (0, š)q̌φζ̄− and (0, ǔ)q̌φζ̄+.
It follows that (0, š)∈ ∨q̌φζ̄− and (0, ǔ)∈ ∨q̌φζ̄+, a contradiction. Hence, ζ̄−(0) ≤ ζ̄−(ϱ̌0)

and ζ̄+(0) ≥ ζ̄+(ϱ̌0). Now if ζ̄−(ϱ̌0) ≤ (φ2 − φ⋇

2 ) and ζ̄+(ϱ̌0) ≥ (−φ
2 + φ⋇

2 ), then (ϱ̌0, (
φ
2 −

φ⋇

2 )) ∈ ζ̄− and (ϱ̌0, (−φ
2 + φ⋇

2 )) ∈ ζ̄+. Thus, (0, φ2 − φ⋇

2 )) ∈ ∨q̌φζ̄− and (0,−φ
2 + φ⋇

2 ) ∈
∨q̌φζ̄+. Thus, ζ̄−(0) ≤ φ

2 − φ⋇

2 and ζ̄+(0) ≥ −φ
2 + φ⋇

2 .

Otherwise, ζ̄−(ϱ̌0) +
φ
2 − φ⋇

2 > φ
2 − φ⋇

2 + φ
2 − φ⋇

2 = φ− φ⋇ and ζ̄+(ϱ̌0) + −φ
2 + φ⋇

2 <

−φ
2 +

φ⋇

2 +−φ
2 +

φ⋇

2 = −φ+φ⋇, a contradiction. Consequently, ζ̄−(0) ≤ {ζ̄−(ϱ̌0), φ2 −
φ⋇

2 }
and ζ̄+(0) ≥ {ζ̄+(ϱ̌0),−φ

2 + φ⋇

2 }, for all ϱ̌0 ∈ ℵ̌.
Let ϱ̌0, ϱ̌1, ϱ̌2 ∈ ℵ̌. Suppose that ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) > φ

2 − φ⋇

2 and ζ̄+((ϱ̌0 ≬

ϱ̌1) ≬ ϱ̌2)∧ ζ̄+(ϱ̌2) < −φ
2 +

φ⋇

2 . Then ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)∨ ζ̄−(ϱ̌2)
and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2).
If not, then ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) > š > ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬

(ϱ̌1 ≬ ϱ̌0))) < ǔ < ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2), for some š ∈ (φ2 − φ⋇

2 , 0), ǔ ∈ (0,−φ
2 + φ⋇

2 ).
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It follows that ((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2, š) ∈ ζ̄− and (ϱ̌2, š) ∈ ζ̄− but (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), š∨š) =
(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), š) ∈ ∨q̌φζ̄− and ((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2, ǔ) ∈ ζ̄+ and (ϱ̌2, ǔ) ∈ ζ̄+ but
(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), ǔ ∨ ǔ) = (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), ǔ) ∈ ∨q̌φζ̄+ which is a contradiction.

Hence, ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) whenever ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬

ϱ̌2)∨ ζ̄−(ϱ̌2) >
φ
2 −

φ⋇

2 and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)∧ ζ̄+(ϱ̌2) whenever

ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) < −φ
2 + φ⋇

2 .

If ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ≤ φ
2 − φ⋇

2 , then ((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2,
φ
2 − φ⋇

2 ) ∈ ζ̄− and

(ϱ̌2,
φ
2 − φ⋇

2 ) ∈ ζ̄−, which imply that (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)),
φ
2 − φ⋇

2 ) = (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬

ϱ̌0)),
φ
2 − φ⋇

2 ) ∨ φ
2 − φ⋇

2 ) ∈ ∨q̌φζ̄− and if ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ≥ φ
2 − φ⋇

2 , then

((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2,
φ
2 − φ⋇

2 ) ∈ ζ̄+ and (ϱ̌2,−φ
2 + φ⋇

2 ) ∈ ζ̄+, which imply that (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬

ϱ̌0)),−φ
2 + φ⋇

2 ) = (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)),−φ
2 + φ⋇

2 ) ∧ (−φ
2 + φ⋇

2 ) ∈ ∨q̌φζ̄+.
Therefore, ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ φ

