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Abstract. This paper presents a comprehensive study on matrix means interpolation and com-
parison, extending the parameter ¥ from the traditional closed interval [0,1] to encompass the
entire positive real line, denoted as R*. The research delves into further results involving Heinz
means, proposing novel scalar adaptations of Heinz inequalities that integrate Kantorovich’s con-
stant. Additionally, the operator version of these inequalities is strengthened. A key contribution
of this work is the development of refined Young’s type inequalities tailored for the traces, deter-
minants, and norms of positive semi-definite matrices. These refinements offer deeper insights into
matrix analysis, especially in the context of operator theory and inequality theory. Through these
advancements, the paper enhances the mathematical framework for studying matrix means and
their associated inequalities, providing useful tools for both theoretical exploration and practical
applications in linear algebra and related fields.
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1. Introduction

Consider the algebra of complex matrices of size n x n, denoted as M, (C). A matrix
T in M, (C) is considered positive semi-definite, written as 7" > 0, if it is Hermitian and
satisfies (T'z,x) > 0 for all vectors = in C". If, for a Hermitian matrix 7" in M, (C),
(T'z,x) > 0 holds for all nonzero vectors x in C", it is termed a positive definite matrix,
denoted as T' > 0. The set of all positive matrices is denoted as M, (C), and the subset
of definite matrices within M, (C) is represented as M, *(C). The Schur product of two
matrices T' = [t;;];; and S = [s4];,; in My (C) is defined as the matrix 7o S with entries

*Corresponding author.

DOLI: https://doi.org/10.29020 /nybg.ejpam.v18il.5586
Email addresses: malik_okasha@yahoo.com (M.H.M Rashid),
wael.salamehl@adu.ac.ae (W.M.M. Salameh)

https://www.ejpam.com 1 Copyright: (©) 2025 The Author(s). (CC BY-NC 4.0)



M.H.M Rashid, W.M.M. Salameh / Eur. J. Pure Appl. Math, 18 (1) (2025), 5586 2 of 21

tijsij. A norm |||.|| on the set of complex matrices of size n x n, denoted as M,(C), is
termed unitarily invariant if ||UAV|| = ||T’|| for any matrix 7" in M, (C) and for all unitary
matrices U and V' in M, (C).

For a matrix T = [t;;] € M,(C), the Hilbert-Schmidt norm (also known as the Frobe-
nius norm) and the trace norm of 7" are defined as follows

1
n 2

Ty = | D_s3@) | o Tl =tr(T]) =D s5(T) (1)

J=1 J=1

3

Here, s1(T) > so(T) > - -+ > s,(T) > 0 represent the singular values of T', which are the
eigenvalues of the positive matrix |T| = vT*T arranged in decreasing order and repeated
according to multiplicity. The symbol ¢r(.) denotes the usual trace operation.

It’s important to note that the mathematical norms |[|-||, and [|-||; are widely recognized
for being unitarily invariant.

The classic Young’s inequality for non-negative real numbers states that if p,o > 0
and 0 < k < 1, then

Pt < kp+ (1 — K)o (2)

Equality occurs if and only if p = 0. When « is %, substituting into the inequality yields

the arithmetic-geometric mean inequality

pto
7

po <

3)

Manasarah and Kittaneh, as presented in [10], improved Young’s inequality with the
following refinement

I3

m m 2
(" )" 4 (pF = o) < (mp"+ (1= m)0")T, 21 (4)

where m € N and rp = min{x, 1 — k}.
(t+1)?

The Kantorovich constant, denoted as K(t,2), is defined as . It possesses several
key properties: K(1,2) = 1, K(t,2) = K (},2) > 1 (¢t > 0) and K(¢,2) is monotone
increasing on [1,00), and monotone decreasing on (0, 1]. For more detailed information
about the Kantorovich constant, interested readers can refer to [11, 15, 17, 22]..

The following multiplicative refinement and reversal of Young’s inequality, expressed in

terms of Kantorovich’s constant, can be stated as follows

K(h,2)" pteo < pVyeo < K(h,2)%pt0, (5)

where p and o are both greater than 0, k belongs to the interval [0, 1], r is the minimum
of k and 1 — k, R is the maximum of k and 1 — k, and h is defined as <.

The second inequality in (5) is credited to Liao et al. [12], while the first one is
attributed to Zou et al. [11]. In [19], the authors obtained another improvement of the
Young inequality and its reverse as follows:

r(v/p— o)+ K(Vh,2)" pieo < pV o, (6)
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and
pVro < K(V1,2) 7" ptxo + R(\/p — v/0) (7)

where h = %, r = min{x,1 — k}, R = max{x,1 — s} and v’ = min{2r,1 — 2r}. In
addition, another kind of the reversal of Young inequality utilizing Kantorovich’s constant
is described in [12] with the same notation as above.

