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Abstract. Let G be a simple graph. A subset D of vertices in G is a dominating set of G if every
vertex not in D has at least one neighbor in D. The domination number (G) of G is the minimum
cardinality of a dominating set of G. An edge geodetic set of G is a set S C V(@) such that every
edge of G is contained in a geodetic joining some pair of vertices in S. The edge geodetic number
9e(G) of G is the minimum cardinality of edge geodetic set. A set of vertices S in G is an edge
geodetic dominating set of G if S is both an edge geodetic set and a dominating set. The minimum
cardinality of an edge geodetic dominating set of G is its edge geodetic domination number and is
denoted by 7,4, (G). In this study, we determined the edge geodetic domination number of graphs
obtained through the deletion of independent edges of complete graphs and graphs resulting from
the K,-gluing of complete graphs. It is also shown that for any positive integers 2 < a < b, there
exists a connected graph G such that g.(G) = a and 7, (G) = b.
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1. Introduction

Several studies have been conducted regarding geodetic sets, geodetic bounds and edge
geodetic sets in graphs. Asdain et al. [1], Chartrand et al. [3], Mariano and Canoy [8], and
Santhakumaran and John [12], are some researchers who have done many results in this
area. The results include determining the geodetic and edge geodetic number of graphs
employing the unary and binary operations in graphs such as, the deletion of independent
edges of complete graphs, K,-gluing, join, corona, composition, and cartesian products of
graphs, among others.
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Besides geodetic set and edge geodetic sets in graphs, there are also a lot of studies
done due to dominating sets in graphs. In [13], it was defined that a subset D of vertices
in G is called dominating set if every vertex not in D has at least one neighbor in D. The
domination number v(G) of G is the minimum cardinality of a dominating set of G. The
notion of domination for some classes of graphs were studied by Castaneda et. al in [2].
They considered variations of the concept of domination in a graph.

With the extensive results on the above-mentioned graph invariants, a number of
researchers have ventured into making an offshoot of the study. As a consequence, the
concept of geodetic domination in graphs has been coined. Apparently, this has been
extended to the thought of the edge geodetic domination in graphs. Due to the former,
there have been quite a number of results that were generated from the geodetic domination
in graphs. Escuadra et al. [4], Vijayan et al. [15] are among those researchers who have
contributed significant results in this endeavor. Only very few, however, have undergone
studies on the edge geodetic domination in graphs. Stalin et al. [13] and Samodivkin [9],
made some results on the edge geodetic domination in graphs. There were results with
some realizations done for the edge geodetic dominating number of graphs. A number of
these results were preliminaries that include edge geodetic dominating number of (special)
graph in unary operation. Note, however, that the edge geodetic dominating number in
the binary operation of graphs is not that extensive yet. Though there were attempts to
explore on this area but the amount of results done is still meager. To cite a few, Stalin
et al. [13] in their article, "Edge Geodetic Dominations in Graphs”, determined the Edge
geodetic number of certain classes of graphs. Necessary conditions for connected graphs
of order p with edge geodetic domination number p or p-1 are given. They also had shown
that for every two integers a,b > 2 with 2 < a <band b—a —1 > 0, there is a connected
graph G such that v,(G) = a and 741 (G) = b, where v,(G) is the geodetic domination
number of a graph.

Since limited results are done on the edge geodetic dominating number of some graphs,
it is in this regard that a revisit to the foregoing topic was undertaken and some results
were generated.

