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Abstract. For a simple graph G = (V (G), E (G)), a total double Italian dominating function is
a function f: V(G) — {0, 1,2, 3} with properties that every vertex v € V (G) with f (v) € {0,1},
>uenty £ (w) = 3 and every vertex v € V(G) with f(v) # 0 has a neighbor u with f(u) # 0.
The weight of a total double Italian dominating function is the sum we (f) = 32 cv (@) f (v) = 3
and the minimum weight of all the total double Italian dominating functions on a graph G is the
total double Italian domination number, denoted by ~:4r (G). In this paper we explore further
the concept of total double Italian domination. We characterize graphs G with smaller values for
Ytar(G). Also, we characterize the total double Italian dominating function on the join, corona,
edge corona, and complementary prism of graphs. Exact values or bounds are also determined for
their respective total double Italian domination number.
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1. Introduction

Since its introduction in 2004 by Cockayne et al. [12], Roman domination is one of
the most well-studied concepts in graph theory. For a comprehensive understanding of its
origins, historical development, and significance in the field along with recent advances,
we refer to [1, 2, 10, 13, 16-19, 21, 22, 24, 25]. Building on the foundations of Roman
domination, Chellali et al. [13] introduced a broader concept known as Italian domination
(also referred as Roman-{2} domination). Meanwhile, Beeler et al. [10] extended the idea
even further by developing the notion of double Roman domination, a stronger variant
that inspires new research in the field.
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In 2020, Mojdeh et al. [19] introduced the concept of double Italian domination (or
Roman {3}-domination) which is an optimization of the double Roman domination. In
the same year, Shao et al. [26] initiated the study of total double Italian domination and
have shown its relationship to other domination parameters.

This present paper investigates further the total double Italian domination, particularly
in graphs under the join, corona, edge corona and complementary prism of graphs.

Throughout this paper, all graphs considered are undirected, finite and simple. See
[3, 4, 9] for all the basic graph terminologies that are not defined but used in this paper.

For a graph G = (V(G), E(G)), the open neighborhood of a vertex v € V(G), denoted
by Ng(v), consists of all the vertices adjacent to v and its closed neighborhood, denoted
by Ng[v], is the open neighborhood of v together with vertex v. The degree of v, de-
noted by degq(v), dega(v) = |Ng(v)|. The minimum degree, §(G) of G is the minimum
degree among the vertices of G. The mazimum degree of G, denoted by A(G), is the
maximum degree among the vertices of G. For S C V(G), Ng(S) = UpesNg(v) and
N¢g[S] = SUNg(S).

Let G and H be graphs with disjoint vertex sets. The join of graphs G and H is
the graph G + H with vertex set V(G + H) = V(G) UV (H) and edge set E(G + H) =
E(G)UE(H)U{uv:u e V(G)Av e V(H)}. The corona of G and H, Go H, is the graph
obtained by taking one copy of G and |V (G)| copies of H and then joining the ith vertex
of G to every vertex of the ith copy of H. The edge corona, denoted by G ¢ H, of G and
H is a graph obtained by taking one copy of G and |E(G)| copies of H and joining each
of the end vertices u and v of each edge uv of G to every vertex of the copy H"Y of H.
The complementary prism, denoted GG, is formed from the disjoint union of G and its
complement G by adding a perfect matching between corresponding vertices of G and G.
The gluing of G and H along a common subgraph K is the graph G Lig H by combining
G and H through K. Graphs C4Up, C4 and Cy Uy, K3 are given in Figure 1. We refer to
[5] for a detailed information on the gluing of graphs.

A set S C V(G) is a dominating set of G if Ng[S] = V(G). The domination number
of G, denoted by v(G), is the smallest cardinality of a dominating set of G. A set S
of vertices in a graph G is called a total dominating set if Ng(S) = V(G). The total
domination number v(G) of G is the minimum cardinality of a total dominating set of
vertices in G. A dominating set of G of cardinality v(G) is referred to as y-set of G. A total
dominating set of G of cardinality v (G) is called a ;-set of G. We refer to [6, 11, 14, 15, 20]
for the fundamental concepts, some recent developments and applications of domination
and total domination in graphs.

For a positive integer k, a set D C V(G) is called a k-dominating set if each
v € V(G) \ D is adjacent to at least k vertices in D. The k-domination number v;(G) is
then defined to be the smallest cardinality of a k-dominating set of G. M. Chellali et al.
in [8] presented an outstanding survey of results in k-domination in graphs.

A subset S C V(G) is a vertex cover of G if for every edge uwv € E(G),u € Sorv € S.
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The smallest cardinality of a vertex cover is the verter cover number of G, and is denoted
by B(G). Excellent references for vertex cover include [7, 23].

A double Italian dominating function (or DIDF) of G is a function
f:V(G) — {0,1,2,3} having the property that for every vertex v € V(G), if f(v) € {0, 1},
then ¢y f(u) = 3. The weight of a DIDF is the sum wg(f) = >,y () f(v), and
the minimum weight of a DIDF f is the double Italian domination number, denoted
by 74r(G). A DIDF function f : V(G) — {0,1,2,3} is a total double Italian dominating
function (or TDIDF) of G if for each v € V(G) with f(v) # 0, there exists u € V(G) such
that f(u) # 0 and wv € E(G). The minimum weight of a TDIDF of G is the total double
Italian domination number of G, and is denoted by 47 (G). We write f € TDIDF(G) to
mean that f is TDIDF of G. Any TDIDF f of G with weight ;47 (G) is referred to as
~Ytar-function of G.

For a function f : V(G) — {0,1,2,3}, let (Vp, V1, V2, V3) be the ordered partition
induced by f, where V; = {v € V(G) : f(v) =i} for ¢ € {0,1,2,3}. Then we can write
f = Vo, V1, Vo, V3). The weight of f is defined by wqg(f) = |Vi| + 2|Va| + 3|V3].

