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Abstract. A nonlinear Langevin fractional system involving two -Caputo derivatives with ran-
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1. Introduction

Fractional calculus and its applications have garnered significant attention from sci-
entists and researchers in recent years, not only in mathematics but also across various
scientific disciplines, including physics [20], chemical kinetics [26], fluid dynamics [21], vis-
coelastic [11], electrochemistry [19], elasticity [4], engineering [29],economics [28], financial
systems [22], biology [14], medicine [24], statistics [2], computing image [31], nonlinear
heat conduction [8], optimal control [9], etc. Moreover, many cosmic events that classical
differential equations cannot describe can be described by fractional differential equations.
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On the other side, Almeida [3] proposed a general definition of Caputo FD with respect
to functions which is more flexible, beneficial and play an important role in modeling
practical applications, see for instance [10]. Multitude scholars investigate several aspect
of the theory [6, 32, 33].

The classical Langevin equation, as proposed in [18], is crucial for demonstrating how
particles interact with their surrounding medium and the random forces or fluctuations
that lead to their unpredictable motion. Nevertheless, the reliance on the specific rela-
tionship between a particle’s position and velocity has prompted the development of the
fractional Langevin model, aimed at describing anomalous diffusion phenomena [17]. Also,
it’s important to highlight that certain phenomena are more accurately described by cou-
pled random systems. For example, in epidemiology, the migration of birds from various
regions worldwide can introduce infectious diseases. Therefore, the transmission rate of
these diseases increases as migratory birds flock together. Moreover, this scenario war-
rants consideration of the presence of random disturbances. While the above-mentioned
motivational models have a great advantage, the difficulty of the corresponding mathemat-
ical model may significantly increase, complicating the study of the existence of solutions.
Accordingly, exploring the qualitative aspects of ¥-Caputo nonlinear Langevin coupled
systems with random effects has become increasingly important.

Recently, the authors in [13, 33] studied theoretically some quantitative aspects for the
following problem:

(D2 + =D ) 5(6) = J(E3(€), € € [anbl,
(@) = 5(a) = 0.

where 1 < ¥ < 2, w € R, CDZT represents the Caputo fractional derivative FD with
respect to 1 of order 8 € {¥,9 — 1}, f : [a,b] x G — G is a given function and X is a
Banach space.

O. Zentar et al. in [34] investigated the existence of solutions for the following system:

Dg}rﬁl(faw) = fl
D2 32(6,w) = fo

: 1-91 _

§1~I>I(I)l+£ 31(670‘)) - 33(("‘))’ w e Qa
: 1-92 _

gl_l)r(r)l+£ 52(57("}) = 34(W), we Qa

where 33,34 : @ — G are random variables, 'Dgi represents the standard Riemann-
Liouville FD of order 9; € (0,1] for each i = 1,2 and f; : [0,0] x G x G x Q — G are
funcions and (G, || - ||) is a real separable Banach space.

Motivated by the preceding discussions, this paper presents new qualitative results for
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the following random coupled Langevin system involving ¢-Caputo FD:
( 91; ¥1—1; ~

(cDaJlrw + wlcpa}r d}) 51(570‘)) - f1(6751(§7w)732(§aw)7w)7 §€J:= [aa b]a

(CDzi?‘b + w2€®2371;¢) 32(5’(“)) = f?(gaél(g’w)’32(§vw)7w)a 5 €J:= [(I, b]a

31((17“‘)) = 3/1(aaw) =0,

(1)

32(a,w) = 35(a,w) =0,

where 1 < ¥; < 2, w; > 0. C@Z’Tp (for i = 1,2) is the FD with respect to ¢ of order
0; € {V,,9;, — 1}, §i : Ix G x G — G, (i = 1,2) verifying some conditions that will be
precised later.

A notable feature of our research is the following:

e We utilize Perov’s fixed-point theorem with the Bielecki-type vector-valued norm to
establish a new uniqueness criterion.

e We established existence results by applying Sadovskii’s fixed-point principle in a
random setting, utilizing the measure of noncompactness (MNC) procedure and the
a priori estimate technique.

e The obtained findings generalize the results appearing in the existing research, such
as in [6, 13, 33].

This research is structured as follows. Section 2 presents some preliminary facts that
will be utilized in subsequent sections. The main results are provided in Section 3. Finally,
illustrative examples are presented in Section 4.