2 −
φ⋇

2 and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ −φ
2 +

φ⋇

2 ,

because if ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) >
φ
2 − φ⋇

2 and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) < −φ
2 + φ⋇

2 ,

then ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) +
φ
2 − φ⋇

2 > φ
2 − φ⋇

2 + φ
2 − φ⋇

2 = φ − φ⋇ and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬

(ϱ̌1 ≬ ϱ̌0)))− φ
2 + φ⋇

2 < −φ
2 + φ⋇

2 − φ
2 + φ⋇

2 = −φ+ φ⋇, which is a contradiction. Hence,

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (φ2 − φ⋇

2 ),

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ
2 + φ⋇

2 ),

for all ϱ̌0, ϱ̌1, ϱ̌2 ∈ ℵ̌.
Conversely, assume that ζ̄ satisfies the conditions of (i), (ii), and (iii). Let ϱ̌0 ∈ ℵ̌ and

ǔ ∈ (0, 1] and š ∈ [−1, 0) be such that (ϱ̌0, š) ∈ ζ̄− and (ϱ̌0, ǔ) ∈ ζ̄+. Then, ζ̄−(ϱ̌0) ≤ š and
ζ̄+(ϱ̌0) ≥ ǔ.

Suppose that ζ̄−(0) ≥ š and ζ̄+(0) ≤ ǔ. If ζ̄−(ϱ̌0) >
φ
2−

φ⋇

2 and ζ̄+(ϱ̌0) < −φ
2+

φ⋇

2 , then

ζ̄−(0) ≤ ζ̄−(ϱ̌0) ∨ (φ2 − φ⋇

2 ) = ζ̄−(ϱ̌0) ≤ š and ζ̄+(0) ≥ ζ̄+(ϱ̌0) ∧ (−φ
2 + φ⋇

2 ) = ζ̄+(ϱ̌0) ≥ ǔ,

a contradiction. Hence, we know that ζ̄−(ϱ̌0) ≤ φ
2 − φ⋇

2 and ζ̄+(ϱ̌0) ≥ −φ
2 + φ⋇

2 and so we
get

ζ̄−(0) + š < 2ζ̄−(0) ≤ ζ̄−(ϱ̌0) ∨ (φ2 − φ⋇

2 ) = φ− φ⋇

and

ζ̄+(0) + ϱ̌2 > 2ζ̄−(0) ≥ ζ̄+(ϱ̌0) ∧ (−φ
2 + φ⋇

2 ) = −φ+ φ⋇.

Thus, (0, š) ∈ ∨ζ̄− and (0, ǔ) ∈ ∨ζ̄+.
Let ϱ̌0, ϱ̌1, ϱ̌2 ∈ ℵ̌, ǔ, v̌ ∈ (0, 1] and š, ť ∈ [1, 0) be such that ((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2, š) ∈ ζ̄−,

(ϱ̌2, ť) ∈ ζ̄− and ((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2, ǔ) ∈ ζ̄+, (ϱ̌1, v̌) ∈ ζ̄+. Then ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≤ š,
ζ̄−(ϱ̌2) ≤ ť and ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≥ ǔ, ζ̄+(ϱ̌1) ≥ v̌.
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Suppose that ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) > š ∨ ť and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) < ǔ ∧ v̌. If

ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ≥ φ
2 − φ⋇

2 and ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌1) ≤ −φ
2 + φ⋇

2 . Then

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)

≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2)

≤ š ∨ ť

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ

2
+

φ⋇

2
)

≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2)

≥ ǔ ∧ v̌,

a contradiction. Thus, ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ≤ φ
2 − φ⋇

2 and ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧
ζ̄+(ϱ̌2) ≥ −φ

2 + φ⋇

2 . In that case

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) + š ∨ ť < 2ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)))

≤ 2((ζ̄−(ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨
φ

2
− φ⋇

2
)

= φ− φ⋇,

and

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) + ǔ ∧ v̌ > 2ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)))

≥ 2(ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ −φ

2
+

φ⋇

2
)

= −φ+ φ⋇.

Hence, (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), š ∨ ť) ∈ ∨(k⋇, q̌φ)ζ̄− and (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)), ǔ ∧ v̌) ∈
∨(k⋇, q̌φ)ζ̄+. So, ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-BFFI of ℵ̌.

