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Abstract. The aim of this paper is twofold. Firstly, we obtain expressions of the degenerate
moments of a discrete nonnegative integer-valued random variable. Secondly, we get an expression
for the expectation of any monomial in discrete nonnegative integer-valued random variables.
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1. Introduction

Let X be a discrete nonnegative integer-valued random variable. Then the probability
mass function on X is defined by px(z) = P{X = z}. Oftentimes, we omit X from px(x)
and denote it simply by p(x). This convention applies to other similar situations. The
cumulative distribution function on X is given by: for any nonnegative integer a,

Fx(a)=P{X <a} =) pla)=) P{X =ux}, (see[8-12,14-19,22,23)). (1)
=0 =0
Let g(x) be a real valued function. Then the expectation of g(X) is given by

Elg(X)] =) g@px(z) =) g=z)P{X =z}, (see[5,8-12, 14-19, 22, 23]).  (2)
=0 =0
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The n-th moment of X is defined by
=Y k'p(k) =Y K'"P{X =k}, (see[17-19, 22, 23]). (3)
k=0 k=0

The variance of X is given by
Var(X) = E[(X — E[X])’] = E[X?] — (E[X])?, (see [23]). (4)

Let X and Y be discrete nonnegative integer-valued random variables. Then the joint
probability mass function of X and Y is defined by

p(xz,y) =P{X ==z, Y =y}, (seel4,23]). (5)

We note that
P{X =zY =y}

P{X =alY =y} = PlY =41

(see [23]). (6)
Thus, by (5) and (6), we get
p(z,y) = P{X = z|Y = y} P{Y = y}. (7)

Let px(x) and py(y) be respectively the probability mass function of X and that of Y.

Then we have
ZP{X—JS Y—y}—sz v),

ZP{X—w Y =y}t = mey

The joint cumulative dlstrlbutlon function of X and Y is defined by: for any nonneg-
ative integers a and b,

(8)

b a
Fxy(a,b) =P{X <a, Y <b} =) > p(a,y). (9)
y=0 z=0
By (7), we get
Fx(a) =P{X <a}=P{X <a, Y <o} = Fxy(a,o0), (10)
Fy(b) = P{Y < b} = P{X < OO,Y < b} = FX’y(OO,b).

For any A € R, the degenerate falling factorial sequence is defined by (see [8, 12, 14,
15, 17, 18, 21, 27])

(@)or=1, (2)pr=a(x—N)(z—2\)--- (ac —(n— 1))\), (n>1). (11)

With the notation in (11), we note that the degenerate exponentials are given by

o0 n

() = Z(f)m%v (see [12, 14-18)). (12)

n=0
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We see that
lim ()1 = 2", Jim e§(¢) = ™
The generating function of the degenerate moments E[(X In, ,\] of the random variable X

is given by
n

E[eX(t)] =3 B[(X)n,] % (see [12, 14 18]).
n=0

In Section 1, we recall some necessary facts that are needed throughout this paper.
Section 2 contains the main results of this paper. Let X be a discrete nonnegative integer-
valued random variable. Then we obtain expressions for the r-th degenerate moment
E[(X);] (see (11)) as infinite series involving the cumulative distribution function Fx
(see (1)) in Theorems 2.1 and 2.3. Assume that X,Y are discrete nonnegative integer-
valued random variables. In Theorem 2.2, we show that E[XY] is equal to the double sum
over z,y of T'(z,y), where T'(x,y) = P{X >z, Y > y}. In Theorem 2.4, this is generalized
to the case of E[X"Y"?], where ri,ro are any positive integers. Let r1,ra, -, 71 be
positive integers, and let X, X, ..., X} be discrete nonnegative integer-valued random
variables. In Theorem 2.5, we get an expression for E[X{*X5?--- X;*] as a multiple sum
over xi,Ts,...,x, which involves T(x1,xa,...,2zx). Here T(z1,z9,...,25) = P{X; >
1, X9 > To,..., X > {Ek}