PV o — R(\/p — \/5)2 < K(\/E 2)R,Pﬁngv (8)

where R’ = max{2r,1 — 2r}.

For x in the range of [0,1] and two non-negative real numbers p and o, the Heinz mean
serves as an interpolation between the k-arithmetic mean and the x-geometric mean.
These are defined by the expression

Pheo + phi—xo
Hﬁ(p7 J) - %7 (9)
where pt,.0 = pfo! " represents the s-geometric mean.
The Heinz mean possesses certain properties, including convexity concerning x within
the interval [0,1]. Its minimum occurs at k = 1,
k =0 and k = 1. Additionally, the following inequalities are true

and its maximum values are found at

Vo < Hylpo) < 227 (10)

It is worth noting that the function H,(p, o) exhibits symmetry with respect to the point
K= %, meaning that H,(p,0) = Hi_x(p,0).
The Heron mean is defined by the expression

Fy(p,0) = (1 —19)y/pc + 9 (p—;a) , ¥ €[0,1] and p,0 € RT. (11)

where 9 takes values in the interval [0, 1], and p and o are positive real numbers.
Evidently, the Heron mean serves as a linear interpolation between the arithmetic and
geometric means. It adheres to the inequality Fy < F, whenever ¥ < p, with both 9 and
o belonging to the positive real numbers.
In a study by Bhatia published in [2], it was demonstrated that for ¥(x) = (2x — 1)?
and k within the range of [0, 1], the following relation holds

Hﬁ(pv U) < Fﬂ(n)(pa U)' (12)

Our paper is structured as follows: In the upcoming section, we will conduct an in-
depth investigation into matrix interpolation and mean comparisons. This analysis extends
the scope of ¥ beyond the closed interval [0, 1] to include all positive real numbers, repre-
sented as RT. Additionally, we will explore additional findings pertaining to Heinz means.
Section three is dedicated to exploring refinements in Heinz inequality, incorporating the
Kantorovich constant. Section 4 focuses on examining enhanced variations of Heinz-type
operator inequalities and their corresponding reversals. Finally, in section 5, we present
refined inequalities of Young’s type, specifically designed for traces, determinants, and
norms of positive semi-definite matrices.
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2. Full Interpolation of Matrix Variants of Heron and Heinz MEANS

In the paper referenced as [2], R. Bhatia established a noteworthy result. In particular,
it was shown that for values of ¥ in the interval [0, 1/2], the function ¢ (¢) adheres to the
inequality ¥ () < ¢ (1/2). Here, ¥(¢) denotes one of the potential matrix formulations of
Equation (11), and its definition is as follows

, (13)

P() = H‘(l —O)TYV2X 8V 1y <TX+XS)

2

This definition involves matrices T', S, and X, subject to the conditions that 7" and S
belong to the set of positive definite matrices in C, denoted as M, (C), and X is a
member of the set of n x n matrices over C, denoted as M, (C).

For further insights into the matrix formulations of Equation (9) and Equation (12),
as well as additional details, interested readers are encouraged to refer to the following
references: [2], [5], [6], [4], and [8].

Within the context of this article, the author endeavors to demonstrate that for ¢
values within the interval [0,1/2], the function (1, k) adheres to the inequality ¢ (¥, k) <
¥(1/2, k). Additionally, it is asserted that ¢ (¥, k) displays an increasing trend as ¢ varies
within the range [1/2, 00).

This result serves as a generalization of the previously established monotonic property
associated with the matrix version of Equation (11). This generalization mirrors the
behavior of Fy(p, o) for positive real numbers a and b when ¥ belongs to the set of positive
real numbers, RT.

As a consequential outcome of these findings, the author will introduce a potential
generalized matrix equivalent of Equation (12), which can be expressed as follows

TX+XS>'H
2

SliTexsi s T < (14)

H(1 —)TFXSTF o <

This inequality is valid for particular values of u € [1/4,3/4], k € [0,1], and ¢ € [1/2, 00).

In this section, we will undertake a thorough investigation of matrix interpolation and
mean comparisons. This scrutiny broadens the range of ¥ from the closed interval [0, 1]
to encompass the entirety of positive real numbers, denoted as R*. Furthermore, we will
delve into additional findings associated with Heinz means.