Definition 9. Let ζ̄ be a BFS of ℵ̌ and (š, ǔ) ∈ [−1, 0] × [0, 1], we define U(ζ̄; š, ǔ) =
{ϱ̌0 ∈ ℵ̌ | ζ̄−(ϱ̌0) ≤ š and ζ̄+(ϱ̌0) ≥ ǔ} is called a š-level cut of ζ̄− and ǔ-level cut of ζ̄+ of
the BFS ζ̄.

Theorem 4. A BFS ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-BFI of ℵ̌ ⇔ the level subset

U(ζ̄; š, ǔ) = {ϱ̌0, ϱ̌2 ∈ ℵ̌ | ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ š and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ǔ}

is a BFFI of ℵ̌ for all š ∈ [φ2 − φ⋇

2 , 0) and for all ǔ ∈ (0,−φ
2 + φ⋇

2 ].
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Proof. Assume that ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-BFI of ℵ̌. Let (ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2, ϱ̌2 ∈
U(ζ̄; š, ǔ) with š ∈ [φ2 − φ⋇

2 , 0) and ǔ ∈ (0,−φ
2 + φ⋇

2 ). Then ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≤
š, ζ̄−(ϱ̌2) ≤ š and ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≥ ǔ, ζ̄+(ϱ̌2) ≥ ǔ. Therefore from Theorem 1 that

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)

≤ š ∨ (
φ

2
− φ⋇

2
)

= š

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ

2
+

φ⋇

2
)

≥ ǔ ∧ (−φ

2
+

φ⋇

2
)

= ǔ,

so that ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)) ∈ U(ζ̄; š, ǔ). Therefore, U(ζ̄; š, ǔ) is a fantastic ideal of ℵ̌.
Conversely, let ζ̄ be a BFS of ℵ̌ be such that U(ζ̄; š, ǔ) = {ϱ̌0 ∈ ℵ̌ | ζ̄− ≤ š and ζ̄+ ≥ ǔ}

is a fantastic ideal of ℵ̌ for all š ∈ [φ2 −
φ⋇

2 , 0) and ǔ ∈ (0,−φ
2 +

φ⋇

2 ]. If there exist (ϱ̌0 ≬ ϱ̌1) ≬

ϱ̌2, ϱ̌2 ∈ ℵ̌ such that ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) > ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)∨ ζ̄−(ϱ̌2)∨ (φ2 − φ⋇

2 ) and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) < ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)∧ζ̄+(ϱ̌2)∧(−φ
2 +

φ⋇

2 ), then we take š ∈ (−1, 0)
and ǔ ∈ (0, 1) such that ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) > š > ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (φ2 −
φ⋇

2 ) and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) < ǔ < ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌1) ∧ (−φ
2 + φ⋇

2 ).

Thus, (ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2), ϱ̌1 ∈ U(ζ̄; š, ǔ) with ǔ < −φ
2 +

φ⋇

2 and š > −φ
2 +

φ⋇

2 , and so ϱ̌0 ≬ (ϱ̌1 ≬
(ϱ̌1 ≬ ϱ̌0)) ∈ U(ζ̄; š, ǔ), i.e., ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ š and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ǔ
which is a contradiction. Therefore,

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ

2
+

φ⋇

2
),

for all ϱ̌0, ϱ̌1, ϱ̌2 ∈ ℵ̌. Using the Theorem 1, we conclude that ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-
BFFI of ℵ̌.

Theorem 5. Let ζ̄ be an (∈,∈ ∨(φ⋇, q̌φ))-BFFI of ℵ̌, where ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) >
φ
2 − 1

2 and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) < −φ
2 + φ⋇

2 for all ϱ̌0, ϱ̌1, ϱ̌2 ∈ ℵ̌. Then ζ̄ is an
(∈,∈)-BFFI of ℵ̌.

Proof. The proof is simple with theorem 1.
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Theorem 6. Let
∧

be an index set and {(ζ̄i− , ζ̄i+) | i ∈
∧
} be a family of (∈,∈ ∨(φ⋇, q̌φ))-

BFFI of ℵ̌. Then ζ̄ =
⋂

i∈
∧(ζ̄i− , ζ̄i+) is an (∈,∈ ∨(φ⋇, q̌φ))-BFFI of ℵ̌.

Proof. Let us take (ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2, ϱ̌2 ∈ ℵ̌ and š1, š2 ∈ [−1, 0), and ǔ1, ǔ2 ∈ (0, 1] be
such that ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≤ š1 and ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≤ š2, ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≥ ǔ1 and
ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≥ ǔ2.

