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Abstract. In this paper, we investigate the left regularity, right regularity, and complete regularity
of elements in subsemigroups of the semigroups of linear transformations with invariant subspaces.
We provide necessary and sufficient conditions for these subsemigroups to be left regular, right
regular, and completely regular. Specifically, we examine semigroups of linear transformations
with restricted range, invariant subspaces, and fixed subspaces. The results offer a comprehensive
characterization of regular elements within these algebraic structures and extend existing work in
this field. Our findings have potential applications in algebraic theory, particularly in the study of
transformation semigroups and their subsemigroups.
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1. Introduction and Preliminaries

An element a of a semigroup S is called left reqular if a = xza® for some = € S, right
reqular if a = a?z for some x € S, and completely reqular if a = azxa and axr = za for
some xz € S. For a semigroup S, let LReg(S), RReg(S) and C'Reg(S) denote the set
of all left regular elements, right regular elements, and completely regular elements of S,
respectively. It is important to note that every completely regular element is also left
and right regular. Additionally, Petrich and Reilly [10, Proposition 2.1.3] proved that
an element a of a semigroup S is completely regular if and only if a is both a left and
right regular element of S. A semigroup S is called left (right, completely) regular if all
its elements are left (right, completely) regular, that is, LReg(S) = S (RReg(S) = S,
CReg(S) = S). The characterizations of left regularity, right regularity, and complete
regularity for semigroups have been studied in detail, as seen in [2, 6-9, 12, 15].
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Let V be a vector space over a field, and let L(V') be the semigroup (under composition)
consisting of all linear operators on V. It is well known that L(V) is a regular semigroup
[4, page 63]. Moreover, Tantong [15] characterized left, right and completely regularity
for elements of L(V') and provided necessary and sufficient conditions for L(V') to be left
regular, right regular and completely regular in terms of the dimension of V. Let W
be a fixed subspace of V. In 2008, Sullivan [14] defined a subsemigroup of the linear
transformation semigroup as:

LV,W)={aeL(V): Va CW}.

This semigroup is called the semigroup of linear transformations with restricted range.
The author examined Green’s relations and ideals for the semigroup L(V,W). Later, in
2019, Sangkhanan and Sanwong [11] proved certain isomorphism theorems and calculated
the ranks of these semigroups for any proper subspace W of a finite dimensional vector
space V over a finite field. Additionally, Sullivan [14] showed that:

Q={acL(V,W):Val Wa}

is the largest regular subsemigroup of L(V,W). In 2015, Sangkhanan and Sommanee [13]
described all the maximal regular subsemigroups of @) when W is a finite dimensional
subspace of V over a finite field. Furthermore, they computed the rank and idempotent
rank of @ where W is an n-dimensional subspace of an m-dimensional vector space V' over
a finite field.

Let W be a subspace of a vector space V. The semigroup of linear transformations
with invariant subspace are defined by:

S(V,W)={ae L(V): Wa C W}

In 2012, Huisheng [5] described the relations £* and R* on S(V,W). In the same year,
Honyam and Sanwong [3] presented the relations of Green and ideals of the semigroup
and proved that it is never isomorphic to T'(U) for any vector space U when W is a non-
zero proper subspace of V. In 2019, Chaiya [1] characterized the natural partial order
on S(V,W) and determined the compatibility of their elements and found all maximal
and minimal elements. Furthermore, she presented necessary and sufficient conditions for
S(V, W) to be factorizable, unit-regular, and directly finite.
For a fixed subspace W of a vector space V, let

Fiz(V,W) ={a € L(V) : wa =w for all w € W}.

Then, Fiz(V,W) is a subsemigroup of S(V,W) and we call it the semigroup of linear
transformations with fived subspaces. In 2018, Chaiya et. al. [16] discussed the Green’s
relations, regularity, and ideals of F'iz(V, W), and characterized when Fiz(V,W) is fac-
torisable, unit-regular, and directly finite.

The objective of this paper is to characterize the left, right, and complete regularity of
elements within the semigroups L(V, W), S(V,W), @, and Fiz(V,W). We also present a
method to construct an element 3 in these semigroups such that it is left and right regular.
Furthermore, we establish necessary and sufficient conditions for the semigroups L(V, W),
S(V,W), Q, and Fiz(V,W) to be left regular, right regular, and completely regular.
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2. Semigroups of Linear Transformations with Invariant Subspaces

In this section, we assume that V' is a vector space over a field IF, and W is a subspace of
V. Let S represent one of the semigroups S(V, W), L(V, W), and Q. We first characterize
right regularity for elements of S.

Theorem 1. Let « € S. Then, a € RReg(S) if and only if a|ya is a one-to-one trans-
formations on Va.