Theorem 1. [6] Let T, S € M, (C) such that T is a positive semi-definite. Then
70 S| < max #;[].S]]
<i<n
where t; fori=1,2,--- ,n are the diagonal entries of matriz T .

Lemma 1. [21] Let k1, K2, - , kyn, be positive numbers, r € [—1,1], and t € (=2,2]. Then

the n X n matriz matrix
T T
K; + K
2 e 2
K +tRrik; + K

is positive semi-definite.
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Theorem 2. Let T, S, X € M,(C) such that T and S are positive semi-definite, k € [0, 1]
and ||.|| any unitarily invariant norm, the function

(9, k) = H‘u —)TFX S 19 <TXJ2FXS> ‘H

is increasing for % <9< oo and Y(9, k) <P (%, /1) for all 9 € [0, %]
Proof. We first prove the result for ¥ > 0 and T' = 5, that is,

R¥+XS)

’Hu — )T XS + 9 ( ’H fz (1),

where Z(¥) = [[|Q)T*XT'"™" +TX + XT||| and Q(¥) = 2(5 —1). We may assume
without loss of generality, 7" = diag (91, -+ ,1n), 7; > 0. Then
QT XT'* +TX + XT = ((QU)nfn} ™ + i+ ;) i)

17.]
QUW)nfn; ™" +mi +nj
Qo)nrm " +mi +
=FEo (Q(Q)T”XTH +TX +XT),

) o (Qo)T"XT'" " +TX + XT)

(90}~ +nit+n;
(Q)nm; " +nitn;

QW) — Q)i ™ QW) Qo) >1%>
(1 i Qo)nfn; " +ni +77j> = Wit (m (Q(Q)nfn}“ Tt )

which will be positive semidefinite if the matrix,

G_( Q) - Qo) >
_ )-
Qo)uifn;™" +mi+mj ),

is positive semidefinite. According to Lemma 1, the latter matrix is positive semidefinite
if and only if Q(9) > Q(0) and Q(o) € [—2,2]. Since Q(9) = 2 (4 — 1) is a continuous and
decreasing function on the positive half-line, ranging from [%, o0) into [—2,2], it follows
that Q) > Q(p) for all p > ¥. Consequently, using Theorem 1, we can deduce that

Z(0) < (ggggg) T(g). Thus, the result holds for T = S and ¥ > 3.

For 9 € (0,1/2], we have 2 < Q(V) < oo, and Q(V¥) > Q (3) = 2. Therefore, the matrix
FE with o = % is positive semidefinite, as per Lemma 1. The case 9 = 0 is straightforward
since, by Lemma 1, the matrix

77577]1 ) = 77'{ 1 ,’71'7/{
ey Mt )\ U\ et ) )

where E = <g ) . Now the matrix E can be written as
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is positive semidefinite. Thus, we have established the desired result for this case, i.e.,
VZ(9) < 1Z(1). In other words, ¢(9, k) < ¢ (3, k) for all ¥ € [0,1/2]. The general case

can be derived by substituting T" with <€ g) and X by (‘Z)( 8)

Remark 1. By setting k to be equal to half (i.e., k = %) i Theorem 2, we can deduce
that we arrive at Theorem 2.3 as presented in [8]. Consequently, our findings represent
an enhancement of the results established in that theorem.

As a consequence of Theorem 2, we have

Corollary 1. Let T,5,X € M,(C) with T,S positive definite. Then for any unitarily
invariant norm ||-|| and a matriz monotone increasing function 1 : (0,00) — (0, 00) with

v (x) = 2(e(x))
%H(T% ((TH) X" (SH) + " (TH) Xeb(S")) S

TX + XS
< H‘(l — )T XS ™" + 0 <J2r> ‘ ’
Corollary 2. Let T,S, X € M,(C) with T,S positive definite. Then for any unitarily
invariant norm |-, + < p <32, Kk €1[0,1] and ¥ € [1/2,00),

SliTxste g i sH| < ‘

1-oexsr o (225 |

Proof. Letting ¢(x) = y/z in Corollary 1, we derived the result.
The following result is a consequence of Theorem 2.

Corollary 3. Let T, S, X € M,(C) with T,S positive definite, n = min{sp(T), sp(S)},
w € [1/4,3/4] and k € [0,1]. Then for any unitarily invariant norm ||-|| and a matriz
monotone increasing function ¢ : (0,00) — (0, 00)

2f77(7])ng (W(TMX + X1p(S*)) Sz
ox )
2

< ‘H(l —9TXSTF 4+ 9 (

holds for every ¥ € [1/2,00).