2. Preliminary Results

Throughout the paper, let (G, || - ||) be a separable Banach space, we endow the space
C(3,G) of G-valued continuous functions on J with the supnorm

[tfloe = sup [[u(§)]]. (2)
¢ed

L'(3,G) denotes the space of Bochner integrable functions u : 3 — G normed by
b
lul| 7 = / |u(s)||ds, for all u € LY(3,G).

L*>°(3,R4) stands for the space all essentially bounded functions normed by

|lul| Lo = esssup |[u(§)]| = inf{M > 0; [|[u(§)| < M for almost every & € J}.
£ed
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Set
SL(I,R) ={¢ : ¢ € CYTI,R) and ¢'(¢) >0 for all &€ J}.

Let ¢ € S}F(J,R) for £,s €7, (s < &), we define
O(€,5) = () = ¥(s) and G 5)” = V(&) —(s))".
Definition 1. The Mittag-Leffler function is defined as follows:
=> ————, ¥>0.
= I( ]29 +1)’
where I'(+) is the gamma function .
Definition 2. [3, 16] Let ¢ € SL(J,R) and ¥ > 0. The -fractional integral (FI) of a
function f of order ¥ is defined by

1 /¢ ,
WmﬂwLWW%WW&Dm
Lemma 1. [3, 16] Let ¢,y > 0, then

I'(v)

J+vy—1
= el

Y&, a0

Definition 3. [3] Let n — 1 < ¥ < n withn € N, 1 € S}(J,R). The ¢-Caputo FDs of a
function f of order ¥ is defined as

(o2r) © =0 (i ) 1@

V(&) d§
Now, for ¢ > 0, we endow the space C(J,G) by the Bielecky norm
£l = sup e PED | £(Q)]]. (3)
£ed

Lemma 2. [27, 30] The norms || - ||p defined by (3) and || - ||oo are equivalent, i.e; there
exist co € (0,00) such that
-1z <1+ lleo < coll - lI5-

Lemma 3. [6] Let 9 > 1 and { > 0. Then for all £ € J, one has

(#(&;a)
=13 (o(&, €
ja+ € (&) < Cﬁfl :
If, yv € R", y = (y1,---,Yn), v = (V1,...,0p), by ¥y < v we mean y; < v; for all
i =1,...,n. Also ly| = (ly1],---,|yn]), max(y,v) = (max(yy,v1),..., max(y,,v,)) and

RY ={yeR": y; >0}. If ce R, then y < cmeans y; <cforeachi=1,...,n



M. Ziane et al. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5605 5 of 21

Definition 4. Let F be a nonempty set. By a vector-valued metric on F we mean a map
d:F xF —RY with the following properties:

(i) d(y,v) >0 for all y,v € F; if d(y,v) =0 then y = v;
(11) d(y,v) = d(v,u) for all y,v € F;
(117) d(y,v) < d(y,u) + d(u,v) for all u,v,y € F.

For d;, i =1,...,n are metrics on IF, the pair (F, d) is called a generalized metric space
dl (y7 U)
(shortly, GMS) (or a vector-valued metric space) with d(y,v) := :

dn@? v)

Definition 5. We call a matric M € My, xn(R) of real numbers convergent to zero if its
spectral radius p(M) < 1. In other words, this means that all the eigenvalues of M are in
the open unit disc i.e. |\ < 1, for every A € C with det(M — A\I) = 0, where I denote the
unit matriz.

Proposition 1. [23] Let M € My, xn(Ry). The following statements are equivalent:
(i) M" — 0 when r — oco.
(i) M is convergent to zero.

(iii) The matriz (I —M) is nonsingular and

I-M) P =T+M+M .+ M

(iv) (I —M) is nonsingular matriz and (I — M)~ has positive elements.

Let G be a separable GMS and (£2,F) be a measurable space. We denote B(G) the
Borel o-algebra on €2 x G. Therefore, F x B(G) is the smallest o-algebra on © x G which
contains all the sets F' x S, where F' € F and S € B(G).

Definition 6. Given two separable GMSs G and X, a mapping Q : Q x G — X is called
a random operator if w — Q(w,u) is measurable for alluw € G. The random operator L
on G will be denoted by

Q(u)(w) = Qw,u), we Q, ueG.

Definition 7. The fized point of a random operator Q is a measurable functionu : Q — G
such that

ww) = Qw,u(w)) forall we.

