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Abstract. This paper presents a powerful approach to solving fractional differential equations
by combining the Sawi transform with iterative methods, particularly the Sawi iterative method.
We begin by reviewing the fundamental properties and theoretical aspects of the Sawi transform,
demonstrating its effectiveness in simplifying and solving fractional differential equations. The
integration of the Sawi transform with the iterative method is applied to solve fractional delay
differential equations, showcasing both analytical and approximate solutions through detailed ex-
amples and case studies. Our findings highlight that this combined approach not only streamlines
the solution process but also significantly enhances the accuracy and applicability of solutions
across a diverse range of differential equations. This study lays a robust foundation for further
research and practical applications, offering valuable insights and tools for advancing scientific and
engineering fields.
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1. Introduction

In the realm of applied mathematics, the quest for efficient and accurate methods to
solve differential equations remains a pivotal challenge [6, 10]. Differential equations, both
ordinary and fractional, are instrumental in modelling a wide array of physical phenomena
across disciplines such as physics, engineering, biology, and finance [7, 22]. Traditional
methods like the Runge-Kutta method, Taylor series expansions, finite difference methods,
and various integral transforms have long been utilized for solving these equations [8], but
they often fall short when dealing with more complex or nonlinear problems [15, 31]. For
example, stiff problems and differential algebraic equations require specialized techniques
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[9], while parallel computing methods like domain decomposition and multigrid algorithms
offer improved performance for complex problems [11, 12].

Several innovative methods have been proposed and refined to tackle the challenges
posed by fractional differential equations. The Homotopy Analysis Method (HAM), for
instance, has been utilized to find solutions of partial differential equations within fuzzy
environments, enhancing analytical capabilities in uncertain systems [4, 19]. Similarly,
the ARA-Residual Power Series Method has been effectively applied to solve systems of
fractional differential equations, demonstrating its potential in handling complex fractional
systems [14].

Researchers have also worked on establishing general formulas of integrals through mas-
ter theorems, which are instrumental in the mathematical analysis of fractional equations
[13, 29]. Analytical solutions to coupled nonlinear equations, such as the Hirota—Satsuma
and Korteweg—de Vries (KdV) equations, have been derived, contributing to the under-
standing of nonlinear wave phenomena [30]. New schemes for solving fractional partial
differential equations have been proposed, offering alternative approaches to existing meth-
ods [2].

The application of fractional calculus extends to modeling and analyzing chaotic sys-
tems. For example, the simplest chaotic circuit model has been studied using the Atan-
gana—Baleanu Caputo fractional derivative, providing insights into the system’s numerical
behavior [5]. The dynamics of fractional discrete predator—prey models have been explored
with a focus on chaos, control, and synchronization, highlighting the complex interactions
within biological systems [28]. Furthermore, integrating machine learning techniques,
such as physics-informed neural networks, has shown promise in predicting thermal dis-
tributions in convective wavy fins, bridging the gap between computational methods and
practical applications [26].

Recently, the Sawi transform (SWT) has emerged as a promising tool, offering novel
capabilities and enhanced flexibility in handling a broader class of differential equations.
The SWT, which Mahgoub and Mohand introduced in 2019, has shown to have signifi-
cant potential for simplifying and solving various types of differential equations [1, 3]. Its
unique properties, including linearity, scaling, shifting, and convolution, make it partic-
ularly useful for transforming complex differential problems into more manageable alge-
braic forms. Moreover, the SWT has been extended to solve boundary value problems
[20, 25], evaluate improper integrals, and integrate with iterative methods to solve non-
linear integro-differential equations, showcasing its versatility and effectiveness [16, 17, 24].
It is better to use iterative methods along with the SWT to solve problems, especially frac-
tional differential equations and ordinary differential equations. Iterative methods, known
for their efficiency in refining solutions and ensuring convergence, have been widely used
in numerical analysis and computational mathematics. The combination of these methods
with the SWT particularly, the Sawi iterative method (SIM), has proven effective in tack-
ling nonlinear and complex differential equations, ensuring robust and accurate solutions
[23, 27]. Recent research has highlighted the practical utility of this approach in solving
delay differential equations and other complex mathematical problems, thereby expanding
the toolkit available to researchers and practitioners [18, 21].
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This paper aims to explore the extensive capabilities of the SWT by integrating it
with iterative methods to enhance the solutions of both ordinary and fractional differential
equations. By leveraging these combined techniques, we aim to provide more robust and
precise solutions, thereby expanding the toolkit available to researchers and practitioners
across various scientific and engineering disciplines.