2. Degenerate moments and expectation of monomials

For r € N, the r-th degenerate moment of X is given by

E[(X)ra] =Y px(@)(@)rn =D _px(@)(@)rn = > _px(z+1)(z+ 1), (13)
=0 =1

=0
T

px(@+ 1) (G 1a = (D)) i (G + Do = (0)r) i_o: px(z+1)

=0 1=0

(6 D = @ PEX > i} = 37 (4 Do = ()r) (1 PIX <3})

1M
INgER

Il
=)

o

-
I
o

(2

<(i +1)rx — (i)r,,\) (1 - Fx(i))-

o

Il
o

(2
Therefore, by (13), we obtain the following theorem.

Theorem 1. Let r be a positive integer, and let X be a discrete nonnegative integer-valued
random variable. Then the r-th degenerate moment of X is given by

BIN)] = 3 (1 Don — (00 (1= Fx (). (14

1=0
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Note that, when r = 1, we have

o0 oo
EX]=Y" (1 - FX(z’)) =Y P{x > i)
i=0 i=0
Assume that X and Y are discrete nonnegative integer-valued random variables with
their respective probability density functions px(z) and py (y).
Let T(z,y) = P{X >z, Y > y}, and let p(z,y) be the joint probability mass function of
X and Y. Now, we observe that

EIXY] =Y ayp(z,y)=> Y ayp(z,y) (15)

=0 y=0 r=1y=1
o o x Yy o0 o [o.¢] (o @]
=Y e =YY ple)
rz=1y=1 i=1 j=1 =1 j=1 z=1t y=j
(o] o oo o o] [o.¢]
:ZZ Z Z p(x,y):ZZP{X>i,Y>j}
i=0 j=0 z=i+1y=j+1 i=0 j=0
o0 o o oo
=Y > TM5) =) T(xy).
i=0 5=0 z=0 y=0

Therefore, by (15), we obtain the following theorem.

Theorem 2. Let X and Y be discrete nonnegative integer-valued random variables. Then

we have
E[XY]=) ) T(xy),

=0 y=0
where T(x,y) = P{X >z, Y > y}.

If X and Y are independent, then we note that

E[XY]=EX]E[Y] =) > aypx(2)py(y).
=0 y=0

Note that

<

(i 4 1)rx — (D)rn @) r—ja(L)jx = (D)r (16)

YRy
(=
~__

I
]~

) (Dein(ins (> 1),

E[(X)ry] = ' (i +)px — (0)r) (1 — Fx(3)) (17)
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O3 (})@rsain1 = Fx(9)

i=0 j=1

co r—1

) zz; ]z% <j j; 1) (O)r—1-j2 (1)1, (1 = Fx (9)).

Therefore, by (17), we obtain the following theorem.

Theorem 3. Let r be a positive integer, and let X be a discrete nonnegative integer-valued
random variable. Then the r-th degenerate moment of X is given by

co r—1
El0] =X (1)) e Wyina (1 = Fi().

Assume that X,Y are discrete nonnegative integer-valued random variables. Let rq, 79
be positive integers. Then we have

E[X”Y”] = ZZCL’”y p(z,y) ZZx”y p(z,y) (18)
=0 y=0 rx=1y=1
= e ) )l + Ly + )
=0 y=0
=D D > (G =) Y (G + 1) =)@+ Ly +1)
=0 y=0 =0 7=0
=3 (G+D) =) (G+D2=5)D 0> plr+1y+1)
=0 j=0 =1 y=)
=33 (G =) (G+ D)7 =) PIX >0 Y > )
i=0 j=0

S (G0 =) (G417 -7 TG)
=0

-3y ((m + 1) — x“) ((y +1) - y”)T(x, y)-

=0 y=0

I
g L[M]e

Therefore, by (18), we obtain the following theorem.