Definition 8. Let f : I x G x Q@ — X s called random Carathéodory if the following
statements are verified:
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(i) The map u+— f(&,u,w) is continuous for all £ €T and w € Q.

(i) The map (&, w) — f(&,u,w) is jointly measurable for all u € G.

Lemma 4. [25] Let G be a separable metric space and Q : Q@ x G — G be a mapping such
that Q(w, -) is continuous for all w € Q and Q(-,u) is measurable for allu € G . Then the
map (w,u) — Q(w,u) is jointly measurable.

Definition 9. [12] Let G be a generalized Banach space and (O, <) be a partially ordered
set. Amap A:P(G) = O x0Ox...x0 is called a generalized MNC on G, if

A(co O) = A(O) for every O € P(G),
A1(0)
where A(O) := : , P(G) denotes the family of all bounded subsets of G and €00

An(0)
is the closed convexr hull of O.

Definition 10. The application A is called:
(i) Monotone if Og, 01 € P(G), 09 C Oy implies A (Op) < A(Oq).
(ii) Nonsingular if A({a} U Q) = A(O) for every a € G and O € P(G).
If O is a cone in a normed space, we say that the MNC' is
(i4i) Regular if the condition A(Q) = 0 is equivalent to the compactness of O.

The most well-known example of a MNC possessing all previous properties is the
Hausdorff MNC defined by:

n(O0) =inf {¢ > 0: O has a finite € — net}.

Definition 11. [12] Let X,Y be two generalized normed spaces. A continuous map G :
X =Y is called a M-contraction (with respect to the generalized MNC' A) if there exists a
matriz M € My xn(R) converges to zero such that for every D € P(X), one has

A(G(D)) < MA(D).

Lemma 5. [15] If {z,}1> € LY(3,G) satisfies ||[2,(&)| < ¢(£) a.e. on T for alln > 1
with some 1 € LY(3,Ry). Then, the function n({x,(€)}129) is integrable and

n=1

0 E%@ms;nz1 < gm%@):nzn@. (4)
/ J

Theorem 1. [7, 25| Let X be a real separable generalized Banach space and (§2,G) be
measurable space and Q : Q x X — X a continuous random operator, and let M(w)
Mpxn(R4) be a random wvariable matriz such that for every w € , the matriz M(
converges to zero and:

a
€
w)
d(Q(w,31), Aw, 32)) < M(w)d(31,32), for each 31,32 € X and w € (.

Then, there exists a unique random fixed point of Q.
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Theorem 2. [7, 25| Let G be a separable generalized Banach space, and let Q : QxG — G
be a condensing continuous random operator. Then either of the following holds:

(i) The random equation Q(w,3) = 3 has a random solution, i.e., there is a measurable
function 3 : Q — G such that Q(w, 3(w)) = 3(w) for allw € Q,

or

(i) The set
W={3:Q— G is measurable k(w)Q(w,3) = 3}

is unbounded for some measurable function k : Q — G with u(w) € (0,1) on Q.
Lemma 6. [5, Corollary 2.1.] Let oy >0, =T1,n, n € N and ¢ € S} (3,R). Assume that
(i) The functions g; are the bounded and monotonic increasing functions on |a,b),
(i1) s and u are nonnegative functions locally integrable on [a,b).
(113) w(€) is a nondecreasing function for & € [a,b),
If
- ¢ -1 /
SO <u(E) + 30l [ 6l6)™ s(o) (5, (5)
=1 a

then

ZEal gl )¢(§7 ) )

Lemma 7. Let ¢ € S}F(j?R)7 v>0,1<9; <2, w; >0 and a constant random variable
inj : Q — [07 OO); 7/,] - 1,2 Th@n

4e=i0 0 g5 —(€~5) n
Nij(v,w) = e S VR 1/) le ds ——0,i,j = 1,2, (6)
Proof. From

¢(-,a)" () € LNI,R), i=1,2.
So, there exists & € C(J,R) such that

/E
t/¢3a L (5)e 6
Jo(s.a) 1 (s) - h(s)

d(s,a)" 1Y (s) — h(s)’ ds < %e.

Hence

3
67(53)d5—|—/ |h(s)|e ") ds

1 — e (b—0a) .
+ ——)lo, 1=1,2,
g

IN

AN
Dol s:\..
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Consequently,
¢ 9
/ W (s)p(s,a)? e E)ds — 0 as ¥ — 400, i=1,2.
a

This completes the proof of the Lemma.