Assume that ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))š1∨š2∈ ∨(φ⋇, q)ζ̄− and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))ǔ1∧ǔ2∈ ∨(φ⋇, q)ζ̄+
. Then ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) > š1 ∨ š2 and ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)))+ š1 ∨ š2 ≥ φ−φ⋇,
and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) < ǔ1 ∧ ǔ2 and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) + ǔ1 ∧ ǔ2 ≤ −φ+φ⋇,
which implies

ζ̄−(ϱ̌0) >
φ

2
− φ⋇

2
and ζ̄+(ϱ̌0) <

φ

2
− φ⋇

2
. (1)

Now, we define

∆1 = {i ∈
∧

| ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))š1∨š2 ∈ ζ̄iť and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))ǔ1∧ǔ2 ∈ ζ̄ip̌}

and
∆2 = {[{i ∈

∧
| ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))š1∨š2(φ

⋇, q̌φ)ζ̄i−} ∩ {j ∈
∧

| ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬

ϱ̌0))š1∨š2∈ ζ̄i−}] and [{i ∈
∧

| ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)ǔ1∧ǔ2qζ̄i+} ∩ {j ∈
∧

| ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬

ϱ̌0)ǔ1∧ǔ2∈ ζ̄i+}]}.
Then

∧
= ∆1 ∪∆2 and ∆1 ∩∆2 = ∅.

If ∆2 = ∅, then ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))š1∨š2 ∈ ζ̄i− and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))ǔ1∧ǔ2 ∈ ζ̄i+ for all
i ∈

∧
,

i.e., ζ̄i−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ š1 ∨ š2 and ζ̄i+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ǔ1 ∧ ǔ2 for all for
all i ∈

∧
, which indicate

ζ̄i−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ š1 ∨ š2 and ζ̄i+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ǔ1 ∧ ǔ2.

This is a contrary. Hence, for every i ∈ ∆2, and so, ∆2 ̸= ∅, we have

ζ̄i−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) > š1 ∨ š2 and ζ̄i−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) + š1 ∨ š2 < φ− φ⋇, and
ζ̄i+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) < ǔ1 ∧ ǔ2 and ζ̄i+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) + ǔ1 ∧ ǔ2 > −φ+ φ⋇.

It follows that š1 ∨ š2 <
φ
2 − φ⋇

2 and ǔ1 ∧ ǔ2 > −φ
2 + φ⋇

2 .
Now, ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))š1 ∈ ζ̄− and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))ǔ1 ∈ ζ̄+ ⇒ ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬
ϱ̌0))) ≤ š1 and ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ǔ1, and thus,

ζ̄i−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)

≤ š1

≤ š1 ∨ š2

<
φ

2
− φ⋇

2
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and

ζ̄ip̌((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)

≥ ǔ1

≥ ǔ1 ∧ ǔ2

> −φ

2
+

φ⋇

2

for all i ∈
∧
.

Similarly, we get ζ̄i−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) <
φ
2 − φ⋇

2 and ζ̄i+(ϱ̌2) > −φ
2 + φ⋇

2 for all i ∈
∧
.

We suppose that š = ζ̄i−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) >
φ
2 − φ⋇

2 and ǔ = ζ̄i+(ϱ̌2) < −φ
2 + φ⋇

2 . Taking

that š > ť > φ
2 − φ⋇

2 and ǔ < v̌ < −φ
2 + φ⋇

2 , we get

((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)ť ∈ ζ̄i−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)) and ϱ̌2 ť ∈ ζ̄i−(ϱ̌0 ≬ ϱ̌2), but

ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))ť∨ť = (ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)))ť∈ ∨(φ⋇, q)ζ̄i−

and

((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)v̌ ∈ ζ̄ip̌(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) and ϱ̌1v̌ ∈ ζ̄ip̌(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))), but

ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))v̌∧v̌ = ϱ̌0v̌∈ ∨(φ⋇, q)ζ̄ip̌ .