In doing this study, the following terminologies from [1-15] are necessary. A simple
graph G(V, E) is an undirected graph without loops or multiple edges. V(G) and E(G)
denote the vertex and the edge sets of a graph G, respectively. Let S C V(G). The induced
subgraph (S) of G is the graph (S) with vertex set S and edge set {zy € E(G)|z,y € S}.
The mazimum degree of G, denoted by A(G) is given by A(G) = max{dega(v) : v €
V(G)}. The open neighborhood of the vertex v in a graph G is the set N(v) = {u €
V(G) : wv € E(G)}. The closed neighborhood of v is N[v] = N(v) U {v}. A subset D of
vertices in G is called dominating set if every vertex not in D has at least one neighbor
in D. The domination number v(G) of G is the minimum cardinality of a dominating
set of G. A geodetic set of G is a set S C V(G) such that every vertex of G is contained
in a geodesic joining some pair of vertices in S. The geodetic number g(G) of G is the
minimum order of its geodetic sets and any geodetic set of order g(G) is a geodetic basis.
An edge geodetic set of G is a set S C V(G) such that every edge of G is contained in a
geodesic joining some pair of vertices in S. The edge geodetic number g.(G) of G is the
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minimum order of its edge geodetic sets and any edge geodetic set of order g.(G) is an edge
geodetic basis of G or a g.-set of G. A set of vertices S in G is called a geodetic dominating
set of G if S is both geodetic set and a dominating set. The minimum cardinality of a
geodetic dominating set of G is its geodetic domination number and is denoted by 74(G).
An geodetic dominating set of size 74(G) is said to be a v4-set. Let G' be a connected
graph. A set of vertices S in G is called an edge geodetic dominating set of GG if S is both
edge geodetic set and a dominating set. The minimum cardinality of an edge geodetic
dominating set of G is its edge geodetic domination number and is denoted by g, (G).
An edge geodetic dominating set of size v, (G) is said to be a 74 -set. A vertex v is an
extreme vertex of a graph G if the subgraph induced by its neighbors is complete. The
set of all extreme vertices of G is denoted by Ext(G). A vertex v in a connected graph G
is said to be a semi-extreme vertex if it has a neighbor, say u, with N[v] C N[u]. The set
of all semi-extreme vertices of G is denoted by Se(G). A cutvertex of a connected graph
G is the vertex whose deletion increases the number of components of the subgraph of G,
that is, u is a cutvertezr if and only if (G — w) is disconnected. The deletion or removal
of a proper subset S of vertices of G results in that subgraph G \ S of G consisting of all
vertices of G not in S and all edges not incident with a vertex in S. The deletion of a
vertex u of G results in that subgraph G \ u of G consisting of all vertices of G except u
and all edges not incident with a vertex u. On the other hand, the deletion of a subset
X of edges yields the spanning subgraph G\ X containing all edges of G not in X. Let
G1,Go,...,G; be disjoint graphs each containing a complete subgraph K, (r > 1). Let
G be the graph obtained from the union of ¢ graphs G; by identifying the K,’s (one from
each G;) in an arbitrary way. We call G a K,-gluing of G1,G3,...,G;. In particular,
when r = 1 (respectively r = 2) we say G is a vertez-gluing (respectively an edge-gluing)
of Gl,Gg,... ,Gt.

2. Preliminaries

The following are the known results related to this study.

Remark 1. /8] Let G be a nontrivial connected graph. Then V(G) is an edge geodetic
dominating set of G.

Theorem 1. [13] If G has at least two vertices of degree n — 1, then 4, (G) =n
Theorem 2. [13] For the complete graph K,, with n > 2, v4,(Ky) = n.

Theorem 3. [12] Each extreme vertex of G belongs to every edge geodetic cover of G. In
particular, each end vertex of G belongs to every edge geodetic cover of G

Theorem 4. [13] If G has exactly one vertex of degree n — 1, then v,4,(G) =n — 1.
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3. Main Results

3.1. Deletion of Independent Edges of Complete Graphs

Theorem 5. Let G be a complete graph of order n > 4. Let S C V(H), where H is a
connected subgraph of G obtained by deleting m < | 5] independent edges in G.

i. If m < | 5], then S is an edge geodetic dominating set of H if and only if S =V (H).
]

. If m = | §] and n is odd, then S is an edge geodetic dominating set of H if and only
if S=V(H)\{v} or S=V(H), v is the vertex of degree n — 1 in H.

ii. If m = 5] and n is even, then S is an edge geodetic dominating set of H if and
only if S = V(H)\ {u,v} or S =V(H)\{v} or S=V(H)\{u} or S=V(H),

where vertices u and v are not adjacent in H.