More precisely, f = (Vo, V1, Vo, V3) € TDIDF(G) if each of the following holds:

(i) For each v € Vj, at least one of the following holds:

(a) V1N Ng(v)| > 3;
() Vi Na(w)] > 1 and [Va 0 Ng(w)| > 1
(¢) |Van Ng(v)| > 2;
(d) [VsN Ng(v)| = 1.

(73) For each v € V1, at least one of the following holds:

(a) |Vi N Ng(v)| > 2;
(b) [(V2UV3) N Ng(v)| > 1.

(731) For each v € V1 U Vo U V3, [(V1 U V2 U V3) N Ng(v)| > 1.

2. Preliminary results

Proposition 1. [26] If G is a connected graph of order n > 2, then
Yar(G) > 3 and vyqr(G) = 3 if and only if G has at least two vertices of degree
A(G)=n—1.

Proposition 2. [26] If G has only one vertex of degree A(G) =n — 1, then vq1(G) = 4.

Theorem 1. [26] If G is a graph with §(G) = § > 2, then yq1(G) < |V(G)| +2 — 0, and
this bound is sharp.

Proposition 3. Let G be a nontrivial connected graph of order n > 4. Then v (G) = 4
if and only if one of the following holds:
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(i) G has exactly one vertex of degree A(G) =n —1;
(7i) v(G) > 2 and G has a 3-dominating set D with |D| =4 and 6({D)) > 2.

Proof: Suppose that v47(G) = 4. If v(G) = 1, then by Proposition 1 and Proposition
2, G contains exactly one vertex of degree n — 1, and (i) holds. Suppose that v(G) > 2.
Let f = (Vp, Vi, Va2, V3) be a yqr-function of G. Since v(G) # 1, Vo = V3 = @ and
Vi] = 4. Put D = V;. Then 6((D)) > 2. If Vo = @, then G = Cy. If Vp # @, then
3 < |Ng(v)NVi| <4 for every v € Vy. In any case, D is a 3-dominating set of G. Thus,
(i) holds.

Conversely, if (i) holds, then the desired result follows from Proposition 2. Suppose
(7i) holds. By Proposition 1 and Proposition 2, v;47(G) > 4. On the other hand, since
f = (V(G)\ D,D,o,o) is a total double Italian dominating function on G,
Yar(G) < |D| = 4. Therefore, v141(G) = 4. [ |

In Statement (i) of Proposition 3, it is not necessary that v3(G) = 4. To see this, note
that if G = Cy + K3, then ’ytd[(G) = 4 while "}/3(G) = 3.

It can be verified that if G is connected of order n = 4, then v4;(G) # 5.

Proposition 4. Let G be a nontrivial connected graph of order n > 5. Then viq;(G) =5
if and only if one of the following holds:

(i) G € {Cs, K23, K3 Uk, Cy, Ko + (K1 U K3)} (see Figure 1);

(i1) n > 5, v(G) > 2, G does not contain a 3-dominating set D with |D| = 4 and
d((D)) > 2, and one of the following holds:
(

a) G contains a 3-dominating set D with |D| =5 and 6({(D)) > 2;
b) G contains a 2-dominating set D with |D| = 3 and (D) is connected.

¢) G contains a 2-dominating set D with |D| = 4 such that there exists v € D for
which uwv € E(Q) for allu € V(G)\ D with |[Ng(u) N D| = 2. Moreover, (D) is
connected and xv € E(G) for every x € D\ {v} with |[Ng(x) N D| = 1.

Proof: Suppose that v:47(G) = 5. By Proposition 1 and Proposition 3, 7(G) > 2 and
G does not contain a 3-dominating set D with |D| = 4 and §((D)) > 2. If n = 5, then
G € {C5,Ka3, K3Ug,Cy, Ko+ (K1 U K2)}. Assume that n > 5. Let f = (Vp, Vi, Va, V3) be
a yigrfunction of G. By Proposition 1 and Proposition 3, V3 = &. Consider the following
cases:

Case 1: Suppose that |[Vi| = 5 and |Va| = 0. Since n > 5, Vj # @. Then
3 <|Ng(u)NVi| <5 for every u € Vy. Hence, D = V; is a 3-dominating set on G.
Since |Ng(v) N'Vi| > 2 for every v € Vi, 6((D)) > 2 and (ii)(a) holds.

Case 2: Suppose that |Vi| =1 and |Vo| = 2. Since n > 5, Vi # &. Thus D = V; UV,
is a 2-dominating set of G. Moreover, since f € TIDF(G), (D) is connected. Therefore,
(3)(b) holds.



S.J.L. Sumbalan, S.M. Menchavez, F.P. Jamil / Eur. J. Pure Appl. Math, 18 (1) (2025), 5602 5 of 18

Case 3: Suppose that |V1| = 3 and |V2| = 1. Put Va2 = {v}. Then for each u € Vp, either
IN(u)NVi] =3o0r 1 <|N(u)NVi| <2and ww € E(G). Hence, [N(u) N (V1 UVa)| > 2.
Thus, D = V5 U V4 is a 2-dominating set of G. Observe that, if |[N(u) N (V3 U V)| = 2,
then uv € E(G). By the definition of f, (Vi U V2) has no isolated vertex. If v’ € V; such
that dg)(u’) = 1, then v'v € E(G). Thus, (ii)(c) holds.