Choosing 1 (z) = log(1 + z) in Corollary 3, we have
Corollary 4. Let T, S, X € M,(C) with T,S positive definite, n = min{sp(T), sp(S)},
w € [1/4,3/4] and k € [0,1]. Then for any unitarily invariant norm ||-||

7 ) H)T% (log(1 + T")X + X log(1 + ")) §%

2log(1+n
'(1 —)TFXS 4 (TX 'g XS) ’H

<

holds for every ¥ € [1/2,00).
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Theorem 3. Consider T, S, X € M, (C) with T and S being positive definite, r € [0, 1],
and ||.|| denoting any unitarily invariant norm. The function can be expressed as:

0.0 = [|(1-2) @exsie ey o (TS |

is increasing for 3 <9 < oo and ¢, k) < ¢ (2, K) for all ¥ € [0, L].
2 2 2

Proof. Once again following the same lines of the proof of Theorem (2), we shall prove
the result for ¥ > 0, T'= S and T = diag(m, -+ ,nn). Suppose

9 TX + XT 9
PV, k) = ’H (1 - 2) (TEXTY "+ TVRXTR) +9 <J2r) ’H =520, ),

where Z(0, k) = |||[W1(9) (T*XT' % + TV XT*) + (I'X + XT)||| and W1(9) = 2 — 1.
W) (T°XTY " + TV XT") + (TX + XT)
= [(Wl(ﬁ) (n?n}_” + nf‘“nj-‘) + i + m) xz'ij
=Y o (Wi(o) (T"XT" "+ T'""XT") + TX N XS).

Now the matrix Y can be written as

Wi (9) (m“ m 4 ) ) ML AN (W1(0) — Wio))nnt
Wi(e) (nfn}_“+n3_“n§*) - ( " Wile) - Do + ;" “7]1'&)”

17]

o . Wi (9) — Wi(o) 1
()ij + (Th ((Wl(g) — L ;" + n%‘“) k ) ‘

17.7

Once again, considering Lemma (1), we observe that the latter matrix is positive semidef-
inite if and only if Wi (¢) > Wi(p) and 2 > Wi(p) — 1 > —2. Since W () = W1 (¥) — 1 =
(207! — 2), it is a continuously decreasing function in the positive half-line and maps to
the interval (2, 2] for ¢ in the range [1/2, 00). Therefore, as demonstrated in Theorem (2),
we can deduce that W (¢) > W (p) and consequently, Wi (¥) > Wi(p) for all ¥ < p.

Applying Theorem (1), we establish that T'(¢, k) < %V/igggﬁT(g, k). This verifies the
result for the case when T'= S and ¢ € [1/2, 00).

For ¢ € (0,1/2], we can observe that 3 = W;(1/2) < W1(¢¥) < oo, and according to
Lemma (1), the matrix Y with o = 1/2 is positive semidefinite. Similarly, the case ¥ = 0
can be established through the positive semidefiniteness of the matrix

<"7? <(W1(Q)Zl)7(71;)77;1f;59),€+n;n> njf)i,j, which is confirmed by utilizing Lemma (1).
This leads us to the desired result for this case, i.e., 9Z(9,k) < $Z(3,k). In other
words, ¢(¢, k) < ¢(1/2, k) holds for all ¥ € [0,1/2].

The general case can be obtained by substituting 7" with (Z; g,) and X by <‘§ 8)
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The following outcome is an implication of Theorems 2, 3, and Corollary 2, resulting
in:

Corollary 5. Let T, S, X € M,(C) with T, S positive definite, € [0,1] and (9, k) and
o(9, k) are same as taken in Theorem (2) and (3) respectively. Then

¢(0, k) < ¥(V, k) (15)
for ¥ € [1/2,00), or equivalently, for any unitarily invariant norm ||-|| and 2 <t < 2,
llrxst=|) < SlITex8' + TRXSY| < S [ITX + X8 X8 .

Remark 2. (i) It’s worth noting that the corollary mentioned earlier (1) represents one
of the potential enhancements to an inequality introduced by Kaur and Singh in their work
(see [8, Corollary 2.4]).

(ii) Take note that when we set k to the value of one-third (i.e., k = %), it is evident that
we arrive at the outcome outlined in Theorem 2.10 in [8]. This implies that our finding
constitutes a broader and more generalized version of their result.

3. Sharpening of the Heinz inequalities and its reverses with the
Kantorovich Constant

In this section, we make a refinement of Heinz inequality with the Kantorovich con-
stant.