3. Main results

Our first result establishes the existence and uniqueness result for the system (1),
where Perov’s fixed-point principle is applied.

Theorem 3. Suppose that
(A1) The functions f; are random Carathéodory on I x G x G x Q.
(A2) There exists random variables ®; ; : Q@ — (0,00); 4,j = 1,2 such that:
1§ (€, ur, ug, w) = Fi(&, v1, v2, W) < Pig(w)lur — vl + @i p(w)[luz —vafl, i = 1,2,
forui,ug,vi,v9 € G, (§,w) €T x .
Then, system (1) admits a unique random solution.

Proof. Firstly, endowing the product Banach space J = C(J,G) x C(3,G) by the

vector-norm || H
31]loo
1(31,32)ll5 = ( ) : (7)
32|00

Next, according to [13, Theorem 3.1], system (1) is equivalent to the operator equation
H(31,32,w) = (31,32) where H : J x Q — J be the operator given by:

%(31(67"‘))732(67“})7“‘)) = (%1(51(57‘*})’32(5"*})7(‘))’ J{Q(zl(faw)vz?(gaw)’w)) : (8)

where,

g{i(ﬁl(& w)? 52(57 w)’ w)

¢ S (1) o(s, 7)% 2
= (¢; — 1)/a e~ @i¢(&,s) </a ¥ (F)((Z(Z ’_ 1)) fi(T,ﬁl(T,(.U),32(T,W),W)d7—> Y (s)ds,i=1,2.
(9)

Since the function f;, ¢ = 1,2 are absolutely continuous for all w € Q and & € J, then
(31,32) is a random solution for the problem (1) if and only if (31,32) = (H(31,32)) (&, w).

We need to demonstrate that the operator H is a contraction mapping on J using
Bielecki’s vector-norm.
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Step 1. H is a random operator on J.

Using (A1), the functions w — §;(&, 31,32, w) are measurable for ¢ = 1,2. In view of
Lemma 4, the products

35, 7)" i 51(Tw), o (T w),w), i =1,2,
are again measurable. Further, the integral is a limit of a finite sum of measurable func-
tions, therefore, the maps

W%%i(al(gaw)’32(€7w)’w)a = ]-72>

are measurable. Accordingly, H is a random operator on J x € into J.
Step 2. H is a contraction mapping on J.

For any w € © and each (31, 32), (t1,v2) € J, using (A2), we can get
Hg—f (51(€a ) 52(6? )a ) (tl §w ) t2(§7 ) )H

19 _1 / 1/] 7wz¢£7 / ¢ - Hfi(7-731(7-7w)732(77w)7w)
_f’i(Tatl(Taw),tQ(T,W),UJ)HdeS

2 13 S i—
219 —1) / W (s)e~=HE) / "‘“T;(‘Z(‘S’_Tij "0 ()
=1 a a 7

I35 (1,w) — tj(1,w)||drds, i=1,2.

which, by (3), can be written as

19€:(31 (€, w), 32(6, w), w) — Hi(e1 (€, w), va(€, w), w)|
2
sZﬂ—l i (@)35(,w) = v w) [ BX

/¢ —wmss)/ Y(r 19 _1 O s, (= 1,0,

By Lemma 3, one obtains

”3{(31(57"‘)) 32(&“’)7 ) (tl(fv )tQ(év )H

o~ Fi0(E:5) (CB(5.0)
20—1 (@)l3 () — 15 ||B/¢ ds,

C'& -1
&y A
- Zw ~ Vi@l w) - tj<-,w>uB<g+w¢9—1/ W (5)(C + i) el =N g
2 .
_ 5 (i = Dem ™IRO 1 i) _ ot m0v@)] 6, ()l | -
B (¢ + )¢t [6 € } Q;i(w)|3;(w) — v w)lp, =1,2.

j=1
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By e(@iTOY(E) _ (@it)(a) < e(@iFTOYE) and e~ @iY(€)—C(a) < 6—(Wz‘+€)¢(a)7 we get

II?C'(zl(E,w) 32(&w), w) — Hi(vr (€ w), v2(s w), w)|

”(9 — 1 (@i+C)d(§,a) .
Z (C + ) (i1 Q; (w3 w) — (-, w)llB, i=1,2.