Conversely, if G € {C5,K2,3,K3 g, C4,E + (Kl U KQ)}, then %d[(G) = 5. Now,
suppose that n > 5, v(G) > 2, G does not contain a 3-dominating set D for which |D| = 4
and 6((D)) > 2. Then by Proposition 3, v447(G) > 5. Assume that (i¢)(a) holds. Let
Vo =V(G)\D, Vi =D, Vo, =&, and V3 = &. Then f = (Vy,V1,Vo,V3) is a TDIDF
on G with wg(f) = 5. This means that v447(G) = 5. Assume (i7)(b) holds. Take x € D.
Let Vo = V(G)\ D, Vi = {a}, Vo = D\ {z}, and V3 = &. Then f = (Vp, V1, V2, V3) is a
TDIDF on G with wg(f) = 5. Hence, yqr(G) = 5. Assume (i7)(c) holds. Let v € D.
Then f = (Vo, Vi, Va, V3) where Vo =V (G)\ D, Vi = D\ {v}, Vo ={v},and V3 = is a
TDIDF on G with wg(f) = 5. Thus, v47(G) = 5. |

CyUp, Cy = K3 K3 Ug, Cy Ky + (K1 UK>)
Figure 1: Examples of graphs G with 747 (G) =5

3. On the join of graphs

In this section, we denote by f|g the restriction of the function f on the subgraph
G of a graph H. The following proposition characterizes all TDIDF on the join of two
nontrivial connected graphs.

Proposition 5. Let G and H be nontrivial connected graphs. Then f = (Vp, Vi, Va, V3) is
a TDIDF on (G + H) if and only if one of the following holds:

(1) fle € TDIDF(G);
(13) flg € TDIDF(H);
(ii1) flec ¢ TDIDF(G), flg ¢ TDIDF(H), and each of the following holds:

(a) For every v € Vo UV,
(1) wu(flu) =3 = fla(Ne[v]), whenever v € V(G) and f|a(Nelv]) < 3;
(2) wa(fla) > 3— flu(Nu[v]), whenever v € V(H) and flua(Nglv]) < 3.
(b) For every v € Vi U Vo U Vs,
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(1) ViuVeU V)NV (H) # &, whenever v € V(G) and Ng(v) C Vp;
(2) ViUV UV3)NV(G) # &, whenever v € V(H) and Ng(v) C V.

Proof: Let f = (Vp, Vi, Va2, V3) be a function on V(G + H). Assume that (¢) holds for f.
Let ve (Vo UWVI)NV(G+ H). If v € V(G), then

3< fleWNall) = Y. fl@) < Y. f(@) = f(Nosulv)).

zENg[v] 2ENG1H([V]

Suppose that v € V(H). Since f|g is a TDIDF on G, Proposition 1 implies that
welfle) > 3. Hence,

fWNerul) = > f@)= > f@+ > fl@)=3

IEGNCH,H[U} .’L‘ENCH,H[U}\V(G) CEEV(G)

Now, let v € ViUV, U V3. If v € V(G), then since f|g € TDIDF(G), there exists
ue (V1uVhbUVs)NV(G)) \ {v} such that vu € E(G) C E(G+ H). If v € V(H), then
g+ WV uWUVs)NV(G) C Ngym(v). Thus, f € TDIDF (G + H). Similarly, if condition
(7i) holds for f, then f € TDIDF(G + H). Suppose (iii) holds. Let v € Vp U V. If
v € V(G) such that f|g(Ng[v]) < 3, then by (iii)(a), wa(fla) > 3 — fla(Ng[v]). Since
f(Netu[v]) = fla(Na[v]) + wu(flu), f(Ng+ulv]) = 3. Similarly, if v € V(H) with
fla(Ng[v]) < 3 then f(Ngym[v]) > 3. Since v is arbitrary, f(Ngym[v]) > 3 for each
ve VUV Let uwe ViUV UV If w € V(G) with Ng(u) € Vp, then by (iii)(b),
(ViuVaUVs)NV(H) # @. This means that Ngig(u) N (V1 U Vo U V3) # . Similarly,
Naiu(u) N (Vi UVaUVs) # & for each u € V(H) with Ny (u) C Vp. Thus, (V4 U Vo U Vs)
has no isolated vertex. Therefore, f € TDIDF(G + H).

Conversely, suppose that f € TDIDF(G + H). Suppose neither (¢) nor (i7) holds for
f.ie., flc ¢ TDIDF(G+H) and f|y ¢ TDIDF(G+ H). Since f|l¢ ¢ TDIDF(G + H),
either there exists v € [(Vo U V1) NV(G)] with f|g(Ng[v]) < 3 or (V1 UVaU V) NV(Q))
has an isolated vertex or both. Assume that there exists v € [(Vp U Vi) N V(G)] with
fla(Ngv]) < 3. Since f € TDIDF(G+H), wu(flag) > 3 — fla(Ng[v]). Thus, (i) (a(1))
holds. Similarly, (iii)(a(2)) follows. On the other hand, assume that ((V;UVaUV3)NV(G))
has an isolated vertex. Let u € [(V4 U Vo U V3) N V(G)] such that Ng(v) € V. Since
(V1 U Vo U V3) is isolated vertex-free, (V1 UVa U V3) NV (H) # @. Thus, (i3i)(b(1)) holds.
Similarly, (i23)(b(2)) follows. [

Corollary 1. Let G and H be nontrivial connected graphs. Then

3 < ar(G + H) < min{6,var(G), vear (H)}. (1)

Proof: The lower bound follows immediately from Propositon 1. To show the upperbound,
take u € V(G) and v € V(H). Then f = (V(G) \ {u,v},2,2,{u,v}) is a TDIDF on
G + H, with wgyg(f) = 6. Thus, 341(G + H) < 6. Let f = (Vp, V1, Vo, V3) be a yqr-
function of G. By Proposition 5, g = (VWU V(H), Vi UV(H),VoUV(H),V3UV(H)) is a
TDIDF on G with wg+u(f) = wa(f). This means that v,q7(G+ H) < Y4r(G). Similarly,
Year (G + H) < yiar(H). u
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Corollary 2. Let G and H be nontrivial connected graphs. If there exists a ~iqr-function
f=Wo,V1,Va,V3) of G+ H such that either f|g is a TDIDF on G or f|g is a TDIDF
on H then vqr(G + H) = min{vqr(G), year(H)}.