Lemma 2. Let p,o >0 and 0 <v <k <1. Then
r(Vpino = Vo) + K(VA,2) 0 S vp+ (1= v)o = (2) (pVio = pteo),  (16)
where r = min{%,1 — 2}, h = £ and ' = min{2r, 1 — 2r}.
Proof. An simple argument shows that
vp+(1—v)o— % (pVyio — pteo) =vp+ (1 —v)o — % (kp+ (1= K)o — PRl ™)
= Kp“al_” + (1 — K) o= (ptko)Vro. (17)
K K K
By applying the inequality (6) for the relation (17), it follows that

r(v/ phko — 24 K(Wh,2)" ptyo < (piko)Veo.

Hence, the inequality (16) follows.
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Lemma 3. Let p,o >0 and 0 <v <k <1. Then

14

vp+(1=v)o — (2) (0Vuo = pteo) < K(VA,2) " phyo + R(\/phuo = V0)2 (18)

K
where R = max{%,1 -2}, h =2 and r" = min{2r,1 — 2r}.
Proof. By applying the inequality (7) for the relation (17), it follows that

14

vp+ (1= v)o — (2) (0Vuo = pheo) < K(VR,2) ™ ptyo + R(V/pheo — Vo)

K
So, we get the inequality (18).

For two non-negative real numbers p and o, we define the Heinz mean in the parameter
p 0< <1, as
pualfu 4 plfugu
B 2

Note that Hy(p,0) = Hi(p,0) = 252 and Hé (p,0) = \/po. It is easy to see that as a
function of p1, H,(p, o) is convex, attains its minimum at y = %, and attains its maximum
at 4 =0 and p = 1. Moreover, H,(p,0) = Hi_,(p,0) for 0 < o < 1. Thus, the Heinz

mean interpolates between the geometric mean and the arithmetic mean:

Hy (19)

Vpo < H,(p,o) < HTU for0 < pu<1. (20)
Theorem 4. Let p,o >0 and 0 <v <k <1. Then
r [Ha(p,0) + Holp, ) = Hy (p,0)] + K [VR.2]" H,(p,0) (21)
< HO(p7 J) - (%) [HO(pv U) - Hn(pv U)] )
where r = min{%,1 — 2}, h = £ and ' = min{2r, 1 — 2r}.
Proof. Interchanging p with ¢ and o with p in inequality (16), we get
r v
r(Votep — VP2 + K(Vh,2) atp <vo+ (1 —v)p— (E) (oVp — ottp). (22)
Adding (16) and (22), we have

(Vi = Vol + (Vahp — ] + K [VE.2] (2, (p,0))
< 2H0(ﬁ70> - (%) [2H0(p, U) - QHR(pa U)]

and so
r {Hﬁ(p, o)+ Ho(p,0) — H (p, a)] YK [\/E, 2]r H,(p,0)
< Ho(p,o) = (%) [Ho(p,0) — Hy(p,0)].

In similar of proof of Theorem 4, we can prove the following result.
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Theorem 5. Let p,o >0 and 0 <v <k < 1. Then

/

Ho(p,) = (£) [Holp, o) — Hilp. o)) < K [V2] " Hy(p,0)

(23)
+R [HH(/LU) + HO(pa 0) - H%(pa U):| )

where R = min{%,1 — 2} h =2 and r’ = min{2r,1 — 2r}.

4. New operator versions of Heinz-type inequalities

Let H represent a complex Hilbert space, and B(#) denote the C*-algebra comprising
all bounded linear operators on H. An operator T' € B(H) is considered positive if
(T'x,z) > 0 holds true for every x € H. We express this as 7' > 0. Now, let 7" and S be
two positive operators in B(H), and « take on values in the interval [0, 1]. The xk-weighted
arithmetic mean of T" and S, denoted as TV,.S, is defined as:

TV,.S = (1 — k)T + KS.

When T is invertible, the k-geometric mean of T' and S, represented as TH,.S, is defined
as: 1 1 1\ R 1
THoS = T3 (T‘EST_§> T3,

In the case where k = %, we can simplify the notation to TV.S and T4S to refer to the
k-weighted arithmetic mean and the k-geometric mean, respectively. It is well-known that
for positive invertible operators T" and S, the following inequality holds:

T4.S <TV,.S, re€[0,1].

Additionally, we define the operator version of the Heinz mean as H (T, S):

4T 5) = TheS +2Tt¢1_ﬁs

for the case where T and S are positive invertible operators and « € [0, 1].

In this section, we will present improved variants of Heinz-type operator inequalities
and their converses, exploiting the monotonicity of operator functions as the foundational
concept for the ensuing discussion.