This contradicts that ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ)) − BFFI of ℵ̌. Hence, ζ̄i+(ϱ̌0 ≬ (ϱ̌1 ≬

(ϱ̌1 ≬ ϱ̌0))) ≤ φ
2 − φ⋇

2 and ζ̄i+(ϱ̌2) ≥ −φ
2 + φ⋇

2 for all i ∈
∧
, so ζ̄−(ϱ̌2) ≤ φ

2 − φ⋇

2 and

ζ̄+(ǧ) ≥ (−φ
2 +

φ⋇

2 ) which contradicts 1. Therefore, ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))š1∨š2 ∈ ∨(φ⋇, q)ζ̄−
and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))ǔ1∧ǔ2 ∈ ∨(φ⋇, q)ζ̄+ and consequently, ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-
BFFI of ℵ̌.

For any BFS ζ̄ in ℵ̌, where š ∈ [1, 0) and ǔ ∈ (0, 1], we denote

ζ̄š− = {ϱ̌0, ϱ̌2 ∈ ℵ̌ | ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))š ∈ (φ⋇, q̌φ)ζ̄−},
ζ̄ǔ+ = {ϱ̌0, ϱ̌2 ∈ ℵ̌ | ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))ǔ ∈ (φ⋇, q̌φ)ζ̄+},

and

[ζ̄](š,ǔ) = {ϱ̌0, ϱ̌2 ∈ ℵ̌ | ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)š ∈ (φ⋇, q̌φζ̄− and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)ǔ ∈
(φ⋇, q̌φζ̄+}.

Then it is obvious that [ζ̄](š,ǔ) = U(ζ̄; š, ǔ)∪ ζ̄šť ∪ ζ̄v̌p̌ . Here, [ζ̄](š,ǔ) is an (∈,∈ ∨(φ⋇, q̌φ))-
level fantastic ideal of ζ̄.

Theorem 7. Let ζ̄ be a BFS in ℵ̌. Then ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-BFFI of ℵ̌ if and only
if [ζ̄](š,ǔ) is a fantastic ideal of ℵ̌, for all š ∈ [−1, 0) and ǔ ∈ (0, 1].

Proof. Suppose that ζ̄ is an (∈,∈ ∨(φ⋇, q̌φ))-BFFI of ℵ̌ and let ϱ̌0, ϱ̌1, ϱ̌2 ∈ [ζ̄](š,ǔ)
for š ∈ [−1, 0) and ǔ ∈ (0, 1]. Then (ϱ̌0 ⋇ ϱ̌1) ⋇ ϱ̌2š ∈ q̌φζ̄−, ϱ̌2š ∈ (φ⋇, q̌φ)ζ̄− and
(ϱ̌0 ⋇ ϱ̌1)⋇ ϱ̌2ǔ ∈ (φ⋇, q̌φ)ζ̄+, ϱ̌2ǔ ∈ (φ⋇, q̌φ)ζ̄+. That is ζ̄−((ϱ̌0 ⋇ ϱ̌1) ⋇ ϱ̌2) ≤ š or
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ζ̄−((ϱ̌0⋇ϱ̌1)⋇ϱ̌2)+š < φ−φ⋇, ζ̄−(ϱ̌2) ≤ š or ζ̄−(ϱ̌2)+š < φ−φ⋇ and ζ̄+((ϱ̌0⋇ϱ̌1)⋇ϱ̌2) ≥ ǔ
or ζ̄+((ϱ̌0 ⋇ ϱ̌1) ⋇ ϱ̌2) + ǔ > −φ + φ⋇, ζ̄+(ϱ̌2) ≥ ǔ or ζ̄+(ϱ̌2) + ǔ > −φ + φ⋇. Using the
Theorem 1, we get,

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ

2
+

φ⋇

2
)

Case 1. ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≤ š, ζ̄−(ϱ̌2) ≤ š and ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≥ ǔ, ζ̄+(ϱ̌2) ≥ ǔ. If

š < φ
2 − φ⋇

2 and ǔ > −φ
2 + φ⋇

2 , then

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)

=
φ

2
− φ⋇

2

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌1) ∧ (−φ

2
+

φ⋇

2
)

= −φ

2
+

φ⋇

2
.

Hence,

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) + š <
φ

2
− φ⋇

2
+

φ

2
− φ⋇

2
= φ− φ⋇,

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) + ǔ > −φ

2
+

φ⋇

2
− φ

2
+

φ⋇

2
= −φ+ φ⋇,

and so, ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)) ∈ (φ⋇, q̌φ)ζ̄− and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)) ∈ (φ⋇, q̌φ)ζ̄+. If

š ≥ φ
2 − φ⋇

2 and ǔ ≤ −φ
2 + φ⋇

2 , then

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
) ≤ š

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ

2
+

φ⋇

2
) ≥ ǔ.