Proof: By Corollary 1, w4 (G + H) < min{vq;(G),var(H)}. Assume, WLOG,
fle = VonV(@G),VinV(G),VanV(G),VsnNV(G)) is a TDIDF on G. Then
Va1 (G) < we(fla) < wen(f). This implies that v (G + H) > min{var(G), var (H) }-
Therefore, V41 (G + H) = min{yar(G), vear(H)}. u

Proposition 6. Let G and H be nontrivial connected graphs of orders n and m, respec-
tively. Then vqr (G + H) = 3 if and only if one of the following holds:

(Z) r)/td](G) = 3;
(1) year(H) = 3;
(1it) G and H each contains at least one vertex of degree n — 1 and m — 1, respectively.

Proof: Suppose that v:4;(G + H) = 3. By Proposition 1, G + H has at least two vertices
of degree n +m — 1. Take u,v € V(G + H) for which dgyr(u) = n+ m — 1 and
de+r(v) = n+m — 1. If u,v € V(G), then both u and v have degree n — 1. By
Proposition 1, (i) holds. Similarly, if u,v € V(H), then (i) holds. If v € V(G) and
v € V(H), then (iii) holds.

Conversely, if (7) or (iz) holds, then Equation (1) in Corollary 1 yields yq;(G+H) = 3.
Suppose (iii) holds. Then G + H contains at least two vertices of maximum degree
A(G+ H) = (m+n) — 1. By Proposition 1, v4;(G + H) = 3. [

Proposition 7. Let G and H be nontrivial connected graphs of orders n and m, respec-
tively. Then viq1 (G + H) = 4 if and only if one of the following holds:

(1) A(H) <m —2 and G has exactly one vertex of degree n — 1;
(1) A(G) <n—2 and H has exactly one vertezx of degree m — 1;
(731) v(G) =2 and y(H) = 2.
(tv) v(G) > 2 and v(H) > 2 and one of the following holds:

(a) G or H has a 3-dominating set D with |D| =4 and 6({D)) > 2;
(b) G or H has a 2-dominating set D such that |D| = 3 and (D) is connected;

Proof: Assume that v, (G + H) = 4. If G + H has exactly one vertex v for which
degg+m(v) = m+n — 1, then (i) or (éi) holds. Otherwise, by Proposition 3, 7v(G) > 2,
v(H) > 2 and G + H has a 3-dominating set D with |D| = 4 and 6((D)) > 2. Let
De =DNV(G) and Dy = DN V(H). Suppose first that |Dg| = 2 = |Dg|. For each
x € V(G) \ Dg, since D is a 3-dominating set of G + H, there exists u € D¢ for which
ur € FE(G). Thus, Dg is a dominating set of G. Since v(G) > 2, v(G) = |D¢g| = 2
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Similarly, v(H) = 2. Thus, (i4i) holds. Next, if D C V(G) or D C V(H), then (iv)(a)
holds. Finally, WLOG suppose that |Dg| = 3 and |Dg| = 1. Clearly, D¢ is a 2-dominating
set of G. Since 6({D)) > 2, (D) is connected and (iv)(b) holds.

Conversely, note that each of the conditions implies that one of the conditions in
Proposition 3 is satisfied for G + H. Thus, 47 (G + H) = 4. |

In view of Proposition 4, if G and H are nontrivial graphs of orders n and m, respec-
tively with n+m = 5, then 14/ (G+H) = 5 if and only if G+ H € {Ka3, Ko+ (K1 U K3)}.

Proposition 8. Let G and H be nontrivial graphs of orders n and m, respectively, such
that m +n > 5. Then vyq1 (G + H) =5 if and only if each of the following holds:

(1) Y(G) > 2 and v(H) > 2, but v(G) and v(H) cannot be both equal to 2;

(1) Neither G nor H contains a 2-dominating set D for which |D| = 3 and (D) is
connected;

(t3i) Neither G nor H has a 3-dominating set D with |D| =4 and 6((D)) > 2;
(iv) One of the following holds:

(a) min{yar(G),var(H)} = 5;

)
(b) G or H has a 2-dominating set D for which |D| =4 and (D) is connected;
(¢) G or H has a dominating set D with |D| = 3;
(d) Y(G) =2 and v(H) = 3;
(&) 7(H) =2 and 4(G) > 3.

Proof: Suppose that v4;(G + H) = 5. By Proposition 6, v(G) > 2 and v(H) > 2.
Moreover, by Proposition 7, v(G) and v(H) cannot be both equal to 2; neither G nor
H contains a 2-dominating set D for which |D| = 3 and (D) is connected; and neither
G nor H has a 3-dominating set D with |D| = 4 and §((D)) > 2. Now we claim that
a = min{y(G), % (H)} > 5. Suppose not. Then a« = 4. WLOG, assume
a1 (G) = 4. By Proposition 3, G has a 3-dominating set D with |D| =4 and 6((D)) > 2,
a contradiction. This establishes our claim. If o = 5, then (iv)(a) holds.

Suppose that « > 5. In view of Proposition 4, one of the following cases holds:

Case 1: G + H contains a 3-dominating set D with |D| = 5 and §((D)) > 2. Let
D =DnNV(G) and Dy = DNV(H). Since @ > 5,1 < |Dg| <4 and 1 < |Dg| < 4.
If either |Dg| = 4 or |Dy| = 4, then (iv)(b) holds. If either |D¢g| = 3 or |Dy| = 3, then
(iv)(c) holds.