Proof. Let G be a complete graph of order n > 4. Suppose H is a connected subgraph
of G obtained by deleting m independent edges in G. If 1 < m < |5 ], then the subgraph
H contains two or more vertices v with A ((N(v))) = |[N(v)| — 1 for all v € V(H). By
Theorem 1 and Remark 1, S is an edge geodetic dominating set of H if and only if
S = V/(H). This proves (i).

If m = |%] and n is odd, then m = [%] = 271, Hence, the subgraph H contains a
unique vertex v € V(H) such that degz(v) = n — 1. Thus, by Remark 1, Theorem 1 and
Theorem 3, S is an edge geodetic set of H and consequently, an edge geodetic dominating
set of H if and only if S = V(H)\ {v} or S =V (H), where v is the vertex of degree n — 1
in H. This proves (ii).

Suppose m = | 5] and n is even. Consider a pair (u,v) of vertices in H such that u is
not adjacent to v in H. Then we claim that S = V(H)\ {u, v} is a minimum edge geodetic
dominating set. To prove this claim, let z,y € V/(H) such that zy € E(H) and consider
the following cases:

Case 1. Suppose z,y € S. Then xy is contained in the x — y geodesic.

Case 2. Suppose r = u or z = v and y € S. Without loss of generality, assume = = u.
Pick z € V(H) \ {y} such that zy ¢ E(H). Then uz € E(H). Therefore, [z,u,y] is a
z — y geodesic containing uy € E(H). Hence, S = V(H) \ {u,v}, where uv ¢ E(H), is an
edge geodetic set. In addition, y € S is adjacent to u and v, hence, S is an edge geodetic
dominating set.

Next, let D C V(H) and let T = V(H) \ D, where |D| > 3 or (D) contains Ks. By
definition of independent edges, there exists u,v € D such that uv € E(H). Then there
exist a unique a and a unique b in S such that au,vb ¢ E(H). Since uz € E(H) for all
x € V(H)\{a} and vz € E(H) for all z € V(H) \ {b}, it follows that [u,v],[a,v,u] and
[b,u,v] are the only geodesics containing uv. Thus, T is not an edge geodetic set of H.
Therefore, S is an edge geodetic dominating set of H if and only if S = V(H) \ {u,v} or
S=V(H)\{v}orS=V(H), where vertices u and v are not adjacent in H. This proves
(ii). 0
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Corollary 1. Let G be a complete graph of order n. If H is a connected subgraph of G
obtained by deleting m independent edges in G, then

n if m<|35]
Y. (H)=<n—1 if m=|%] andnisodd
n—2 if m=|5] andniseven

3.2. K,-gluing of Complete Graphs

Theorem 6. Let p,q,r be positive integers such that 1 < r < p < q. Let G be the
K, -gluing of K, and K4 and S C V(QG).

i If1=r<p<gq, then S =V (G)\V(K,) is the edge geodetic dominating basis of G.
it If 1 <r < p<gq, then V(Q) is the edge geodetic dominating basis of G.
it If 1 <r=p <gq, then V(Q) is the edge geodetic dominating basis of G.

Proof.

i Since V(K,) = {v}, then all the elements of K, \ {v} and K, \ {v} are neighbors
of v in G. This implies that v is the only vertex in G with degg(v) = |V(G)| — 1.
Thus, by Theorem 4, 4, (G) = |V(G)| — 1 with V(G) \ {V(K,)} is the unique edge
geodetic dominating basis of G.

iiIf 1 <r < p < gq, then every vertex v € V(K,) has degree |V(G)| — 1. Since
|V(K,)| =7 > 1, then G contains more than one vertex of degree |V (G)|— 1. Hence,
by Theorem 1, 74, (G) = |[V(G)| and V(G) is the edge geodetic dominating basis of

G.
iii If 1 <r =p <gq, then G = K,;. Since K, is a complete graph, by Theorem 2,
Yg.(G) = |V(G)| with V(G) as the edge geodetic dominating basis of G. O

Corollary 2. Let p,q,r be positive integers such that 1 < r < p < q. Let G be the
K, -gluing of K, and K, and S C V(G), then