2. Basic Definitions and Properties

This section presents the basic facts and properties related to SW'T, that are essential
in our work.

Definition 1. The SWT of the function w (t), defiend on [0,00) , is denoted by S[w ()]
and given by

Sw ()] = R(v) = — /Ooow(t) e tdt. (1)

T2
If S[w (t)] = R(v), then w(t), is referred to as the inverse SWT of R (v), and is denoted
by STHR(v)] = w(t)

_ c+i00 .
SR (v)] = 1/ R() et dv, ceR. )

27 Jeioo
Note that, if S [wq(t)] = R1 (v) and, S [wa(t)] = Rz (v), then
S| aw; (t) + bwa (t)] = a S wi(t)] + bS [wa(t)] = aRy (v) + bR2 (v),
where a & b are arbitrary constants. Moreover, the inverse of SWT is linear. If

STHR1(v)] = w1 (t)

and,
S™H Rao(v)] = wa (1),

then
S™HaRy (v) + bRy (v)] = aS™ [R1(v)] +bS™ [Ra(v)] = awy (t) + bws (t) . (3)

Theorem 1. Let w(t) be a continuous function defined fort > 0 and has exponential order
a property; |w(t))| < pe® where > 0. Then, the SWT S[w(t)] ezists for Re (1) > a.

The SWT is a well-known transform that satisfies the following properties

o If S[w(t)]= R (v), then S[w(at)]= a R(av ).
o Se™w(t)] = ﬁR (ﬁ)

e Sfwy (t)* wa(t)] = v? Ry (v) Ry (v), where

wi (8) % ws () = /0 wi () ws (t — 7)dr.
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Theorem 2. Let R(v) be SWT of w(t). Then

(i) S[w (1) = H — 20,
(ii) S [w" (1)) = B — 5 — ),
v n—1 w®
(iii) S [w™ (1)] = 53 = YiZg fern
The following Table 1, introduces SWT for some basic functions

Table 1: SWT of Some Elementary Functions.

Sr. No. W(t) Sw(t)]
1 1 1
2 t 1
3 t",neN n'v”_l
4 t* a e RT T(a+ 1)
9 et W
6 sin(at) Traz?
7 cos(at) m
8 sinh(at) Toazz
9 cosh(at) 1}(1_72%2)

3. The SWT of Some Fractional Operators

The Riemann-Liouville integral is motivated from Cauchy formula for repeated inte-
gration and, the Mittage-Leffler function is one of the important special functions, which is
considered a generalization of the exponential function and frequently used in the solutions
of fractional differential equations and systems of fractional differential equations.

Definition 2. The Riemann—Liouville fractional integral of a function w(t) of order a > 0
1s defined by:

Pw(t) = F(la) / (t— )21 w(7) dr. (@)

Definition 3. The Caputo fractional derivative of a function w(t) of order a > 0 is
defined by:
w(™) (1) .
Daw(t) = (m—a) fo (G—r)a+i- —dr, m—1<a<m, (5)
w(m)(t)v a=m, mec N.

Theorem 3. If R(v) is the SWT of w(t), then SWT of Riemann-Liouville fractional
integral is given by

S[I%w(t)] = v*R (v). (6)
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Proof. From the definition of Riemann-Liouville integral, we have

ow(t) = F<1a) /Ot (t — ) Lo (1) dr = F(la) (£ % w(t)). 1)
Taking SWT to both sides of (7), we obtain
S [1%w (£)] = F(la) S [t x w(t)] .
By using convolution property of SWT, we obtain
S [I°w (t)] = F?()Z)S[to‘_l]S[w(t)] - Flzl)r (@)v*~2 R (v) = v*R (v) .0 (8)

Theorem 4. If R(v) is SWT of the w(t), then SWT of Caputo functional derivative of
a function w (t), is given by

m—1 m—(k—1)
st = o RO - X p(3) w® ). )

k=0
where, m —1 <a<m, meN.