Thus, ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))š ∈ ∨(φ⋇, q̌φ)ζ̄− and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))ǔ ∈ ∨(φ⋇, q̌φ)ζ̄+.
Therefore, [ζ̄](š,ǔ).
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Case 2. ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≤ š, ζ̄−(ϱ̌2) + š < φ − φ⋇ and ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≥ ǔ,

ζ̄+(ϱ̌2) + ǔ > −φ+ φ⋇. If š < φ
2 − φ⋇

2 and ǔ > −φ
2 + φ⋇

2 , then

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)

= ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)

= (φ− φ⋇ − š) ∨ (
φ

2
− φ⋇

2
)

= φ− φ⋇ − š

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ

2
+

φ⋇

2
)

= ζ̄+(ϱ̌1) ∧ (−φ

2
+

φ⋇

2
)

= (−φ+ φ⋇ − ǔ) ∧ (−φ

2
+

φ⋇

2
)

= −φ+ φ⋇ − ǔ.

Hence,

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) + š < −φ

2
+

φ⋇

2
+−φ

2
+

φ⋇

2
= φ− φ⋇

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) + ǔ > −φ

2
+

φ⋇

2
− φ

2
+

φ⋇

2
= −φ+ φ⋇,

and so, ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)) ∈ (φ⋇, q̌φ)ζ̄− and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)) ∈ (φ⋇, q̌φ)ζ̄+. If

š ≥ φ
2 − φ⋇

2 and ǔ ≤ −φ
2 + φ⋇

2 , then

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)

≤ š ∨ (φ− φ⋇ − š) ∨ (
φ

2
− φ⋇

2
) = š.

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ

2
+

φ⋇

2
)

≥ ǔ ∧ (−φ+ φ⋇ − ǔ) ∧ (−φ

2
+

φ⋇

2
) = ǔ.

Thus, ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))š ∈ ∨(φ⋇, q̌φ)ζ̄− and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))ǔ ∈ ∨(φ⋇, q̌φ)ζ̄+.
Therefore, [ζ̄](š,ǔ).
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Case 3. ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)+ š < φ−φ⋇, ζ̄−(ϱ̌2) ≤ š and ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2)+ ǔ > −φ+φ⋇,

ζ̄+(ϱ̌2) ≥ ǔ. If š < φ
2 − φ⋇

2 and ǔ > −φ
2 + φ⋇

2 , then

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)

= (φ− φ⋇ − š) ∨ (
φ

2
− φ⋇

2
)

= φ− φ⋇ − š

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ

2
+

φ⋇

2
)

= (−φ+ 1− ǔ) ∧ (−φ

2
+

φ⋇

2
)

= −φ+ φ⋇ − ǔ.

Hence,

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) + š <
φ

2
− φ⋇

2
+

φ

2
− φ⋇

2
= φ− φ⋇

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) + ǔ > −φ

2
+

φ⋇

2
− φ

2
+

φ⋇

2
= −φ+ φ⋇,

and so, ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)) ∈ (φ⋇, q̌φ)ζ̄− and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)) ∈ (φ⋇, q̌φ)ζ̄+. If

š ≥ φ
2 − φ⋇

2 and ǔ ≤ −φ
2 + φ⋇

2 , then

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)

≤ (φ− φ⋇ − š) ∨ š ∨ (
φ

2
− φ⋇

2
) = š

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ

2
+

φ⋇

2
)

≥ (−φ+ φ⋇ − ǔ) ∧ ǔ ∧ (−φ

2
+

φ⋇

2
) = ǔ.

Thus, ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))š ∈ ∨(φ⋇, q̌φ)ζ̄− and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))ǔ ∈ ∨(φ⋇, q̌φ)ζ̄+.
Therefore, [ζ̄](š,ǔ).
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Case 4. ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) + š < φ − φ⋇, ζ̄−(ϱ̌2) + š < φ − φ⋇ and ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬

ϱ̌2) + ǔ > −φ+ φ⋇, ζ̄+(ϱ̌2) + ǔ > −φ+ φ⋇. If š < φ
2 − φ⋇

2 and ǔ > −φ
2 + φ⋇

2 , then

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)

= (φ− φ⋇ − š) ∨ (
φ

2
− φ⋇

2
)

= φ− φ⋇ − š

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌1) ∧ (−φ

2
+

φ⋇

2
)

= (−φ+ φ⋇ǔ)− ∧(−φ

2
+

φ⋇

2
)

= −φ+ φ⋇ − ǔ.

