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Abstract. In 2019, Ahsan et al. developed the concept of fuzzy (m,n)-ideals in semigroups.
Later, in 2022 Tiprachot studied n-interior ideals in ordered semigroup, which is a generalization
of fuzzy ideals and interior ideals in semigroups. The aim of this paper is to study the concept
of fuzzy (m,n)-ideals and n-interior ideals in ordered semigroup and investigate the properties of
fuzzy (m,n)-ideals and n-interior ideals.

2020 Mathematics Subject Classifications: 20M12, 06F05

Key Words and Phrases: Fuzzy (m,n)-ideals, fuzzy n-interior ideals, regular ordered semigroups

1. Introduction

The theory of ordered semigroups originated as a generalization of the semigroup
theory. The concept of (m,n)-T. Changphas gave ideals in ordered semigroups in [3]
which was obtained by generalizing the idea of (m,n)-ideals in semigroups.

As a theory of fuzzy set it is tool for dealing with possibilities of uncertainty, connected
with the imprecision of states, perceptions, and preferences, and was studied by Zadeh
in 1965 [14]. It has been applied to many areas, such as medical science, robotics, com-
puter science, information science, control engineering, measure theory, logic, set theory,
topology and others. The study of fuzzy sets in semigroups was introduced by Kuroki
in 1981. In 2020 Kehayopulu and Tsingelis [5] extended the concept of fuzzy semigroups
to the fuzzy ordered semigroups and studied some properties of fuzzy left (right) ideals
and fuzzy filters in ordered semigroups. In 2019, Ahsan et al. [9] extended the notion of
(m,n)-ideals in semigroups to the notion of fuzzy (m,n)-ideals in semigroups and they
characterized (m,n)-regular semigroups by using fuzzy (m,n)-ideals. Tiprachot et al. [12]
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discussed the notion of n-interior ideals as a generalization of interior ideals and character-
ized many classes of ordered semigroups in terms of (m,n)-ideals and n-interior ideals. In
2023, Tiprachot et al. [13] extend n-interior ideals and (m, n)-ideals to hybrid in ordered
semigroups. Recently T. Gaketem and P. Khamrot [6] studied concepts interval valued
fuzzy (m,n)-ideals in semigroups. In the same year A. Mahoob et al. [8] gave the concepts
of structures of fuzzy (m,n)-quasi ideals in ordered semigroups. Other work of ordered
semigroup studied more like fuzzy quasi-ideal [4], fuzzy filters [1, 2, 7| and fuzzy prime
[10].

The purpose of this paper is to extend the study of fuzzy (m,n)-ideals in semigroups
to ordred semigroups. We prove the properties of fuzzy (m,n)-ideals in ordered semigroup
and investigate the properties of minimal fuzzy (m,n) ideals, and fuzzy prime (semiprime)
(m,n) ideals in semigroups. The relationship between (m,n) ideals and fuzzy (m,n) ideals
in ordered semigroups. Finally, we discuss the properties of fuzzy n-interior ideals and the
relationship between n-interior ideals and fuzzy n-interior ideals in ordered semigroups.

2. Preliminaries

In this section, we review some basic concepts that are necessary to understand our
next section.

Let (S, ) be a semigroup ordered semigroup and S, <) is a partially ordered set. Then
(S,+, <) is an ordered semigroup if for all a,b,c € S, we have a < b then ac < bc and
ca < cb.

For a nonempty subset X and ) of ordered semigroup S, we write
(X]'={aeS|a<bforsomebe X} and XY :={zy |z € X and y € V}.

It is observed that

(1) & (4],

(2) if X C Y, then (X] C ()],
3) (X = (],

(4) (X)) € (X,

() (X = (XY,

(6) (XUY] = (XU V],

(1) (XY= (XN

Let (S, -, <) be an ordered semigroup, () #)K C K is called a subsemigroup such that
K? C K. A left (right) ideal of a ordered semigroup (S, -, <) is a non-empty set K of K
such that SK C K (KS C K) and (K]. By an ideal of an ordered semigroup (S, -, <), we
mean a non-empty set of S which is both a left and a right ideal of S.