V(G) -1 if 1=r<p<gq
V9. (G) = ¢ [V(G)] if 1<r<p<gq
V(G)| if 1<r=p<gq

3.3. Result of Comprehension

Theorem 7. For any positive integers 2 < a < b, there exists a connected graph G such
that g(G) = a and 4, (G) = b.
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Proof. If a = b, consider the complete graph G = K,. Then by Theorem 2, v, (G) = a.
If 2 = a < bwith g.(G) = 2 and v, (G) = 3, consider the path P: u, us,...,ur. Forb >4,
let G be the graph obtained from the path on seven vertices P: w1, us, ..., u7 by adding (b—
3) sets of three new vertices v;;, namely, {v11, va1,v31}, {v12,v22,v32}, - - -, {V13-3), Vo(5—3),
v3p—3y} for i = 1,2,3 and 1 < j < b — 3, with the paths P : ug,v11,v21,v31,u6, P2 :
U2, V12, V22, U32, UG, - - -, P(p—3) © U2, V1(p—3), V2(b—3)s U3(h—3), U6 Such that v;x is not adjacent
to vj, where j # k and j, k =1,2,3,...,b— 3. The graph is shown in Figure 1.

V2(b—3)

Figure 1: A graph G

From the figure, {u1,u7} is the edge geodetic basis of G, so that g.(G) = 2.

Moreover, since {u1,u7} is an edge geodetic basis, we need to include this to any edge
geodetic dominating basis of G. In addition, us and ug are dominated by u; and wur,
respectively. Thus, we are left with usz,u4,us and v;; for i = 1,2,3 and 1 < j < b—3
which are nondominated vertices. To get the minimum cardinality of an edge geodetic
dominating set, we have to choose those vertices at the center, hence, we pick uy and
v2j(1 < j < b—3). Therefore, 74, (G) = 9e(G)+ (b—3)+1=2+b—-3+1=0.

If 2 <a<b, for b=a+1, consider the graph obtained from the path on eight vertices
P :uy,ug,us,...,us by adding a — 2 vertices, wy, wa, ... wqe—2 and joining each w;(1 < i <
a—2) with us. However, for b > a+ 1, let G be the graph obtained from the path on eight
vertices P : uj, ug, us, ..., us by adding a—2 vertices, w1, wa, ... wqe—2 and (b—a—1) sets of
three new vertices, namely, {v11, v21, v31}, {v12,v22, 32}, - - -, {V1(b—a—1)s V2(b—a—1) V3(b—a—1) }
for i = 1, 2, 3, with the paths P1 us,vil, V21, V31, Ur, PQ L U3,012,0V22,V32, U7, ..., beafl .
U3, V1 (h—a—1)> V2(b—a—1)s U3(b—a—1), U7 such that vy is not adjacent to v;;,j # k and j, k =
1,2,3,...,b—a—1 and joining each w;(1 <i < a — 2) with uz. The graph G is shown in
Figure 2.

Let S = {u1,us,w1,wa,...,we—2}. It is clear that this is an edge geodetic basis of
G, so that g.(G) = a — 2+ 2 = a. Moreover, ug,uy, and ug are dominated by wu, ug
and w;, respectively. Hence, we are left with w4, us,ug,v;; for @ = 1,2,3 and 1 < j <
b — a — 1 which are nondominated vertices. To get the minimum cardinality of edge
geodetic dominating set, we need to choose us, and vg; for (1 < j <b—a—1). Therefore,
Y. (G) = ge(G)+(b—a—-1)+1=a+b—a—-1+1=0.
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Vaib—a—1)

Figure 2: A graph G
4. Conclusion and Recommendation

This study introduced and investigated the concept of edge geodetic dominating set
S of the graph G. The authors primary focus has been on the following areas: deletion
of independent edges of complete graph, the K,-gluing of complete graphs, and result of
comprehension.

Researchers who are interested in this concept can further generate results in the
various graph operations that include cartesian product and composition of graphs, among
many others. Furthermore, they may explore and analyze the bounds in relation to other
well-established parameters in graph theory.
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