Proof. Assume that « is a right regular element of S. Thus, there exists an element
B of S such that o = o?B. Let vi,v9 € Va, and suppose viae = voa. Then, there exist
v}, vy € V such that vja = v1 and vha = ve. Therefore,

v; = vl = via?B = viaf = vaf = vha’B = vha = vs.

Hence, aly, is one-to-one.

Conversely, assume that a|y, is one-to-one. We will construct § € S such that o =
o?B. Let B be a basis for Va, and let B’ = {va : v € B}. To show that B’ is a linearly
independent subset of V', let a1, a9,...,a, € F, and vi,vs,...,v, € B be such that

aj(na) + az(va) + ... 4 an(vpa) = 0.

Thus, (a1v1+agve+. . .+a,vy)a = 0. Since ajvi+agve+. . .+a,v, € Vaand aly, is one-to-
one, it follows that ajvi4+asve+. . .4+anv, = 0. Since vy, v9, .. ., v, are linearly independent,
we conclude that a; = 0 for all : = 1,2, ...,n. Hence, B’ is linearly independent. We then
construct a basis B” for V such that B’ C B”.

For each u € B’, there exists a unique u’ € B such that v'a = u by assumption. Define

B:B" =V by
v = v ifve B,
"1 0 otherwise.

Thus, 8 is well-defined and can be extended to a linear transformation on V. Let v € V.
Since B’ C B”, there exist positive integers k& and n such that vi,vs,...,v; € B’ and
Vg1, Vg2, - - -, Up € B\ B and a1, as, . ..,a, € F with v = ayv; + agva + ... + apv,. This
implies that

vB = (a1v1 + agua + ...+ apVi + Qp41Vk+1 + Ap42Vg42 + ...+ anvn)ﬂ
= a1(v1f) + az(v2B) + ... + ap(VkB) + ag+1(Ve418) + apt2(vk+25)
+...+an(vpp)

= av] + agvh + ...+ agv), + ar41(0) + ars2(0) + ... + an(0)

= alvi + agvé +...+ akvfg.

Since v], v5, ..., v}, are all elements in a basis B of Va, we conclude that a v} + asvh +
...+ apv, € Va. Therefore, § € L(V,W). This implies that W3 C V C W, and so
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B € S(V,W). Moreover, we will now show that 5 € Q. Let w = ajv; + agva + ... + axvg.
Then, w € W, and

wh = (a1vy +agvy + ... + apvy)B
= ai(np) + az(v2f) + ... + ap(vif)
= alvll + CLQ’U% + ...+ akvff
= vpf.

We can conclude that g € ). This shows that 5 € S.
Finally, we show that a = o?3. Let v € V. Since va € Va, we can express va =

aiu) + aguh + . .. + apul, where uj, ub, ..., u), € B with ua = w; for all i € {1,2,...,n},
and a1, a9, ...,a, € F. Therefore,
va?f = (apu) + agub + ... + apul)af

(au)a + aguba + . .. + apul,a) 3
(1w + agug + ... + apuy)B

/ / /
aijuy + aguy + ...+ apu,

= va.
Hence, « is right regular, as required.
The following next theorem characterizes when S is a right regular semigroup.
Theorem 2. The following statements are equivalent:
(i) S is a right reqular semigroup.
(17) RReg(S) is a subsemigroup of S.
(z31) dim(W) < 1.

Proof. (i) = (it) This is clear by definition.

(73) = (zi1) We will prove the contrapositive. Assume that dim(W) > 2. Then, there
exists a basis By of W such that |By| > 2. Now, let B be a basis for V such that
By C B. Let a and b be distinct elements of By,. Define two mappings « and § from B

into V as follows:
a ifx=0,

ra=< b ifx=a,
0 otherwise,
and
of = b if x =0,
] 0 otherwise.

It is easy to verify that o and § are well-defined and can be extended to linear transforma-
tions on V. From their definitions, a, 5 € S, and we will show that both are right regular
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elements of S, but their product af is not right regular. To check that « is right regular,
we use Theorem 1. Suppose u € Va and ua = 0. From the definition of «, we know that

Va= {kla 4+ kob : k1, ko € F}

Then, v = kia + kob where ki,ko € F. Thus 0 = ua = k1b + ksa. Since a, b are linearly
independent, we must have k; = ko = 0, implying that u = 0. Thus ker(a|ys) = {0}, and
hence, a|y4 is one-to-one. By Theorem 1, « is right regular. Similarly, we can show that
f is right regular by applying Theorem 1 to S|y 3.

Finally, we will show that af is not right regular. Note that 0af = 0 = af = bap.
Since 0,b € Vaf and 0 # b, it follows that af|y s is not one-to-one. From Theorem 1,
af3 is not right regular. Hence, RReg(S) is not a subsemigroup of S.