Hence,

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) + š <
φ

2
− φ⋇

2
+

φ

2
− φ⋇

2
= φ− φ⋇

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) + ǔ > −φ

2
+

φ⋇

2
− φ

2
+

φ⋇

2
= −φ+ φ⋇,

and so, ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)) ∈ q̌φζ̄− and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)) ∈ q̌φζ̄+. If š ≥ φ
2 − φ⋇

2 and

ǔ ≤ −φ
2 + φ⋇

2 , then

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)

≤ (φ− φ⋇ − š) ∨ (
φ

2
− φ⋇

2
) = (

φ

2
− φ⋇

2
) ≤ š

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ

2
+

φ⋇

2
)

≥ (−φ+ φ⋇ − ǔ) ∧ (−φ

2
+

φ⋇

2
) = (−φ

2
+

φ⋇

2
) ≥ ǔ.

Therefore, ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))š ∈ ∨(φ⋇, q̌φ)ζ̄− and ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))ǔ ∈ ∨(φ⋇, q̌φ)ζ̄+.
Hence, [ζ̄](š,ǔ). Therefore, [ζ̄](š,ǔ) is a fantastic ideal of ℵ̌.

Conversely, let ζ̄ be a BFS in ζ̄ and š ∈ [−1, 0), ǔ ∈ (0, 1]. Then ζ̄ is an (∈,∈
∨(φ⋇, q̌φ))-BFFI of ℵ̌ be such that [ζ̄](š,ǔ) is a fantastic ideal of ℵ̌. If possible, let

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) > š ≥ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)
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and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) < ǔ ≤ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ

2
+

φ⋇

2
),

for some š ∈ (−1, 0), ǔ ∈ (0, v̌). Then (ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2, ϱ̌2 ∈ U(ζ̄; š, ǔ) ⊆ [ζ̄](š,ǔ), which
indicate ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0)) ∈ [ζ̄](š,ǔ). Thus, ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≤ š or ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬
ϱ̌2) + š < φ − φ⋇, ζ̄−(ϱ̌2) ≤ š or ζ̄−(ϱ̌2) + š < φ − φ⋇ and ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ≥ ǔ or
ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) + ǔ > −φ+ φ⋇, ζ̄+(ϱ̌2) ≥ ǔ or ζ̄+(ϱ̌2) + ǔ > −φ+ φ⋇, and these are a
contradiction. Hence,

ζ̄−(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≤ ζ̄−((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∨ ζ̄−(ϱ̌2) ∨ (
φ

2
− φ⋇

2
)

and

ζ̄+(ϱ̌0 ≬ (ϱ̌1 ≬ (ϱ̌1 ≬ ϱ̌0))) ≥ ζ̄+((ϱ̌0 ≬ ϱ̌1) ≬ ϱ̌2) ∧ ζ̄+(ϱ̌2) ∧ (−φ

2
+

φ⋇

2
),

for all ϱ̌0, ϱ̌1, ϱ̌2 ∈ ℵ̌. Now, by using the Theorem 1, we conclude that ζ̄ is an (∈,∈
∨(φ⋇, q̌φ))-BFFI of ℵ̌.

5. Conclusion

The concept of an (∈,∈ ∨(φ⋇, q̌φ))-bipolar fuzzy set combines elements from fuzzy sets
and bipolar fuzzy sets. In this paper, we investigated (∈,∈ ∨(φ⋇, q̌φ))-bipolar fuzzy ideals
and (∈,∈ ∨(φ⋇, q̌φ))-bipolar fuzzy fantastic ideals and discussed their essential properties.
We examined the connection between (∈,∈ ∨(φ⋇, q̌φ))-bipolar fuzzy fantastic ideals and
fuzzy fantastic ideals. In our future study of the bipolar fuzzy structure, we may consider
the following topics: (i) bipolar complex fuzzy q-ideals in BCK/BCI-algebra; (ii) bipolar
complex intuitionistic fuzzy commutative ideals in BG-algebras, BE-algebras; and (iii)
complex picture fuzzy ideals in BCC-algebras, JU-algebras etc.
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