Proof. The definition of Caputo derivative of a function w(t) is

% _ 1 ! w(m) (T> = 1 ! _ m—a—lw(m) ) dr
DW= ) e = ey 7 (r)dr,

m—-1l<a<m

which can be written as,
1

Dw(t) = m(t’”*&*1 s« w™ (t)). (10)
Taking SWT to both sides of Eq (10), we obtain
S [D*w(t)] = F(ml_a)spsmal £ 0™ (1)),
By using convolution property of SWT,
S[Dw(t)] = v [tm—e1] S [w<m> (t)]
'(m— )
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4. Iterative Method

In this section, we discuss the iterative method, and in the second one we present
SIM for solving delay differential equation (DDE). Let us consider the following general
functional equation

w(t) = N(w)+g(), (11)

where N is a nonlinear operator from a Banach space S — S, and g¢(t) is a known
function. We are looking for a solution w(t) of Eq (11), having the series form:

t) = Z w; (t) . (12)
=0

The nonlinear operator N can be decomposed as:

(o] s E ] el)

k=0

From Eq (12) and (13), the Eq (11) is equivalent to

i i—1
sz =g(t) + N (wo(t Z (N [sz'(t)] -N [ZW(UD : (14)
k=0 k=0
Now, we define the recurrence relation:

t),

—~

g

[wo] ,

[wo + w1] — N [wo] ,

[wo + w1 + wa] — N [wy + w1,
[w0+w1+w2+w3] N[wo+w1+wg],

N
N
N
N

Wmt1 = N [wo+ -+ +wp] — N[wo+ -+ + wim—1],
where, m = 1,2,3,....Thus,
wy + w2 4+ W1 = N [wo + -+ 4w,
where, m = 1,2,..., and

= w;(t)
1=0

For the convergence of the iterative method, we introduce the following two theorems.
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Theorem 5. If N is a continuously differentiable functional in a neighbourhood of wg and
| N (o) l]= sup { N (wo) (hr, Bz, -+ Jon) il B €1, 1 i < < L,

for each n and for some real L > 0 and, | w; ||[< M < %, 1 =1,2,3,-, then the series
Yoo Wit is absolutely convergent. Moreover;

| wisr < LM e —1), n=1,2,---
Theorem 6. If N is continuously differentiable functional in a neighbourhood of wqy and

| N (wp) || < M < 1. then the series > ;% wit1 is absolutely convergent.

5. SIM for Fractional Equations
Let us consider the form of fractional nonlinear differential equation
D%w (t) + Lw ()] + N [w (At)] = q (¢), (15)

with the initial condition
w (0) = a, (16)

where 0 < o < 1, and L refers to the linear operator, IV refers to the nonlinear operator
and, D%w(t) is the Caputo fractional derivative of w(t). Now, we introduce the steps
of SIM to find the solution of the problem (15) and (16), by using SIM for fractional
equations.

Step (1): Applying SWT on Eq (15)

S[D%w(t)] + S[L{w(t)]] + SN [w (At)]] = Sq ()] - (17)
By running SWT on Eq (17), we obtain

R(v) w(0)
Ve Ua+1

+S[L{w @) + SN [w(A)]] = S[q(®)]. (18)

Substituting the initial condition Eq (16) into Eq (18), we get

B S ()] + SV [ ()] = S[a (4],
R(v) =0 (=5 + Sla @) = SLIw 0)]) = v* (SN [w ()] (19)

Step (2): By taking the inverse SWT on both sides of Eq (19), we obtain

a

STHR@) =57 [v (=g + STa(®)] = S [Llw (1)]]) —v* (S [N [wO)])]

w(t) =57 o (55 + SlaW = SLw @) ]| =57 ™ (SN [w )]
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Step (3): The nonlinear operator can be decomposed as

00 k k—1
N [w (A)] = N [wo (A)] + ) (N [Z w; (At)] - N [Z w; ()\t)] ) .
n=1 =0

i=0
Thus,

a

w(t) =57 v (=g +Sla (1) = S [LIw )]

e {emen£[p fove] -+ ]}

i=0
Step (4): Find the general form of the solution as follows,

N [wo (At)] + i

where n =1,2,3,---.