Theorem 4. Let r1,72 be positive integers, and let X,Y be discrete nonnegative integer-
valued random variables. Then we have

{X”Y”} Z Z ( z+1)" ”) ((y +1)" — y”)T(x, Y),
=0 y=0

where T(x,y) = P{X >z, Y > y}.
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Assume that X, Xo,..., X} are discrete nonnegative integer-valued random variables.
The joint probability mass function of X7, Xo,..., X} is defined by
p(xl, Ty vn ,xk) = P{Xl = :Dl,XQ =T2,... ,Xk = xk} (19)
The joint cumulative distribution function of X1,..., X is given by
1‘71)(1,)(2,‘“’)(,C ((11, as, ... ,ak) = P{Xl S al,Xg S ag, ... ,Xk S ak}. (20)
Let
T(x1,22,...,05) = P{X1 > 21, X0 > x9,..., X > 1} (21)
For r1,7r9,...,r, € N, we have
o0 (o ¢] oo
E[X{lxgz--.x,:k} =3 S Y aap e a (e wa3) (22)
x1=0x9=0 x=0
oo oo o
= Z Z : Z aital? - kp(en, @, ... o)
r1=1z2=1 =1
o0 o0 o0
=D > D m A D) (w+ Dpe + 1+ 1)
x1=0.’EQ:0 $k=0
o] o] oo 1 Tk
=20 D0 D0 > (i ) =) DT (G ) = i) p(an Lt 1)
x1=0x2=0 z,=041=0 i1=0
[CSIS) ook
SDIDIES 90 | [(URSIEELOD YD YRED P RN ER ARt
11=012=0 i,=07=1 Tr1=11 T2=12 Tp=1f
0o 0 oo k
:ZZZ ((ij—Fl)T]—’L )P{X1>11,X2>ZQ, . ,Xk>ik}
31=042=0 ip=07=1

0o 00 oo k
SIS ((ij 1) —i;j>T(i1,i2,...,z'k)

i1=0i2=0  i,=0j
o oo [0.9]
= Z Z Z H ((ZEJ + 1) —$§j)T(m1,x2,...,xk).
x1=022=0 zEp=0j5=1
Therefore, by (22), we obtain the following theorem.

Theorem 5. Letry,ro, -+ , 1 be positive integers, and let X1, Xo, ..., Xi be discrete non-
negative integer-valued random variables. Then the expectation of the monomial X7* X352 - - X *
s given by

o) o) [e'e) k
Elxmxr...x k] ZZ ZH(CE—FlT]—:U])T((El,xQ,..., ),

where T(x1,xa,...,x,) = P{X1 > 21, X2 > xa,..., Xk > xi}.
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3. Conclusion

In recent years, many researchers have investigated various stuffs from probabilistic
perspectives and obtained quite a few interesting results (see [1-27] and the references
therein).

Let X be a discrete nonnegative integer-valued random variable. Then we showed that
the r-th degenerate moment of X is given by

E[(X)ra] = i ((Z + 1)rn — (i)r,,\> (1 - FX(i))

=0
co r—1 r
=33 (5 Dyt - Fe(),
— 4~ \j+1
=0 j=0
Let r1,79,--- , 7 be positive integers, and let X1, X, ..., X be discrete nonnegative

integer-valued random variables. Then we proved that the expectation of the monomial
X X592 - X% in X1, Xo, ..., X}, is given by

o0

E X{1X§2-~X,:’“] = Z Z Z H ((xj—i—l)rf —xgj)T(wl,wg,...,xk),

x1=0x2=0 =0 j=1

where T (1,29, ...,2,) = P{X1 > x1, X2 > z9,..., X > xp}.

Indeed, we derived this first for K = 2 and 1 = 1,79 = 1, then for k = 2 with r1, 79 any
positive integers, and finally for the general case of any k and any r1,r9, - ,r;. Certain
interesting applications of these results will be treated in a forthcoming paper.
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