Case 2: G + H contains a 2-dominating set D with |D| = 3 and (D) is connected. If
De=DNV(G)and Dy =DNV(H), then 1 <|Dg| <2and 1< |Dy| <2. If |Dg| =2
and |Dy| = 1, then D¢ is a dominating set of G and v(G) = 2. By (4), v(H) > 3, and
(1v)(d) holds. Similarly, if |Dg| =1 and |Dg| = 2, then (iv)(e) holds.
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Case 3: G + H contains a 2-dominating set D with |D| = 4 such that there exists v € D
for which wv € E(G + H) for all u € V(G + H) \ D with |Ng4+pm(u) N D| = 2. Moreover,
(D) is connected and zv € E(G + H) for every z € D\ {v} with |Ngyu(xz) N D| = 1.
If Do = DNV(G) and Dy = DNV (H), then 1 < |[Dg| < 3 and 1 < |[Dy| < 3. If
|Dg| = 3 and |Dpg| = 1, then whether v € V(G) or v € V(H), D¢ is a dominating set of
G. Similarly, if |Dy| = 3 and |D¢g| = 1, then Dy is a dominating set of H. This implies
(73)(c). Suppose that |Dg| =2 = |Dg|. Then either v(G) =2 and v(H) > 3 or y(H) =2
and v(G) > 3.

Conversely, assume that statements (7)-(4¢7) hold. Suppose that (iv)(a) holds. WLOG,
assume Y47 (G) = 5. In view of Proposition 5, 147 (G+H) < y47(G) = 5. Since statements
(7)-(4i7) hold, Proposition 6 and Proposition 7 imply that v:4;(G + H) > 5. Suppose that
(iv)(b) holds, say G has a 2-dominating set D for which |D| = 4 and (D) is connected.
Pick v € V(H). Then D U {v} is a 3-dominating set of G + H with 6((D U {v})) > 2. By
Proposition 4, v;4;(G + H) = 5. Suppose that (iv)(c) holds, say G has a dominating set
D with |D| = 3. Choose v € V(H). Then D U {v} satisfies Proposition 4(ii)(c). Thus,
var(G + H) = 5. Suppose that (iv)(d) holds. Then D U {v} is a 2-dominating set of
cardinality 3 and (D U {v}) is connected. Thus, v4;(G + H) = 5. Similarly, if (iv)(e)
holds, then 47 (G + H) = 5. |

In view of the above results, in particular, if v(G) > 5 and y(H) > 5, then v44;(G +
H) = 6.

4. On the corona of graphs

Let G and H be connected graphs. We adapt the notation H" used in [16] to denote
the copy of H whose vertices is joined to v € V(G).

Proposition 9. Let G be a nontrivial connected graph and H be any graph without isolated
vertices, and let f = (Vo, V1, Va, V3) be a function on V(GoH). Then f € TDIDF(GoH)
if and only if each of the following holds:

(i

For each v e Vo NV(G), flur € TDIDF(H") ;

(13) For each v € Vi NV(G), f(Ngv[u]) > 2 for allu e (Vo UV) NV (HY);

) )
) (@),
(tit) For each v € Vo NV (Q), f(Ngv(u)) > 1 for allu € Vo NV (H");
(iv) (@)

Proof: Note first that H” admits a TDIDF for every v € V(G). Assume f € TDIDF(Go
H). For each v € V(G),

For each v € V3N V(G) for which Ng(v) C Vo, f(V(HY)) > 1

Negop[u] = {v} U Ngv|u] (2)

so that
f(Neonlu]) = f(v) + f(Npv[u]) (3)
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for all w € V(H"). It follows from Equation (2) and Equation (3) that if v € Vj,
then f|ge(Ngvlu]) = f(Ngom[u]) > 3 for all u € (VouUVi) NV (HY) and Ngom(u) N
[ViUVaUVs] = Nio(u) N [(Vi U Ve UVE) N V(HY)] for all w € (Vi U Ve U V3) N V(HY).
Thus, f|lg» € TDIDF(H") and (i) holds. Similarly, (i) and (iii) follow immediately
from Equation (3). Statement (iv) follows from the fact that (V3 UV2UV3) has no isolated
vertex.

Conversely, suppose conditions (i) - (iv) hold for f. First, let u € Vj, and let
v € V(G) for which u € V(H" 4+ v). Suppose that v € Vy. If u # v, then by (i),
f(Ngom[u]) = flge(Ngvlu]) > 3. Suppose that v = v. Statement (i) implies that
f(Ngom[u]) > flae(V(H")) > 3. Suppose that v € V(G) \ Vy. Then u € Vy NV (H") and
v € Ngop[u]. If v € V3, then f(Ngor[u]) > f(v) = 3. If v € V; U V3, then by (i) and
(7i1), f(Ngom[u]) = f(v) + f(Ngvlu]) > 3. Similar arguments show that if u € V1, then
f(Neor[u]) = 3.

Now, let v € V3 U Vo U V3. Consider the following cases:

Case 1: Suppose v € V(G). If VoNV (H") = @, then for each u € V(H"), u € ViUV UV3
and uv € E(G o H). Suppose that Vo NV (H") # @, say w € Vo NV (H"). If v € V1 U V3,
then by Conditions (ii) and (éi7), there exists u € [(V1 U Vo U V3) N V(H")] for which
uw € E(HY). Incidentally, wv € E(G o H). Suppose that v € V3. Then either there
exists u € [(V1UVaUV3) N Ng(v)] or, by Condition (iv), there exists u € V(H") for which
f(u) > 1. In this case, wv € E(G o H).