Definition 1. [3/ A subsemigroup KC of an ordered semigroup (S, -, <) is called an (m,n)-
ideal of S if K satisfies the following conditions:
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(1) K™SK™ C K.
(2) K= (K], that is forx € K andy € S, y < = implies y € K.
where m,n are non-negative integers.
We see that for any d1, 2 € [0, 1], we have
01 V d2 = max{d1,02} and 1 A d2 = min{dy, da}.

A fuzzy set 0 of a non-empty set 7 is function from 7 into unit closed interval [0, 1]
of real numbers, i.e., § : T — [0, 1].
For any two fuzzy sets § and ¥ of a non-empty set 7, define >, =, A and V as follows:

(1) >0 < d(e) >0(e) forallee T,

(2)

(3) (dAD)(e) = min{d(e),¥(e)} = d(e) ANY(e) foralleec T,
(4)

4) (6 V9)(e) =max{d(e),d(e)} =0d(e) VI(e) foralleeT.
For the symbol ¢ < ¢, we mean 9 > 6.

d=0v<d§d>Yand ¥ >4,

The following definitions are types of fuzzy substructures of a semigroup.

Definition 2. [11] A fuzzy set § of a semigroup S is said to be a fuzzy ideal of S if
d(uv) > o(u) V(o) for allu,v € S.

Definition 3. [9] A fuzzy subsemigroup of § if a semigroup S is said to be a fuzzy (m,n)-
ideal of S if for all ui,us, ..., Um, V1,09, ..., 05,2 €S and m,n € N, we have

ds(urug - - - umzviva - - vp) > ds(ur) Adg(uz) A ... Ads(um) Ads(v1) Ads(va) A ... Ads(vg).

For any element k in an ordered semigroup S, define the set Fj by Fj := {(y,2) €
SxS|k<yz}.
For two fuzzy sets § and ¢ on a semigroup S, define the product 6 o ¢ as follows: For
all k € S,
\ ) roz)} i B #0,
(00 9)(k) = { w2)ek
0 if F,=0.

Definition 4. Let T be a non-empty set of an ordered semigroup S. A characteristic
function are respectively defined by

1 kel

/\I S—)[Ol]kHAI() {Ok%I

The following definitions are types of fuzzy subsemigroups on ordered semigroups.
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Definition 5. [11] A fuzzy set & of an ordered semigroups S is said to be A fuzzy left (right)
ideal of S if uw < v implies 6(u) > §(y) for all u,v € S and §(uv) > 6(v) (6(uv) > §(u))
for allu,v €S.

Lemma 1. Let K be a nonempty subset of an ordered semigroup S. Then K is a sub-
semigroup of S if and only if the characteristic function A\ is a fuzzy subsemigroup of

S.

3. Fuzzy (m,n)-ideals

In this section, we outline the concept of fuzzy (m, n)-ideals and explore their properties
within ordered semigroups.

Definition 6. A fuzzy subsemigroup 6 of an ordered semigroup S is called a fuzzy (m,n)-
ideal of S if

(1) d(uqug - umkvive -+ vy) > 8(ur) Ad(ug) A+ Ad(um) Ao(v) Ad(va) A+ Ad(vy) for
all ui,ug, ..., Um, k,v1,v2,... v, of S and m,n € N.

(2) u < w implies §(u) > 6(v) for all u,v € S.

Example 1. Consider the ordered semigroup S = {w,z,y,z} with the following Cayley
table:

v e 8 8

g & 8 g8
g & 8 8|8
g & v glw
g & 8 g|n

and <: {(w,w), (x,z), (y,y), (2,2)}. Define a function § : S — [0,1] by d(w) = 0.4, §(z) =
0.4, (y) =0, 6(z) =0. Then 6 is a fuzzy (m,n)-ideal of S.
Theorem 1. Let {0; | i € J} be a family of fuzzy (m,n)-ideals of an ordered semigroup
S with §(u) > 6(v) whenever u < wv. Then A V; is a fuzzy (m,n)-ideal of S.