Hence
H%(él(' w),32(-, w),w) — Hi(v1 (-, w), v2(-w), w)lB

19 —1 wz¢(§“) '
—Z (¢ + )P T D j(w)l3;(w) —Cwle, i=1,2.

Therefore, we have

d((ﬁ(51a32))('>w)7 (g{(tla t2))('7w)) < NC(w)d ((51("‘*))732('7(“)))7 (tl('7w)a t2('a W))) ’
where:
9y — 1)e™19(ba) 91 — 1)e@1¢(ba)
((C + w)1)C191_1 1) ((2 + w)l)@rl ®12(w)
Ne(w) = :
(99 — 1)e@2(b:0) (95 — 1)e@29(0:)
(C + g (V21 (C + wg) (P21

131 () — n(-,w)r\%)
32 0) — v, w) s/

Choosing ¢ > 0 large enough, the matrix N¢(w) converges to zero. Then, according
to Theorem 1, H possesses a unique random fixed-point, serving as the unique random
solution to system (1).

2,1(w) By 9(w)

and

d((ﬁl('vw)v32('vw))v (tl('vw)atQ('>w))) = (

Our second result investigates the existence result for the system (1), employing The-
orem 2 as a tool.

Theorem 4. Suppose that
(A1) The functions §; are random Carathéodory on I x G x G x €.
(A3) There exist W; : T x Q — L=(3,Ry), i = 1,2 such that
(€5 w1, uz, )| < Wil€, @) (14 [Jua ]| + fJuzl)), i =1,2,
for all (&,u1,us,w) €T x G* x Q.

(A4) There exists a constant random variable g;j : Q — [0,00), i,j = 1,2 such that for
each U7 C P(C(3,0)),

A(i(6, U, U w) (€)), for all (&,w) € T x Q.

”M“
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Then, the system (1) possesses at least one random solution.

For easy computations, let U; = sup ||¥;(-,w)| fe, @=1,2.

we
Proof. For R > 0, consider a closed ball
Br={(1.32) €J : [3i(-w)llc < R,i=1,2}. (10)
The proof of Theorem 4 will proceed through several steps.

Step 1. H transforms bounded sets into bounded sets in J.

Let (31,32) € Br and £ € J, then for i = 1,2 we have :
H%i(ﬁl(g>w)732(§aw)vw)H
3 S o ¥;—2
S (191 _ 1)e—wi¢(§,(l) / ewi¢(3,a) (/ ¢ (;)(%(SLTi) ||f1(7"51(7',w)7327'7W))||d7—) TZJI(S)dS

By using hypothesis (A3), for each £ € J, we have

i (7 31(m, @), g2 w)) | < Wi, w) (1 + 32(7, w) | + [[32(7, @) )

<N w)llzee (T + 1310 @)oo + 13105 w)lloo), i =1, 2.
(11)

So, by the fact e~ @i0(6a) < 1 for ¢ € J and using (11) to gathere Lemma 1 , we get

196,51 (6.0) 326,00
¢ S (T)o(s, T
< (0= DI (15 a0l + o) [ oot [T

9;

-2
] dri'(s)ds

9;—1

3
§(1+2R)||\Iji(.7w)”LOO/ ew@(&a)M

’ T —1) Y (s)ds

9
< (14 2R) T w) | peitton)_PEDT
= ( + R)H Z(vw)”L e 19i1“(19i—1)’ 7 ,

Hence

. b,a)”
(art. . < V] i) 00, )7
[Hi(G1(w), 32( w), w)lloo < (14 2R)[| V(- w) || Looe JT0 = 1)’

i=1,2.
This implies that:
”J_C(ﬁl('?w)732('7w)7w)||J = ||j‘C1(31(-,w),jz(-,w),W)Hoo + ||9{2(31(-,w),32(-,w),w)Hoo

2 .
Z . b,a)i
< . co wz¢(b7a) ¢( ? .
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This shows that H transforms bounded sets into bounded sets in J.
Step 2. H is continuous.