6. Illustrative Examples (Fractional Case)

Example 1. Consider the following nonlinear equation DDE:

Dw (£) = 2u? <;) , (20)
with the initial condition
w(0)=1, and 0 <a <1. (21)

Solution. Taking SWT to both sides of Eq (20), we get

S [D%w (t)] = S {2102 (;)} . (22)
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By running SWT on both sides of Eq (22), and substituting the initial condition Eq (21),

we get }1(;’) ) <11))a+1 wo (1) = S [2w2 <;)] ;

R(v) =~ —wos [2w2 (;)] . (23)

v

which implies

By taking inverse SWT on both sides of Eq (23), we obtain

w(t)=1 —85" [ v*S [2 w? <;>” . (24)

Thus, wo (t) = 1 and wo (%) = 1. To find w; (t), we compute

=¥ ()] = [ wsfrus )] -5 wsbor]

— s [es ) = -5 o (2)] = s |20 - 20

Hence,

To find ws (t), we compute

mosx (e @b @) I

=_5! [2 v*S [ —
r1+a)® T(a+1)
23720475304 2370475204

[(1+a)? TTta)

Hence,
2372at3a 2370%204

v <2> TSI (1tap  22T(Ita)
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To find w3 (t), we compute

0= () () o= (] () o 9]

ot 23—2at3a 23—at2a 2
2 (1 - - 5+ = )
F(a+1) 23T (1+a) 2297 (14 «)

()]

=-g! [uas

_ _S—l o 4U—1+2a N 4U—1+30¢ N 25—3av—1+30¢
T(a+1)? T(a+1)°T(2a+1) T(a+1)T(2a+1)
25—8av—1+4oc 26—3av—1+4a 26—8av—1+5a
— - +
F(a+1)?TBa+1) I(a+1)*rBa+1) I'(a+1)°TC(@a+1)
27—604,U—1+5a 28—11av—1+60¢ 27—16av—1+7a

+F(a—|—1)2I‘(4a—|—1) I'(a+1)°T (5a+1) +F(a+1)4f(6a+1) '

After simple calculations, we get the value of ws(t) as

tl—i—a 4t20¢ 4t304
wg (t) =~ — + —
3 (1) F(@+2) T@a+1)T(a+1)? T(a+1)°’T(2a+1)T(Ba+1)
25—3at3a 25—80ct4o<
— +
F(a+1)T2e+1)FBa+1) TI'(a+1)*TBa+1)T (da+1)
26—3at4a 26—804t5a
+ —
I'(a+1)°’TBa+1)T(4a+1) T(a+1)°T(4a+1)T (5a+1)
27—6at5a 28—11at6a
- +
['(a+1)°T(4a+1)T(Ba+1) T(a+1)°T(Ba+1)T (6a+1)
27—16at7o<

[(a+1)*T(6a+1)T (Ta+1)

Hence,
(t) gt N 4t 4t
w3 |z ) ~— -
*\2 2T (@ +2) 2207 20+ )T (a+1)° 23T (a+ 1)°T (20 + 1)T (30 + 1)
25*3&75304 25780%40(
- +
29T (a+ 1)L 20+ 1) T (Ba+1) 24T (a+1)°T (3a+ 1)T (4a + 1)
26730%40( 26780415504
_|_ —
2000 (¢ +1)°T Ba+1)T (da+1) 25T (a+1)°T (4a+1)T (5o + 1)
27760%504 287110%604
- +
2500 (¢ +1)°T (da+ 1) T (ha+1)  260T (a4 1)°T (5a + 1) T (6 + 1)
277160%701