1€EF

Proof. Let u,v € §. Then,

N\ oitw) > A {6i(u) A5()} = N di(u) A N Si(v).

ieJ ieJ ieJ ieJ
Thus, A 9; is a fuzzy subsemigroup of S.
ieJ
Let w1, u9, ..., um, k,v1,v2,...v, €S. Then,

/\ di(urug « - upkvivy - - - vy)
ieJ
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> /\ {51(2“) AN 6Z(U2) A 5l(un) VAN 51'(1}1) AN 5i(U2) R (Sl(’l)n)}

iedJ
= N\diCw) A N SiCug) -~ A N\ Si(un) A N Si(vr) A N\ Giv2) ... N\ Gilwn).
€T i€J €T ieJ 1€J ieJ

Thus, A 0; is a fuzzy (m,n)-ideal of S.
ieJ

Theorem 2. Let K be a nonempty subset of an ordered semigroup S and m,n are positive
integers. Then K is an (m,n)-ideal of S if and only if the characteristic function A\ is a

fuzzy (m,n)-ideal of S.

Proof. Suppose that K is an (m,n)-ideal of S. Then, K is a subsemigroup of S. By
Lemma 1, Ag is a fuzzy subsemigroup of S.

Let uy, us, ... um, k,v1,v2,...,0, €S. Then the following cases:

Case 1 If u;,vj € K for all i € {1,2,...,m} and j € {1,2,...,n}, then
uug - Uy kvivg - v, € KMSK™. Thus, Ak (ujusg - - - upmkvive -+ vy) = 1, Mc(u;) = 1 for
all i € {1,2,...,m} and A\c(r;) = 1 for all j € {1,2,...,n}. So, we have

Ac(ugug - upmkvrve -+ vy) > A (ur) ANK (u2) A - AN (um ) A+ AXic (1) AN (T2) A+ A (1)
Case 2 If e; ¢ K or rj ¢ K for some ¢ € {1,2,...,m} and j € {1,2,...,n}, then
Ac(urug -« - U kvivg - - - vp) > Ac(un) AXK (u2) A Ad e (um)A- - A (v1) AN (T2) A= <A ().

Let u,v € S such that v < v and u € K. Then Ax(u) = 1. Thus, Ac(u) > Ac(v).

Therefore, A\g is a fuzzy (m,n)-ideal of S.

Conversely, suppose that A\g is a fuzzy (m,n)-ideal of S. Then A\ is a fuzzy subsemi-
group of S. By Lemma 1, K is a subsemigroup of S.

Let ui,u2, ... um, k,v1,02,...,v, € K™SK". Then Ag(u;) = 1 and Ag(v;) = 1 for
some i € {1,2,...m} and j € {1,2,...,n}. By assumption, Ac(ujug - umkvivy - - v,) >
Ac(ur) AAg (ug) A AXg (um) A Adc(vr) Adc(v2) A= A e (og).

Thus, A\c(urug -+ umkvivg - - - vy,) = 1. It impiles that, ejeq - - - e kvive - - - vy, € K. Hence,
KmSK™ C K.

Let u € K such that v < w and v € §. Then Ag(u) > Ac(v) > 1. Thus, v € K.

Therefore, K is an (m, n)-ideal of S.

Let 0 be a fuzzy set and ¢ € [0, 1]. Define the set U; := {e € S | (e) > t} is called an
t-level subset of fuzzy set of §.

Lemma 2. A fuzzy set d is a fuzzy subsemigroup of a semigroup S if and only if the level
set Uy is a subsemigroup of S for all t € [0,1].

Proof. Let 6 be a fuzzy subsemigroup of S and u,v € U;. Then 6(u1) > t, §(v) > t. By
assumption, d(uv) > d(u) A d(ev). Thus, é(uv) > §(u) Ad(v) > t. It impiles that, uv € Uy.
Hence, Uy is a subsemigroup of S.
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Conversely, suppose that U; is a subsemigroup of S and u,v € §.
If u,v € U, then §(u) > t, 6(v) > t. Thus, é(uv) > 6(u) A §(v).
If u¢ U or v ¢ Uy, then d(uv) > d(u) Ad(v).

Hence, § be a fuzzy subsemigroup of S.

Theorem 3. A fuzzy set § is a fuzzy (m,n)-ideal of an ordered semigroup S if and only
if the level set Uy is an (m,n)-ideal of S for all t € [0, 1].