Let {31,n,32.n} be a sequence satisfying {31,n,5.n} — (31,32) in Bg as n — oo. For
each (§,w) € J x Q, making use of (A1), we easily have

Hfi(Tval,n(T’w)732,n(77w)7w) - fi(TaZ’l(Tvw)732(7—7w)7w)|| —0,a8 n—00,1=1,2.
Next, in view of (A3), one gets
||fi(7_731,n(7_7w)a32,n(7_aw)vw) - fi(7,31(7_7w)a32(7—aw)vw)H
< ”fi(7_¢51,n(7-7w)732,n(7_7w)7w)” + ||fi(7_a51,n(7-aw)732,n(7_aW)vw)H
< 2W5(7,w) (1 + (31 (7, w) + [la2(7, w)l)
2(1+2R)\I/l-(7',w), 1 =1,2.
P! (1) (s, 1) V' (s)¢(s,a)”
(W —1) INCD)

1,2 are Lebesgue integrable over [a, s| (resp. [a,&]). Then it follows from the Lebesgue
dominated convergence theorem that

||j{ (3171(57 )3271(57 y W (31(57 )32(67 )’ )H

<o~ ww//w

Hfi(Ta 51,n(7—7 w)? 3277’&(7—7 w)? w) - fi(Tv 31 (7—7 w)) 52(7—7 w)? w) ”dT@D%S)dS

Since, the functions 7 — U, (7,w) and s — U (s,w), 1 =

—— 0, forall £ €3J,i=1,2.

n—oo

Therefore,

H}Ci(‘,zlm(',W),zzm(',W),CU) - g{i(‘aﬁl(‘vUJ)752('7W>7W)HOO — 07 1= 172

n—o0

Accordingly, the operator H(-,-) is continuous.
Step 3. H(Bg) is equicontinuous.

For any &1,& € J with £ < & and (31,32) € Bg, we obtain

13 (31 (&2, w), 32(62, w), w) — H;(31(&1,w), 32(&1,w), w)|| < Jin+ Jig, i=1,2,
where

(0 — 1) -
JZ" - f2aa)/ w w’bd)sa)/ w Hfi(T731(7-7w)752(7’7w),w)HdeS,

ewi®
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and

J’L'72 = (’192 —_ 1) /51 Tp,(s)‘e_wi¢(£27s) _ e_wi¢(§175)
a

(92751 (r ) o (), ) () s,

From (A3) and using (11) and the fact e~ ®®(€2:%) < 1 and Lemma 1, we get

Jia < (14 2R) (@ — D Wi(w)l| e / ei(s) / ia 19_1 b (s)ds

&2 / -1
< (2o [t e

a)?i
< (14 2R)[| W4 (-, w)| e i) [qﬁ(@’ﬂ)rwf(%’ ) } i=12.

Thus,
J¢71 — 0 when 52 — 51, 1= 1,2. (12)

On the other side,

Jig =i —1) (efwm(&) _ efwms(@)) y

&1
/ ewz'd)(s)

JZ‘72 — 0 when 62 — 51, 1= 1,2. (13)
From (12) and (13), we get

17 (31 (82, w), 32(&2, w), w) — Hi(31(81,w), 32(&1, w),W)|[| —— 0, i=1,2.

Y (s)ds, i=1,2.

(jzi—l;l/)fi (1,31(1,w), 32(7, w), w) (s) ’

Thus,

&2—81
This proves that, H(Bg) is equicontinuous.
Step 4. H is Oj-condensing.
First, for every U x U? C P(J), we define the MNC as
Clta
oy x v = (V)Y (14)
o(U7)
where 4 '
OU") =supe AU E); v >0,i=12, (15)

£ed

The MNC ©j is well defined and gives a semiadditive, monotone, nonsingular and regular
MNC in J.
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Secondly, let U' x U? € P(J) be such that
Oy (MU' x U?) > 05U x U?), i=1,2. (16)

We will show that (16) implies the relative compactness of U! x U?. There exists a
countable set {(31., 32,n) }ney such that

3in(6w) =3 ({3106 w), 320 (8, w),w}h) i =

where {(31,n,32,n) }oeq C J. From the properties of the MNC, one gets (for i = 1,2)

O({3intnz1)

<@<{< — 1)ema) / = f<T,51,n<7,w>,32,n<nw))dw%s)ds}m

n=1

(17)

Now, we will find an estimate for ©({3;n}ne1), ¢ = 1,2. By using (A4), for all { € J and
T < s <¢, one has