Lemma 4. [7] Suppose T € B(H) is self-adjoint. If f and g are continuous functions
such that f(t) > g(t) fort € sp(T) (where sp(T') represents the spectrum of the operator
T), then it follows that f(T) > g(T).

Next, we present our main results on the basis of inequality (21). By Lemma 4, we
have the following.
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Theorem 6. Let T,S € B(H) be positive invertible operators, I is the identity operator
and 0 < v < k < 1. If all positive numbers m,m’ and M, M’ satisfy either of the conditions
O<mI<T<MI<MI<S<MIor0<mI<S<mI<T<MI, then:

r [HH(T, S) + Ho(T, S) — Hx (T, S)} + K [\/E, 2} " H(T,9) (24)
< H()(T, S) - (%) [HO(Tv S) - HR(T7 S)} >

where r = min{%,1 — 2}, h = & and v’ = min{2r, 1 — 2r}.

Proof. Assuming that 0 < v < k < 1, according to inequality (21), for any positive
value of x, we can conclude:

TJ
r [Hn(l, ©) + Ho(l,z) — Hs (1,2)| + K [\/E, 2} H,(1,z)
< Ho(1,2) = (£) [Ho(1,2) — Hu(1,2)],
Regarding the operator X = T~Y28T~1/2 within the framework of the first condition,
we establish the following range: I < hl = %Z <X <hI= %I . Consequently, we infer
that o(X) C [h,h'] C (1,00). Applying Lemma 4, we obtain:

r [HR(I, X) + Ho(1,X) = Hy (I, X)| + min K [Va,?] " H, (I, X)
< Ho(L,X) = (%) [Ho(L, X) = H(I, X))

(1+t)2
at

As the Kantorovich constant K (t,2) =
(0,00), it follows that:

exhibits monotonicity within the interval

r [HR(I, T=12872) 4 Ho(I, T~Y2ST~V2) — He (I, T-V/28T7-1/2)

kK
2

+ min K [Va,2]" (1,77 V2ST2) < Ho(1, T /28T17%)

_ (5> [HO(I,T*V?ST*/?) — Ho (I, T7Y2sT-V/?)] (25)

KR

Likewise, within the context of the second condition, we observe that I < %I = 31h <
X < %I = %/,I. Utilizing Lemma 4, we obtain the following:

r [HR(I, X) + Ho(I,X) — Hs (I, X)] +ming o1 K [VZ, 2] H,(I,X)
h/_ =

< HO(LX) - (%) [HO(LX) - HH(LX)]’

1
h

(1+¢)2

Since the Kantorovich constant K (t,2) =

is an increasing function on (0, 00), then

r [HK(I, T-1287/2) 4 Ho(I, T~Y2ST~V2) — Hx (I, T-V/28T7-1/2)

kK
2

+ min K [V, 2]7” H,(I, 7728772y < Ho(1, T7'/28T71/?)
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—(%)[E%(Lj“imST_”Q)—E&(LY“JHST_”2),

By multiplying both inequalities (25) and (26) on both the left-hand and right-hand sides
by the operator T2, we can infer the desired inequality (24).

Theorem 7. Consider positive invertible operators T and S in a Hilbert space H, where
I represents the identity operator. Additionally, let k be a non-negative number such that
0 <v <k <1. Assuming that there exist positive real numbers m, m’, M, M’ that satisfy
either of the following conditions:

(a) O<mI<T<mI<MI<S<MI
(b) 0<mI<S<mI<T<MI

Then, the following conclusions hold:

Ho(T, S) — (¥) [Ho(T, S) — Hy(T,S)] < K [\/E, 2} T H(T, S)
+R [Hy(T, ) + Ho(T, S) = Hy (T, )],

where R = min{%,1— 2}, h =2 gnd v = min{2r,1 - 2r}.

Proof. The proof process is similar to that of Theorem 6, and thus, we will not provide
it here.

Remark 3. The nature of the Kantorovich constant’s characteristics makes it clear that
the inequalities outlined in Theorems 6 and 7 signify improved results compared to those

detailed in [13], [14], [18], [20], and [23].

5. Utilizations of the improved Young-type inequalities for traces,
determinants, and norms of positive definite matrices

In this section, we introduce a collection of improved Young-type inequalities designed
specifically for traces, determinants, and norms of positive semi-definite matrices.