Proof. Let 6 be a fuzzy (m,n)-ideal of S. Then § is a fuzzy subsemigroup of S.
By Lemma 2, U; is a subsemigroup of §. Let ui,uo,...%Um,k,v1,v2,...,0, € Us. Then
d(u;) > t, 6(vj) > t for some i € {1,2,...,m} and j € {1,2,...,m}. By assumption,
d(urug -+ - umkvive - - vp) > 0(ug) Ad(ug) A= Ad(tum) A= Ad(v1) Ad(va) A+ Ad(vy).
Thus, d(ujug - - - umkvive - - - vy) > t. It impiles that, ujug - - - upkvive - - - vy, € Uy

Let u,v € S such that v < v and v € Uy. Then 6(u) > 6(v) > t. Thus, u € U;. Hence,
Uy is an (m,n)-ideal of S.

Conversely, suppose that U; is an (m,n)-ideal of S. Then Uy is a subsemigroup of S.
By Lemma 2, § is a fuzzy subsemigroup of a semigroup S.

Let u,v € § such that u < v. We choose 6(v) = t. Thus, v € Uy. By assumption,
u € Up. Then 6(u) >t = 0(v).

If § is not a fuzzy (m,n)-ideal of S, then there exists u;, k,v; € S such that
S(urug -+ - umkviva - vp) < 5(ur) Ad(ug) A Ad(um) A== Ad(v1) Ad(v2) A=+ Ad(vy).
By assumption, we have ujug - - - umkvive - - - v, € Up. Thus, 6(ujug - - - upmkvivg - - - vy) >
S(ur) ANd(ug) A+ Ad(um) A+ Ad(vp) Ad(ve2) A--- Ad(vy). Tt is a contradiction. Hence,
d be a fuzzy (m,n)-ideal of S.

Definition 7. An (m,n)-ideal K of a ordered semigroup S is called

(1) @ minimal if for every (m,n)-ideal of J of S such that J C K, we have J = K.
(2) @ maximal if for every (m,n)-ideal of J of S such that K C J, we have J = K.
Definition 8. A fuzzy (m,n)-ideal § of an ordered semigroup S is

(1) @ minimal if for all fuzzy (m,n)-ideal § of S such that & < &, then & = 9.

(2) a maximal if for all fuzzy (m,n)-ideal £ of S such that 6 <&, then & = 9.

Theorem 4. A non-empty subset K of an ordered semigroup S. Then the following
statements ture

(1) K is a minimal (m,n)-ideal if and only if Ak is a minimal fuzzy (m,n)-ideal.
(2) K is a mazimal (m,n)-ideal if and only if Ak is a maximal fuzzy (m,n)-ideal.

Proof.



P. Khamrot, A. lampan, T. Gaketem / Eur. J. Pure Appl. Math, 18 (1) (2025), 5596 7 of 12

(1) Let K be a minimal (m,n)-ideal of S. Then K is an (m,n)-ideal of S. Thus, by
Theorem 2, \g is a fuzzy (m,n)-ideal of S. Let J be an (m,n)-ideal of S such that
J C K. Then by Theorem 2, \7 is a fuzzy (m,n)-ideal of S and A7 < M. Since K
is a minimal (m,n)-ideal of S we have J = K. Thus, Ay = Ax. Hence, g is minimal
fuzzy (m,n)-ideal of S.
Conversely, Ax is minimal fuzzy (m,n)-ideal of S. Then A\g is a fuzzy (m,n)-ideal of
S. Thus, by Theorem 2, K is an (m, n)-ideal of S. Let A\ be a fuzzy (m,n)-ideal of S
such that Ay < Ag. Then by Theorem 2, J is an (m,n)-ideal of S such that J C K.
Since Ak is minimal fuzzy (m,n)-ideal of S we have A7 = Ag. Thus, J = K. Hence,
K is a minimal (m,n)-ideal of S.

(2) If follows from (1).

Next, we give the relationship between prime, semiprime (m,n)-ideals and prime,
semiprime fuzzy (m,n)-ideals.

Definition 9. Let K be an (m,n)-ideal of an ordered semigroup S is called

(1) prime if wv € K implies u € K or v € K for all e,h € S,

(2) semiprime if u? € K implies u € K for allu € S.