"(T)o (s, 7)Vi—2 -
(R s )

n=1

"(T)b(s, T)Pi"2 &
sl/’”(‘f;ﬂ_f) 3 ois @A {yin(me}3)
Jj=

Z i4d 79( ,_ 1))1 0ij(w)e™™ sup e TA{35n (T, w) Ii’i)

a<t<s

5,7)"

<Z¢ 79_1) 014 (@)e"TO {31 () H%):

Then, applying Lemma 5, we get for all £ € J, s € [a,{] and 7 < s,

A({w _ 1)emiotea / R '_zmm,n(ﬂw>,32,n<7,w>>dw'<s>ds}+m)

n=1
19 _1 w;d(b,a)
—Z@ {oinCe s U T [ o my e ar sy
2 (ﬂ __1 wip(b,a) L
< 32Ol ()hZens )=,y e / vir drds

4e@id(ba)

3
= Z9({5j,n(',w)}7f§°j)gi,j(w)lm_l)/ Y (s)e7p(s,a)V " ds.
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Multiplying both sides by e~ 7¢ and taking sup, one obtains
£ed

+o00
upe ¢ - w’¢ba) AG T T, W T, w))dT (s)ds
ces ”A({< // 29_1 310 s () (5)d }:>

2
Z {35 () 129N 5 (7, ).

where 8; ;(v,w), 4,5 = 1,2 are defined in (6).
Hence,

£ s o (P b(s. T)—2 +oo
@({(ﬁi—l)ewi‘b(b:“) / /a ¢(F)(¢f9(i’_1)) fi(r,317n(r,w),527n(r,w))dm//(s)ds}n:l)

<Z® {3Jn y W }n 1) ,](77("})7 i:172-

(18)
Next, by (17) and (18), we derive

2

O{3intnzt) < YO0 ({3l w) o) Vi (y,w), i=1,2,

r=1

which implies

@(:}Cl({ﬁl,n('ﬂ w)v 52,71(" w)v whtﬁ))
BT ({31, w), 2,0 (s w), w}i29)

O ({310, w)1221)
< =4 (w
= 5l )<@<{52,n<, )y o)

Nl,l(r)/vw) Nl,?(’}/aw)

O1(H({31.n(- W), 32 (- w), w}2) = (

where

NQJ(/%W) Ng}g(’Y,OJ)

By Lemma 7, one can choose vy such that the spectral radius p(=-(w)) < 1, therefore
@(j{i({ﬁlﬂl('?w)7327n('7w)?w}7—1’—§) =0, =12
This implies that

@(j{i({ﬁl,n(f7w))327n(£uw)vw :L_i.i) = 05 for é- S jv 1= 172
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Finally,
05U x U?) = (0,0),

which proves the compactness of the set Ul x UZ2.
Step 5. The set W (see Theorem 2 (2)) is bounded.

Let (31,32) € J and (31,32) = k(w)H(31,32) for some x(w) € (0,1). Then, by the fact
e~ X&) <1 for all £ € J, we obtain

3 S ol i
5i(6w) = r(w) [w,-—l)ew&@ / (id(sa) / o )é(.s’?j .

fi(7,31(7,w), 32(7, W), W)dTw’(s)ds]

(9, — 1)
_6 wl¢ba

/ / v 79 _1 f(7‘,31(7',w),z,g(T,w),w)dTW(s)ds, i=1,2.

Using Fubini’s Theorem, we have

_ 3 S (s)o(s, T
el < 2ol [l sl [ HRE T —dsy (rar

(9; — 1) .
<« D [ @eten Mmool =12

Using (A3), we get

el < e [ Wi(7,0)(1+ I ()] + a2(7,0)
< Uob - [ 0i(7,0) (I ()| + s2(7,)]
(192‘— ) i(b,w)

¢(&a)%, i=1,2.

e~wid(ba) DANCA
Therefore

131 (&, )| + [[32(E, )l

19 _
<50+ g, / WEOE 1) () [r ()] + ()l

192‘1 / F ()€ ) Do (7, w0) (31 ()| + 27, )7

e—@20(b,a)
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where (01 —1)Uy(b,w)
C({) = e—w1¢(bva)19lr(191)

Applying Lemma 6, we obtain

(192 — 1)\112([), w)

2
€_w2¢(b’a)’l921—‘<192) ¢(£7 CL)

$(&,a)" +

[}

316 )]l + g2, < () S By, (05 = Dem590g(5,0)% ) = D.