Case 2: Suppose v € V(H?) for some z € V(G). If z € V1 UV, U V3, then we are done. If
x € Vp, then since f|g= € TDIDF(H?") (Condition (7)), there exists u € [(V1 U Vo U V3) N
V(H")] for which wv € E(H"), which means uv € E(G o H). |

Corollary 3. Let G be a nontrivial connected graph of order n, and let H be any graph.
Then 91 (G o H) = 3n.

Proof: Since
[ = (Upev(e)V(H"),2,9,V(G)) € TDIDF(G o H),

Year (Go H) < 3n. To get the other inequality, first, suppose that H has an isolated vertex,
say . For each v € V(G), let ¥ denote the isolated vertex of HV being identified with x.
Let f = (Vo, V1, Va, V3) be a yq7-function of G o H. Since zV is an endvertex in HY + v,
F(V(H" +v)) > f(v) + f(a¥) > 3 for all v € V(G). This yields

Year(Go H) > Z f(V(HY +v) > 3n.
veV(Q)

Next, suppose that H has no isolated vertices, and let f = (Vp, Vi, Va, V3) be a yqr-
function of Go H. Let v € V(G). Clearly, if v € V3, then f(V(H" +v)) > 3. If v € 1,
then f|gv € TDIDF(H"V) by Proposition 9 (i). Thus, f(V(H" 4+v)) = flg»(V(H")) > 3.
Suppose that v € Vi U Va. If Vo NV(H"Y) = @, then since |V(H")| > 2, f(V(H")) > 2 so
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that f(V(HY 4+v)) = f(v) + f(V(H")) > 3. On the other hand, if Vo NV (H"Y) # &, say
u € VopNV(H"), then Proposition 9(i7) and Proposition 9(ii¢) yield

fV(H" +0)) 2 f(v) + f(Npv[u]) = 3.

Therefore,

Ya1(G o H) = waon (f) = Z f(V(H" 4+ v)) > 3n. n
veV(G)

5. On the edge corona of graphs

We adapt the following notations from [21]. Given graphs G and H, we write H"" to
denote the copy of H that is being joined with the end vertices of the edge uwv € E(G)
in the edge corona G ¢ H. Moreover, we denote by H"Y + uv the subgraph of G ¢ H
corresponding to the join H*' + (u,v), u,v € V(QG). For f = (Vy, V1, Vo, V3) on V(G o H),
we write for each i,j € {0, 1,2, 3},

E;j = {uv € E(G) : either u € V; and v € Vj or u € V; and v € V;}.

Proposition 10. Let G be nontrivial connected graph and H be any graph without isolated
vertices. Let f = (Vp, V1, Va,V3) be a function on V(G). Then f € TDIDF(G ¢ H) if and
only if each of the following holds:

(i) For each uv € Ey, f|gw € TDIDF(H");

(13) For each uwv € Ep1, f(Ngw|w]) > 2 for allw e (Vo UVL) NV (H™);

(#41) For each uv € FE11 U Ega, f(Ngu|w]) > 1 for allw € Vo NV (H™);
)

(iv) For each uwv € Fy3 with v € V3 and Ng(v) C Vy, we have V(H"™)\ V) # @.

Proof: Since H has no isolated vertices, H"Y admits a TDIDF for each wv € E(G). If
f € TDIDF(G ¢ H), then properties (i)-(ii¢) follow immediately from the fact that for
each wv € E(Q), f(Ngor[w]) = f(u) + f(v) + f(Ngw(w]) for all w € V(H""). While
property (iv) is clear from the definition of f.

Conversely, suppose that conditions (i)-(iv) hold for f. Let w € Vj and uv € E(G)
for which w € V(Huv + uv). Clearly, if uv € [Eog U F12 U E13 U Eo U Eo3 U Egg], then
f(Ngom[w]) > 3. We proceed with the following cases:

Case 1: Suppose that uv € Egg. Then f|guww € DIDF(H") by (i). If w =u or w = v,
then
F(Naorlw]) = fliw (V(H™)) > 3.

If uw # w # v, then
f(Neor[w]) = flmge (Npuw[w]) > 3.
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Case 2: Suppose that uv € Eg; U Egg, and assume u € V. If Vo NV (H") = &, then
w = u and since H" has no isolated vertices, f(V(H"") > 2. Thus,

f(Negor[w]) = f(v) + fF(V(H™)) = 3.

Suppose that Vo NV (H") # @, say z € Vo NV (H"). If w = u, then by (i) and (7i7),

f(Naor[w]) = f(v) + f(Nawl[z]) = 3.
If we V(H"), then

F(Naorlw]) > [(0) + f(Nirw[u]) > 3.
Case 3: Suppose that uv € Eqq. Then w € V(H") and by (i),

F(Naorw]) = f(u) + F() + F(Nygun[uw]) = 3.

Following similar arguments, f(Ngom[w]) > 3 for all w € V.

Finally, let v € V4 U V2 U V3. First, suppose that v € V(G). If Ng(v) € Vj, then there
exists x € V3 U Vo U V3 such that zv € E(G ¢ H). Suppose that Ng(v) C Vp, and let
u € Ng(v). Then uwv € Ey; U Eyg2 U Egs. In view of conditions (ii)-(iv), f(V(H"Y) > 1
Thus, there exists u € [(V1 UV U V3) NV (H"™)] for which uwv € E(G ¢ H).

Next, suppose that v € V(H™) for some zy € E(G). If ¢ V), then x € V1 UVo U V3
with zv € E(G o H). Similarly, if y ¢ Vj, then y € V1 U Vo U V3 with yv € E(G o H).
Suppose that xy € Eog. By (i), f|gev € TDIDF(H"") so that there exists u € V(H™)
for which f(u) = f|gev(u) >0 and uwv € E(G o H).

The argument above implies that f € TDIDF (G ¢ H). |
For the purpose of the next result, we define for any D C V(G),

E(G,D) ={uv € E(G) : both u,v ¢ D}.