Definition 10. Let 6 be a fuzzy (m,n)-ideal of a ordered semigroup is called

(1) prime if 6(uv) < d(u) V o(v) for all u,v € S,

(2) semiprime if 6(u?) < &(u) for allu € S.

Remark 1. Every prime (m,n)-ideal is semiprime (m,n)-ideal in an ordered semigroup.

Theorem 5. Let K be a non-empty subset of an ordered semigroup S. Then K is a prime
(m,n)-ideal of S if and only if A\ is a prime fuzzy (m,n)-ideal of S.

Proof. Suppose that K is a prime (m,n)-ideal of S. Then K is an (m,n)-ideal of S.
Thus, by Theorem 2 A\ is a fuzzy (m,n)-ideal of S. Let u,v € S.

Case 1: If uv € K, then v € K or v € K. Thus, Ac(uv) =1 = Ag(u) and
Ac(uv) = =1 = A (u) or A(v) =1 = Ag(uv). Hence, A\ic(uv) < A(u) V A (v).

Case 2: If uv ¢ KC, then AC(uv) = 0. Thus, A\c(uv) < Ac(u) V A (v).

Therefore, A\ is a prime fuzzy (m,n)-ideal of S.

Conversely, suppose that A is a prime fuzzy (m,n)-ideal of S. Then Ag is a fuzzy
(m,n)-ideal of §. Thus, by Theorem 2, K is an (m,n)-ideal of S. Let u,v € S with
uv € K. Then, A\c(uv) =1. If u ¢ K and v ¢ K, then Ac(u) = 0 = A (v). By assumption,
A (uv) < Ae(u) V A(v) . Thus,\c(uv) = 0. It is a contradiction, so u € K or v € K.
Hence, K is a prime (m, n)-ideal of S.

Theorem 6. Let I be a non-empty subset of an ordered semigroup S. Then K is a
semiprime (m,n)-ideal of K if and only if A is a semiprime fuzzy (m,n)-ideal of S.

Proof. 1t follows from Theorem 5.
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4. Fuzzy n-interior ideals

Before, we will review the definition of n-interior ideals in ordered semigroups.

Definition 11. [12] A subsemigroup K of an ordered semigroup S is said to be an n-
interior ideal of S if SK"S C K where n is an integer and K = (K|, that is for x € K and
yeS,y<uximpliesy € K.

Definition 12. A fuzzy subsemigroup § in an ordered semigroup S is called fuzzy n-
interior ideal of S if

(1) S(uklv) > (k1) AS(ka) A~ Ao(kp)
(2) u <wv imples 6(u) > 6(v)
for all w, k', v € S and where i € {1,2,...,n}.

Example 2. Consider the ordered semigroup S = {u,v,w,x,y, z} with the following Cay-
ley table:

u v ow Ty z
ulu u w ou U u
viu u u u u v
wlu u U u u v
Zzlu v u u u x
ylu z = u u x
z|lu x z x y z
(z,2)}. Define a functiond : S — [0,1] by 6(u) =

and S: {(u7 u)7 (U7 U)’ (w7 w)? (x7 x)’ (y7 y>7
0.6, 6(v) = 0.2, 6(w) =04, 6(x) =0.5 §(y) = 0.3 6(z) = 0.1. Then 6 is a fuzzy n-interior
ideal of S.

Theorem 7. Let {0; | i € J} be a family of fuzzy n-interior ideals of an ordered semigroup

S with 6(u) > 6(v) whenever u < wv. Then A V; is a fuzzy n-interior ideal of S.
1eF

Proof. Let u,v € S. Then,
N oi(wo) > A {8i(u) A si(0)} = N\ di(u) A N 6i(v).
i€ i€J i€d i€J
Thus, A d; is a fuzzy subsemigroup of S.

ieJ
Let u, k',v € S for all i € {1,2,...,n}. Then,

N\ Oi(ukiv) > N {6i(k) ASi(ka) - AGi(kn)t = NSilki) A N\ Silka) - A J\ Gilkn).
ieJ ieJ i€J eJ i€J

Thus, A d; is a fuzzy n-interior ideal of S.
ieJ
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Theorem 8. Let K be an ideal of a semigroup S and m,n are positive integers. Then K
is an n-interior ideal of S if and only if the characteristic function A is a fuzzy n-interior

ideal of S.