A matrix version proved in [1] says that if 7,.S € M, (C) are positive semi-definite,
then

1 1

SJ(TS) < S5 (Tp + Sq) (27)
p q

forj=1,---,n

Lemma 5. Let p,o >0, p,q > 1 such that % + % = 1. Then for m € N, we have

1 1\m m\ 2 ot o\ 7
(p?aq> —|—7“6”<p —a7> <|(—+—) , r>1 (28)

p q
where ro = min{%,% .

vl3
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Lemma 6. Let T; € M,,(C) (i=1,---,n),. Then
n n
D 8T Ta) < 3 si(Th) - 55(Th).
j=1 j=1

Theorem 8. Let T, S € B(H) be positive definite, p,q > 1 such that %—F% =1andm e N.
Then

m

)" (e m)F = n(s))

w‘g

<tT(TT) + tr(Sr)f > (tr ’T%S%

. p )2 . (29)

where o = min{%,é

Proof. By inequality (29), we have

m r r T TS’!’
Sjr<T+S> 5 (1) 5 (8)
p q p q

o (1) (%) +75 (s @) -sf ()

S (Tp)s;n (sq)+r0 (sj (T) + s7(S) — 252 (T) ?(5))

v

for y =1,--- ,n. Thus, by Lemma 6 and the Cauchy-Schwarz inequality, we have

m (T ST T" S’"
tr | —+ — = S —_— 4+ —
< p q > Z < q >

v
@
—~
N

Sy
~—
®
=3
—
&
~—

j=1
+ Zs;"(T)—i-Zs;"(S)—QZSF(T)sf(S)
j=1 j=1 Jj=1
Hence
o <T+S) > s (1vst)
P q =
+ | Do)+ D (S) =23 s ()5 (S)
j=1 Jj=1 J=1
1 1 m
> (W‘ Tqu)D o [(#r(T))™ + (tr(S))™
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2

n 2 n

= 2| s (Do)

J=1 Jj=1

1

- (tr ‘ (T%sa) Dm 4o ((tr(T))% — (tr(S))

w[3

)2
Remark 4. Ando’s singular value inequality (27) entails the norm inequality

TS| < lI&T + (1 = &) (30)

So, our Theorem 8 improves this inequality for the trace norm.:

rrsi ™ v (i E —usiE) < ||t o ter 31
pSe| + 7o 1Tl — 11514 =17 +q (31)

1

Theorem 9. Let T, S € B(H) be positive definite, p,q > 1 such that %—I—% =1 andm e N.
Then for all r > 1

TT ST % 1 1i\m m 1 1\ ™M m 2
det (—+2) " > det (T57)" +rgmdet (T + 5™ — 25% (s74T573) " 8% ),
p q
where 1o = min{%,% .
Proof. By inequality (28), we have

m

() ) oo () e (7 )y

forall j=1,--- n.

det (1SSTSS + 1) =11 (13;? (sET’”SS - 1))
p q p q

v AV
.z: :
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Consequently

det (Z + Sq> S et (T%S%)m g det (17 + 5™ - 25% (s—%TS—%)m 5%)2 .

Theorem 10. Let T,S,X € M,(C) such that T and S are positive semi-definite and
p,q > 1 with %Jr% =1 and m € N. Then for all r > 1, we have

m
T

1 iym m m\ 2 1 1
[Tz xsa||™ + 5 (T xi® - sxi#)” < <p|HTX|HT+qHIXBII’"> .33

where 1o = min{%,% .

To prove Theorem 10, we need the following lemma which is known as the Heinz-Kato
type for unitarily invariant norm.

Lemma 7 ([9]). Let T, S € M,(C) be positive definite matrices and 0 <9 < 1. Then we
have

|l xst=2| < wrxwnx sy, (34)

In particular
tr ‘T”XSP”I < (tr(T))? (tr(S)). (35)

Proof. [Proof of Theorem 10] We have

1 1||m m m 2
lroxss||™ + oy (nrxin® - nsxi’?)
1 1m m m m 2
< [irxienxsie]” + g (ITxi? - sxi¥)
(by Lemma 7)
1 1 "
< <pH\TX|HT + qH]XB\HT) (by inequality 28).
Lemma 8 ([3]). Let wy,--- ,w, be non-negative real numbers and ¥1,--- , Y, be positive

real numbers with Y ;" ¥; = 1. Then we have

(36)

n n

9 n
| |wk’“+r E WL — N
k=1 k=1

where r = min{¥y : k=1,--- ,n}.
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Theorem 11. Let T; € M,(C) (i = 1,--- ,n) be positive semi-definite. If 0 < ¥; < 1
(i=1,---,n) withy ;" ¥; =1, then

i t?’(ﬂka) > tr 9 (37)

n
HT,?’“ +r
k=1

where r =min{Jy : k=1,--- ,n}.