Let G = P5 = [v1,v2,v3,v4,05]. If S1 = {v1,v4} and Sa = {v1,v2}, then E(G,S;) = @
and E(G, SQ) = {1)31}4,2)41)5}.

Corollary 4. Let G be a nontrivial connected graph of order n. Then for any graph H,
3<1ar(GoH) <n+B(G).
Moreover, if H has no isolated vertices, then
3 < ar(Go H) <min{n+ B(G),0(Go H)}

where
0(G o H) = 37(G) + var(H) min{| E(G, 5)| : S is a y-set of G},

and these bounds are sharp.
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Proof: The lower bound follows immediately from Proposition 1. Let S C V(G) be a
p-set of G. Then f = (Vo,V1,V2,V3) € TDIDF(G o H), where Vo = Uypepe)V (H™),
Vi=V(G)\ S, Vo =8 and V3 = @. Thus,

Yar(Go H) <2|S|+n—|S| =n+ B(G).

Assume that H has no isolated vertices. Then H"Y admits a TDIDF'. Let S be a ;-set
of G. Suppose fyy = (V5*0, Vi, V', V3*) is a yqr-function of H* for each uv € E(G, S).
Define f = (W, V1, Vo, V3) on G o H, where

Vo = (VIG)\S)U (Unerc.sVs™) U (Vuwerenr@.s)V (H™)),

Vi = Uwer@s)V1"
Va = Uwer@s)Vz", and
Vs = SU (Uper@sVs") -

Note that Ey; = FEgo = E11 = @ and (V4 U V2) NV (G) = @. Moreover, V3NV (G) = S
is a y-set of G so that Ng(z) € Vp for each z € V3 N V(G). Hence, we only need to
satisfy condition (7) in Proposition 10. Let uv € Epg. Then f|gw = fu, € TDIDF(H™).
THus, f € TDIDF(G ¢ H) with wgon(9) = 3v(G) + var(H)|E(G, S)|. It follows that,
Yar(Go H) < 6(Go H).

For the sharpness, note first that for the left-hand side, vq; (P2 © H) = 3 for any H.
For the right-hand side, consider the following graphs. If G = Cy of order n = 4, then for
any H, vq;(Go H) =6 = n+ S(G). On the other hand, if G is the graph in Figure 2,
then for any H with v (H) = 3, 1q1(Go H) =15 =60(G ¢ H). |

Q Q Q Q

O O O O
Figure 2: Example of a graph G for which v4;(Go H) = 0(G o H)

Strict inequality in Corollary 4 may also be attained. Consider, for example, the star
graph G = K 7. For any graph H without isolated vertices,

Yar(Go H) =4 < 6 =min{n+ 5(G),0(G o H)}.

6. On the complementary prism of graphs

Proposition 11. Let G be any graph. Then
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(1) Year(GG) = 3 if and only if G = K;
(i) Yiar(GG) > 6 whenever G is nontrivial, and this lower bound is sharp.

Proof: Statement (i) follows immediately from Proposition 1. Assume G is nontrivial.
Suppose that v;4;(GG) = 4. Then v(GG) # 1. By Proposition 3, 7(GG) > 2 and GG has
a 3-dominating set D with |[D| =4 and 6((D)) > 2. If |[DNV(G)| > 3, then there exists
u € DNV(G) for which @ ¢ D. For this u, |D N N z(u)| < 2, a contradiction. A similar
contradiction is attained if |D NV (G)| > 3. Suppose that |[DNV(G)| =2 = |DNV(G)|.
Since §({D)) > 2, (D) = Cj, which is impossible. Thus, v;4;(GG) # 4. Suppose that

Ytar (GG) = 5. In view of Proposition 4, it suffices to consider the following cases:

Case 1: GG has a 3-dominating set D with |[D| =5 and §((D)) > 2. If D C V(G) and
u € D, then |D N NG@(H)| < 1, a contradiction. Similarly, a contradiction is attained if

D CV(G). Since 6((D)) > 2, |IDNV(G)| # 4 and |DNV(G)| # 4. Assume, WLOG, that
IDNV(G)| =3 and |DNV(G)| = 2. Since §({D)) > 2, there exist u,v € D NV (G) such

that DN V(G) = {u,v} and u v € E(G). If w € (DNV(G)) \ {u,v}, then w ¢ D and
|D N Nz (w)| = 1, a contradiction.

Case 2: GG has a 2-dominating set D with |D| = 3 and (D) is connected. Following

a similar argument, D N V(G) # @ and DNV(G) # @. Assume |[DNV(G)| = 2 and
IDNV(G)| =1, say DNV(G) = {u,v} and DNV (G) = {w}. Since (D) is connected,
either @ = w and DN N (7) = {v} or ¥ = w and DN N (%) = {u}, which is impossible.
Case 3: GG contains a 2-dominating set D with |D| = 4 such that there exists v € D
for which wv € E(GG) for all u € V(GG) \ D with |Nyg(u) N D| = 2. Moreover,
(D) is connected and zv € E(GG) for every x € D \ {v} with |[Noz(z) " D| = 1. If
|IDNV(G)| > 3, then since (D) is connected, there exists u € D NV (G) such that u ¢ D
and |NG§@ N D| = 1, a contradiction. Thus, |D N V(G)| = 2 and |[D NV (G)| = 2.
Assume, v € DNV(G). Let DNV(G) = {x,v}. Since (D) is connected, D = {x,v,T, T},
zZv ¢ E(GG), and N5(Z) N D = {z}. This is a contradiction.
The above contradictions imply that v,4;(GG) # 5.

Finally, observe that if G = P», then 441 (GG) = 7141(P4) = 6, showing that the bound
provided in (éi) is sharp. [ |

The following proposition is clear.