=0
Hence

653,52t < B = (D)

Which achieves the desired estimate. Therefore, Theorem 2 ensures the existence of a
random solution for the system (1).

4. Examples

Let Q = (—00,0) be endowed with the usual o-algebra consisting of Lebesgue measur-
able subsets of (—o0,0). Consider the separable Banach space

G=co={s=(s",5% - ,8",--) : s" >0 as n— oo}

endowed with
Isllc = sup [s"|.
n>1
Example 1: Illustration of Theorem 3.

Let us take w; = ...., i =1, 2.
For (¢,w) € J x Q, consider the nonlinear functions f;, i = 1,2 be defined by

3 W) Sin(ZaQ’"(&w))}
n>1 ’

f1(£,31(6,w), 32(§,w),w) = {

T+ wl) T 1+ WP
arctan s (&, w)| 67“"‘32’"(5;) (19)
PEn GG = { 1+ |l 1+ !32’”(€,w)\} >1

Firstly, we easily see that, the functions §;, ¢ = 1,2, satisfy (Al). Secondly, we can check
that

Hf1(§731(£7w)752(€7w)7w) - fl(g)tl(ng)7t2(§7w)7w)‘|

1
< m HZ’Q’H(&W) _tQ’n(g»W)Ha

87 (6:w) =" (€l + 7

and

Hf2(5731(§>w)732(£7w)>w) - f2(§7tl(ng)7t2(§7w)7w>”

L3 w) — e w) |+ 2 (6 w) — BT (E W)

< P
- 1+|w| elwl
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So, the hypotheses (A2) holds with

1

= for all w € Q.
Wl (1 + )

@171((,0) y CI)LQ(W)

TP

1

P21 = gy

1
D9 9(w) = R for all w € Q.

An application of Theorem 3, we deduce that system (1) with (19) has a unique random
solution (31,32)-

Example 2: Illustration of Theorem 4.

For (¢,w) € 3 x Q and s; = {s"™},, € ¢y, consider the nonlinear forcing terms,

fl(éyﬁl(faw)’Zﬂ(&vw)vw)

= 20 rctan(e) foin (6, 0)] + loge (526 )| +1) 4577},

jw|(e* — 1)

F2(6,51(6w) 32(6w) W) = (1 + Jw[)(es +1

5 {avctan(s' (@) + 152" (€.) + 7).
(20)
Obviously, f;, (i = 1,2) satisfy hypothesis (A1l).

To illustrate (A3), let £ € J and 3; = {3*"},, € U C ¢y, i = 1,2. Then

< 2D ctan(e) (J51 6 )l + 152" (6, ) +1),

(21)

[171(€,31(&,w), 32(s w), W)l

and

jw|(e% — 1)
(14 |w|)(ef 4+ 1)

[f2(&,31(& w), 32(8, w), w)| (Ilal’”(ﬁ,w)ll + 155" (&, w) | + 1), (22)

Therefore, (H3) is verified with

& _
arctan(§) and Wy(§,w) = a |_|O_J‘|(j‘2)(e£ i) 0 for all (&, w) € TxQ.

(€, w) = 2sin(w/5)

Next, hypothesis (A4) is satisfied. Indeed, we recall that the Hausdorff MNC © in
(co, || - ley) can be computed by means of the formula

O(U) = lim sup||(T - Pn) 3],

n—o0 3€U

where U € P(cy), P, represents the projection onto the linear span of the first n vectors
in the standard basis (see [1]).
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Using (21) and (22) (see also Example in [32]), we get
O (1:(&, U, U?) < 0i1(w)OU") + 0i2(w)O(U?), for all (&,w) € T x Q.

where

el
1+ |w|’

01,1(w) = 012(w) =sin(w/b), p21(w) = 022(w) for all w € Q.

The conclusion of Teorem 4 implies that problem (1) with (20) has at least one solution
(31,32)-

5. Conclusion

The fractional Langevin system is a crucial mathematical model for describing the
random motion of particles. Consequently, we investigated a class of 1)-Caputo Langevin
systems with random effects in a generalized separable Banach space. By employing the
Bielecki-type vector-valued norm, we established a new uniqueness criterion. Additionally,
we imposed rather mild assumptions to obtain a new existence result by utilizing a recent
random version of Sadovski’s fixed-point theorem. As a result, numerous findings in the
literature can be recovered through our results.
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