Proof. Suppose that K is an n-interior ideal of S. Then K is a subsemigroup of S.
Thus, by Theorem 1, Ag is a BF subsemigroup of £. Let h,r;, k € £ wherei € {1,2,...,n}.

If ry e Kforallie{1,2,...,n}, then hrl'k € K. Thus, Ac(r;) = Ac(hr]'k) =1 for all
i€{1,2,...,n}. Hence, Ac(hrl'k) > Ac(r1) A Ac(r2) A= A A (rp).

If r; ¢ K for some i € {1,2,...,n}, then A\c(r;) = 0 for some ¢ € {1,2,...,n}. Thus,
Arc(hritk) > Ae(r1) A dc(r2) A A ().

Therefore, A is a fuzzy n-interior ideal of S.

Conversely, suppose that Ax is a fuzzy n-interior ideal of S. Then Ax is a fuzzy
subsemigroup of §. Thus, by Theorem 1, K is a subsemigroup of S. Let r}' € SK"S where
n is an integer and for all 7 € {1,2,...,n}. Then A\c(r]) = 1 for all ¢ € {1,2,...,n}.
By assumption, A\ (hrl'k) > Ac(r1) A Ac(r2) A -+ A A(rp). Thus, Ac(hrl’k) = 1 for all
i€{1,2,...,n}. Hence, r}* € K forall i € {1,2,...,n}. Therefore, K is an n-interior ideal
of S.

Theorem 9. A fuzzy set § is a fuzzy n-interior ideal of a semigroup S if and only if the
level set Uy is an n-interior ideal of S for all t € [0, 1].

Proof. Let § be a fuzzy n-interior ideal of S. Then § is a fuzzy subsemigroup of S.
By Lemma 2, U; is a subsemigroup of S. Let r1,ro,...7rm, k h € Ués’t). Then 6(r;) >t
for some ¢ € {1,2,...,n}. By assumption, 6(hrl'k) > 6(r1) A d(rg) A--- A d(ry). Thus,
(5P(hr?k) > t. It impiles that, 7] € U;. Hence, Uy is an n-interior ideal of S.

Conversely, suppose that U; is an n-interior ideal of S. Then Uy is a subsemigroup of S.
By Lemma 2, ¢ is a fuzzy subsemigroup of S. If § is not a fuzzy n- interior ideal of F, then
there exists r;, k, h € S such that 0(hrl'k) < §(r1) Ad(r2) A--- Ad(ry). By assumption, we
have hrl'k € Uy. Thus, §(hrl'k) > 6(r1) Ad(ra) A--- Ad(ry). It is a contradiction. Hence,
0 is a fuzzy n-interior ideal of S.

Definition 13. An n-interior ideal K of a semigroup S is called a minimal if for every
n-interior ideal of J of S such that J C K, we have J = K.

Definition 14. A fuzzy n-interior ideal § of a semigroup S is a minimal if for all fuzzy
n-interior ideal & of S such that £ <9, then £ = 6.

Theorem 10. A non-empty subset K of a semigroup S is a minimal n-interior ideal if
and only if A is a minimal fuzzy n-interior ideal S.

Proof. Let K be a minimal n-interior ideal of §. Then K is an n-interior ideal of S.
Thus, by Theorem 8, Ag is a fuzzy n-interior ideal of E. Let J be an n-interior ideal of £
such that J C K. Then by Theorem 8, A7 is a fuzzy n-interior ideal of S and A7 < Ag.
Since K is a minimal n-interior ideal of S we have J = K. Thus, Ay = Ax. Hence, A is
minimal fuzzy n-interior ideal of S.



P. Khamrot, A. lampan, T. Gaketem / Eur. J. Pure Appl. Math, 18 (1) (2025), 5596 10 of 12

Conversely, A is minimal fuzzy n-interior ideal of S. Then Ag is a fuzzy n-interior
ideal of §. Thus, by Theorem 8, K is an n-interior ideal of S. Let A be a fuzzy n-interior
ideal of S such that Ay < Ax. Then by Theorem 8, J is an n-interior ideal of S such that
J C K. Since A is minimal fuzzy n-interior ideal of S we have Ay = Ag¢. Thus, J = K.
Hence, K is a minimal n-interior ideal of S.