Proof. By inequality (36), we have

k=1

Zﬁij(Tk) > H Sj(Tk)ﬁk +7r
k=1

for j = 1,--- ,n. Thus, by Lemma 6 and the generalized Cauchy-Schwarz inequality, we
have

tr (Z ’19ka> = Zﬁ‘ktr Tk Z’ﬁkzsj Tk ZZ’ﬁkSJ(Tk)
k=1 —

k=1 = j=1 k=1
> ) si(TVY) sy (T
7j=1
n n
+ 7 s](Tk)—nZ
j=1 k=1 j=1
n
> Y s(T T
j=1
n n
+ r sj(Tg) —n 1
=1 k=1
> tr‘T{” T [ Y tr(T) = n e T tr(Th)

where r = min{v¥y : k=1,--- ,n}.

Our Theorem 11 entils the following trace norm

n

S

k=1

Vg
k +r

1

—n 2 T 17wl ) (38)
k=1

1 1

where r = min{v¥y : k=1,--- ,n}.
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Theorem 12. Let T; € M,(C) (i = 1,---,n) be positive definite. If 0 < ¥; < 1 (i =
L,---,n) with Z?:l ¥; = 1, then

det (Zn: 19ka> > ﬁ det (T:k) + r | det (Zn: Tk> —-n
k=1 k=1 k=1

[T det(T3) | (39)
k=1

where r =min{Jy : k=1,--- ,n}.
To prove Theorem 12, we need the following lemma.

Lemma 9 ([5]). Let T, S € M,(C) be positive definite. Then we have
det(T + S)n > det(T)n + det(S)n. (40)

Proof. [Proof of Theorem 12] We have

det (Zn: lngk) = det <zn: 19ka>
k=1

k=1

n

3=

n

Y

Z det (ﬁka)% (by Lemma 9)
Lk=1

n

Sl=

Z Uy det (T},)
Lk=1

v

n

[T (@+)"

Lk=1

= ﬁdet (T,f’“) +7r" zn:det (Tk)% —nr
k=1 k=1

AV

n n
+r" Zdet (Tk)% -n
k=1

det ﬁ Tk
k=1

k=1
Lemma 10 ([16]). Let v1,72, - ,7n be a set of non-negative real numbers constrained by
J
Z’yk =T1y. If wi,wa, - ,wy are positive real numbers, then
k=1
2 1
1 — 1 — A\
Fn;%wk-F 1+ Fﬂ;%wk > }H(%%—\/l—i—wk) (41)

holds.
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Theorem 13. Let Ty, -- , T, € M, (C) be positive define and let 1,72, -+ ,Vn be a set of

n
non-negative real numbers such that Z e =y, Then
k=1

n n 2
%Zmﬂn H(;me>z
" k=1

" k=1

€1
T

[WUD+ 1+wa@}". (42)

[1

k=1

n

Proof. By inequality (41), we have

n n 2 n
FInZVksj(Tk)Jr 1+ (I‘ln;')’ksj(Tk)> 2 [H (Sj(Tk) + \/my

k=1

I'n

(43)

forall j =1,--- ,n. Hence we have

v

Consequently,

1
tr <Fn Z%ﬂ) +

v

6. Conclusion and Future Work

In conclusion, this paper has embarked on an extensive investigation into the domain
of matrix means interpolation and comparison. A key aspect of this research has been
the expansion of the parameter 9 from the closed interval [0, 1] to encompass the entire
positive real line, represented as R*. This extension has allowed us to explore a broader
spectrum of mathematical relationships and properties within this framework.
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Furthermore, our exploration has led to the development of various novel results related
to Heinz means. We have introduced scalar variants of Heinz inequalities, leveraging
Kantorovich’s constant, and have extended these inequalities to the operator realm. This
expansion not only deepens our understanding of Heinz means but also opens up new
avenues for applications in diverse mathematical contexts.

Lastly, we have presented refined Young’s type inequalities specifically tailored for
traces, determinants, and norms of positive semi-definite matrices. These refined inequal-
ities are expected to find utility in various matrix analysis and linear algebra problems,
enhancing our ability to derive meaningful conclusions and insights from the study of
positive semi-definite matrices.

As for future work, there are several intriguing directions to consider. Firstly, it may be
valuable to explore further extensions of the parameter space beyond R™ and investigate
the implications of such extensions on matrix means and related inequalities. Additionally,
the applicability of the developed results in practical fields such as physics, engineering,
and data science warrants investigation. Finally, refining and expanding upon the pre-
sented inequalities could lead to even more powerful tools for matrix analysis and opti-
mization, offering new insights and solutions to complex problems in mathematics and its
applications.
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