Proposition 12. Let G be a nontrivial connected graph. Then f = (Vo, V1, Va,V3) is a
TDIDF on GG if and only if each of the following holds:

(i) For each v € (Vo U Vi) NV(G), either fla(Ng[v]) > 3 or fla(Nglv]) < 3 and
3 — fla(Nalv)) < f(v);

(i4) For each v € (Vo U Vi) NV (G), either flg(Nglv])
3 = fla(Nglv]) < f(v);

(tit) For each v € V(G)N (Vi UVoUV3), T ¢ Vi whenever Ng(v) C Vp;

v

3 or flag(Ng[v]) < 3 and
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(iv) For eachv € V(G) N (Vi UVoUV3), v ¢ Vo whenever Ng(v) C V.

(O v v3 vy uy W

Figure 3: The complementary prisms PyP, and C4Cy

Proposition 13. Let G be a nontrivial connected graph of order n. Then
6 < ’}/td[(Gé) < 3n. (4)
Moreover, if v(G) # 1 and v(G) # 1, then

1 + max{var(Q), var (G)} < var(GG) < 2n. (5)

These bounds are sharp.

Proof: The left-hand inequality in Inequality 4 is a reiteration of Proposition 11. By Propo-
sition 12, the function f = (V(G),9,9,V(G)) € TDIDF(GG). Thus,
a1 (GG) < 3|V3| = 3n and the Inequality 4 holds.

Now, suppose that v(G) # 1 and v(G) # 1. Let Vj = @ = Vo = V3 and
Vi = V(G)UV(G), and let f = (Voy,V1,Va,V3). For each v € V(G), since v is not
an isolated vertex, there exists u € V(G) for which wv € E(G). Thus, {v,u} C Ng[v]
so that f(Ng[v]) > 2. If f(Ng[v]) = 2, then 3 — f(Ng[v]) = 1 < f(v). Thus, Condi-
tion (i) in Proposition 12 holds. Similarly, since G has no isolated vertex, Proposition
12(4i) holds. Since Vp = @, Conditions (¢i¢) and (iv) of Proposition 12 also hold. Thus,
f € TDIDF(GG). Therefore,

a1 (GG) < 2n.

WLOG assume that 7147 (G) > v1a1(G). Let f be a 7q7-function of GG. If V(G) C Vp,
then V(G) C Vs and wg(f) = 3|V(G)|. However, by Theorem 1, v,4;(GG) < |V(GG)| +
— §(GG). Since G and G have no isolated vertices, the least possible value of §(GG) is

2. Hence,

ar(GG) < 2[V(G)| < 3|V(G),

a contradiction. Suppose f|gisaTDIDF onG. Since V(G) € Vo, (Vi UVaU V)NV (G) # @
and w(flgz) > 1. Thus,

w(fle) + 1 <w(fle) +w(flg) = wea(f)
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Suppose f|g is not a TDIDF on G. Let A = {v € Vo NV(G) : 0 < f(Ng(v)) < 1},
B = (v & V(G NTa i f(NG(w) =2}, C = {u € VG)N1i : 0 < J(N) < 1)
D={veV(G)N(VaUV3): Ng(v) CVp\ B}. Now, let X C Ng(D) NV, be the smallest
set that dominates D. Then |X| < |D|. Define a function g on V(G) a: follows

0, ifze(V(G)NV)\(AUBUX);
1, ifzel(V(G)NW)\CJUBUX;
2, ifze (V(G)NVa)UAUC;

3, ifze (V(Q)NVs),

g(z) =

Then g is a TDIDF on G with

wa(g) =|V(G)NWVi| = |C| 4+ |BUX|+2|V(G) N Va| 4 2|A| + 2|C|
+3[V(G) N V3|
=|V(G) NV +2|V(G) N Va| + 3|V (G) N V3| + 2|A| + |C| + |B U X]|
=wa(fle) +2[A] +|Cl+ |BU X]|.

We claim that wg(fle) =1 < weg(f). Put Ay = {v € Vo nV(G) : f(Ng(v)) = 0},
Ay ={v €e pyNV(Q) : f(Ng(v)) =1}, C1 = {v € V(G)N'V1 : f(Ng(v)) = 0}, and
Co={veV(@G)NV;: f(Ng(v)) = 1}. Then Ay U Ay = A and C; UCy = C. Now, we
denote by S = {v € V(G) : v € S} for each S C V(G). Note that, Ay C V(G)N V3, Ay C
V(G)N(VaUVs), B C V(G)N(ViUVLRUVR), C; C V(G)N(VaUT3), Cy C V(G)N(T1UTVRUVS),
and D C V(G) N (V1 U Vo U V3). WLOG, assume that Ay C V(G)NVa, BC V(G)N VW,
CiCV(@NVy CoCV(G)NVi,and D CV(G)NVy. Then CoND =2, CoNB =@
and A, NC1 = @. Thus,

wa(flg) = IV(G) nVi| 4 2|V(G) N V| + 3|V (G) N V3
> 3|Ay| + 2| As| + +2|C1| + |Co| + |BU D|
=2|A|+|C| + |A1| + |C1| + |BU D|.

Since | X| < |D|, wa(flg) = 2|A| +|C| + |BU X| + 1. Hence,

Va1 (GG) = weg(f)
= wa(fle) +wa(fla)
>wa(fle) +2|Al+|C|+ |BUX|+1
= wg(g) + 1.

Therefore, Y141 (GG) > Va1 (G) + 1.

If G = K, then v4;(GG) = 3n. If G = Py, then G = P; and v47(GG) = 1 +
max{ V1 (G), vtar(G)}. And if G = C,, on n = 4 vertices, then 7;4;(GG) = 2n. Therefore,
the inequalities in Inequality 4 and Inequality 5 are sharp. |
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