Definition 15. An n-interior ideal K of a semigroup S is called a maximalif for every

n-interior ideal of J of £ such that KK C J, we have J = K.

Definition 16. A fuzzy n-interior ideal  of a semigroup S is a maximal if for all fuzzy
n-interior ideal £ of £ such that 6 <&, then £ = 4.

Theorem 11. A non-empty subset K of a semigroup S is a mazimal n-interior ideal if
and only if A is a mazximal fuzzy n-interior ideal S.

Proof. Let I be a maximal n-interior ideal of S. Then K is an n-interior ideal of S.
Thus, by Theorem 8, A is a fuzzy n-interior ideal of E. Let J be an n-interior ideal of €
such that I C J. Then by Theorem 8, A7 is a fuzzy n-interior ideal of S and Ax < A 7.
Since K is a maximal n-interior ideal of & we have J = K. Thus, A7 = Ac. Hence, A\ is
maximal fuzzy n-interior ideal of S.

Conversely, A is maximal fuzzy n-interior ideal of S. Then Ay is a fuzzy n-interior
ideal of §. Thus, by Theorem 8, K is an n-interior ideal of S. Let A7 be a fuzzy n-interior
ideal of S such that A\x < A7. Then by Theorem 8, J is an n-interior ideal of S such that
K C J. Since Ak is maximal fuzzy n-interior ideal of & we have A7 = A\¢. Thus, J = K.
Hence, K is a maximal n-interior ideal of S.

Next, we give the relationship between prime, semiprime n-interior ideals and prime,
semiprime fuzzy n-interior ideals.

Definition 17. Let KC be an n-interior ideal of a semigroup S is called

(1) prime if eh € K implies e € K or h € KC for all e,h € S,

(2) semiprime if €2 € K implies e € K for alle € S.

Definition 18. Let § be a fuzzy n-interior ideal of a semigroup S is called

(1) prime if 6(eh) < d(e) V d(h) for all e,h € S,

(2) semiprime if 6(e?) < &(e) for alle € S.

Remark 2. Every prime n-interior ideal is semiprime n-interior ideal in a semigroup.

Theorem 12. Let K be a non-empty subset of a semigroup S. Then the following state-
ment holds:

(1) K is a prime n-interior ideal of S if and only if A\ is a prime fuzzy n-interior ideal

of S.
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(2) K is a semiprime n-interior ideal of S if and only if M\ is a semiprime fuzzy n-interior
ideal of S.

Proof.

(1) Suppose that K is a prime n-interior ideal of S. Then K is an n-interior ideal of S.
Thus, by Theorem 8 A\ is a fuzzy n-interior ideal of S. Let e, h € S.

Case 1: If eh € K, then e € K or h € K. Thus, A\c(eh) =1 = Ag(e) and Ag(eh) = 1.
Hence, A (eh) < Ax(e) V A (h).

Case 2: If eh ¢ K, then Ac(eh) = 0. Thus, A\c(eh) < Ac(e) V A\ (h).
Therefore, A is a prime fuzzy n-interior ideal of S.

Conversely, suppose that A is a prime fuzzy n-interior ideal of S. Then A is a fuzzy
n-interior ideal of S. Thus, by Theorem 8, K is an n-interior ideal of S. Let e,h € S
with eh € K. Then, Ag(eh) = 1. If e ¢ K and h ¢ K, then Ac(e) = 0 = A (h).
By assumption, Ax(eh) < Ag(e) V Aic(h). Thus,\c(eh) = 0.. It is a contradiction, so
e € K or h € K. Hence, K is a prime n-interior ideal of S.

(2) It follows from (1).

5. Conclusion

In this paper, we introduce the concept of bipolar fuzzy (m,n)-ideals in semigroups and
investigate their properties. Additionally, we establish the relationship between (m,n)-
ideals and fuzzy (m,n)-ideals. Furthermore, we define bipolar fuzzy n-interior ideals in
semigroup and prove the relationship between n-interior ideals and fuzzy n-interior ideals.
In the future, we plan to explore bipolar (m,n)-ideals and n-interior ideals in ordered
semigroups or within the algebraic context.
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