- 29D (a+ )T (6a+ )T (Ta+ 1)
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Thus, we get the value of w(t) as:

w (t) = wo (t) +wy () +ws () +ws (¢) + -+

2 23—2at3a 23—at2a t1+a
D(a+1)  28a7(1+4a)? 222T(1+a) T(a+2)
4t2a 4t3a
+ —
F(2a+ 1) (a+1)? T(a+1)2T2a+1)T (Ba+1)
25—3at3a 25—8at4a
— +
Fa+1)T(2a+1)TBa+1) T'(a+1)°TBa+1)T (da+1)
26—3at4a 26—8at5a
+ —
D(a+1)2T@Ba+ )T (da+1) T(a+1)°T(@da+1)T (5a+1)
27—6at5a
T(a+1)°T(a+1)T (5a+1)
28—11at6a 27—16at7a
+ —
D(a+1)°T(Ba+1)T(6a+1) T(a+1)*T(6a+1)T (Ta+1)
4.

We use Mathematica version 13.0 to simplify the expressions.
In the following Figure 1, we sketch the approximate solution of Example 1 for different
values of a = 0.75,0.8,0.85,0.9,0.95, 1.0.

— 2=075

— = .8

— a=085

— =090

— @=0095

—a=1.0
03k 02 04 06 08 10

Figure 1: Approximate solution with different values of « for Example 1.

Example 2. Consider the nonlinear DDE

t

D%w (t) = 2tw (§> : (25)
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with the initial condition,
w(0) =1, where 0 < a < 1. (26)

Solution. Applying SWT on both sides of Eq (25), we get
S [D*w(t)] = § [2tw (;)] . 27)
Running SWT on both sides of Eq (27), and using the initial condition Eq (26), we get
= ()= s (5]

R(v) = % +o® S [Qtw <;>] | (28)

By taking inverse SWT on both sides of Eq (28), we get

1o fesfun ()]

We can conclude that

and

To find w (t), we compute

N [wo (;ﬂ S [ua s {m %o <;>” — 5 S 26(1)

S (@) = -5 ] = 2

I'(a+2)
t 2ta+1
b (2) T 2T (at2)
To find ws(t), we compute

0= (5) s ()] o (9]
=57 s (- rieey) 0|

_ S—l 4v2a+lr(a 4 3)
2¢ T+ 2)

42T (a4 3)

22T (Qa+3)T (a+2)

Hence,




R. Saadeh, A. Al-Wadi, A. Qazza / Eur. J. Pure Appl. Math, 18 (1) (2025), 5583 13 of 16

Thus we get

w(t):wo(t)+w1(t)+w2(t)+...

2t 4429120 (o + 3)
=1+ + +oe
Mla+2) 22T2a+3)T(a+2)

We use Mathematica version 13.0 to simplify the expressions.
In the following Figure 2, we sketch the approximate solution of Example 2 for different
values of o = 0.6,0.7,0.8,0.9,0.95, 1.0.

3.0+ — =06
i a=07
25}
I a=08
2.0; — a=09
i — a=0.95
15f — =10
g 02 Ty 06 08 10

Figure 2: Approximate solution with different values of a for Example 2.

7. Conclusion

This study has demonstrated the substantial potential of integrating the SWT with
iterative methods, particularly the SIM, to solve fractional differential equations and other
complex differential equations. By leveraging the unique properties of the SWT such as
linearity, scaling, shifting, and convolution, we have shown that it is possible to transform
complex differential problems into simpler algebraic forms, facilitating more efficient and
precise solutions. The application of iterative methods in conjunction with the SWT has
proven to enhance both the accuracy and convergence of solutions, particularly in chal-
lenging scenarios involving non-linear and delay differential equations. Through detailed
examples and case studies, we have illustrated the practical utility of this combined ap-
proach, emphasizing its effectiveness in tackling a broad range of mathematical problems.

The results of this research contribute significantly to the expanding body of knowl-
edge in the field of integral transforms and iterative methods. The enhanced solutions
derived from the integration of SWT and iterative methods hold great promise for various
scientific and engineering disciplines, offering new tools and methodologies for address-
ing real-world problems with greater efficiency and accuracy. Future research can build
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upon these findings by exploring additional applications of the SWT in other areas of dif-
ferential equations and further refining iterative methods to improve their efficiency and
convergence. The continued development and application of these techniques are likely to
advance the field of applied mathematics and expand its practical applications in numerous
disciplines.
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