(7i1) = (i) Suppose that dim(W) < 1. Let « € S. If a is the zero transformation,
then it is trivially right regular. Suppose that « is not the zero transformation. Then,
dim(Va) > 1. Since dim(W) < 1, by the Dimension Theorem, dim(ker o) = 0, which
implies that ker(a|yo) = {0}. Therefore, a|y, must be one-to-one, and by Theorem 1, «
is right regular. Consequently, S = RReg(S), meaning that S is a right regular semigroup.

Next, we give a characterization for left regular elements in S\ @ and @, respectively.
Let S* be either L(V, W) or S(V,W).
Theorem 3. Let a € S*. The following statements are equivalent:

(1) a € LReg(S™).

)

(17) a|wa is an onto transformation on V.

(iii) Va C Wa?,

(iv) For every basis B for V, we have Ba C Wa?2.
)

(v) There exists a basis B for V such that Ba C Wa?.

Proof. (i) = (ii) Assume that « is left regular in S*. Then, a = Ba? for some
B € S*. For any y € Va, then there exists € V such that y = za. Thus, 5 € W, and
y = za = zBa? = (rBa)a, which proves that a4 is onto.

(73) = (i19) If a|lwa : Wa — Va is onto, then

Wa? = (Wa)a = (Wa)alwae = Va,

which proves that Va C Wa?2.

(791) = (iv) and (iv) = (v) are clear by definition.

(v) = (i) Suppose there is a basis B for V such that Ba C Wa?. For each v € B, we
choose and fix v € W such that va = v'a?. Define 3: B — V by

vB=1v forallve B.
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By the uniqueness condition, 3 is well-defined and can be extended to a linear transfor-
mation on V. We will now show that f € S*, and that a = Ba?, proving that « is left
regular.
For any v € V, there exist vi,vo,...,v, € B and aj,as,...,a, € F such that v =
aiv1 + agv2 + ... + apvy,. Thus,
vB = (a1v1 + agua + ...+ ayv,)pf
= a1(u1B) + az(v2) + ... + an(vaf3)
= alv'1+a2v’2+...—|—anv; ew.

Hence 8 € L(V,W) or g € S(V,W), depending on the semigroup. Finally, for each v € B,
we have
vBa? = vBaa = vaa = va,

showing that Ba? = a, as required.
The following result follows from Theorems 1 and 3.
Corollary 1. Let o € S*. The following statements are equivalent:
(1) a € CReg(S™).
(i3

alye 1 Va — Va is one-to-one, and alwq : Wa — Va is onto.

)
)
(131) For every v € V, there exists a unique v' € Wa such that va = v'a.
(iv)

For every basis B of V', and for every v € B, there exists a unique v/ € Wa such
that va = v'av.

(v) There exists a basis B of V, and for every v € B, there exists a unique v € Wa
such that va = v'a.

Next, we give a necessary and sufficient condition when the semigroup S* to be left
regular.

Theorem 4. The following statements are equivalent:
(i) S* is a left reqular semigroup.

(1) LReg(S*) is a subsemigroup of S*.

(z31) dim(W) < 1.

Proof. (i) = (i7) This is clear by definition.
(17) = (iii) We will prove by contrapositive. Assume that dim(WW) > 2. Then, there
exists a basis By of W such that |By/| > 2. Let B be a basis for V' such that By C B.
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Let a and b be distinct elements of Byy. Define two transformations « and 8 on B as
follows:

a ifrx=0b,
rza=4¢ b ifz=a,
0 otherwise,
and
2f = { b if x =b,
0 otherwise.

Both a and g are well-defined and can be extended to the linear transformations on V.
Since a,b,0 € W, it follows that «, 8 € S*. From the previous theorem (Theorem 3), we
know that a and 3 are left regular because Ba C Wa? and BB C W 32. However, their
product af is not left regular.

To see this, note that:

ac=b, ba=a, af=0, bF=0.

Thus, aaff = b and baff = 0 = 0af, showing that af is not one-to-one on its image.
Therefore, a3 is not left regular. This implies that LReg(S*) is not a subsemigroup of S*.

(791) = (i) Suppose that dim(W) < 1. Let a € S*. If « is the zero transformation,
it is trivially left regular. Now, assume that « is not the zero transformation. Then,
dim(Vea) # 0. Since dim(W) < 1, Va C W, and thus « is surjective on W. By assumption,
we have dim(V«) = 1. Hence, LReg(S*) = S*, meaning that S* is a left regular semigroup.

Corollary 2. The following statements are equivalent:
(i) S* is a left reqular semigroup.
(17) CReg(S*) is a subsemigroup of S*.

(z31) dim(W) < 1.

The following theorem gives a necessary and sufficient condition for an element of @
to be left regular.

Theorem 5. Let o € Q. The following statements are equivalent:
(i) o € LReg(Q).
(17) a|wa is an onto transformation on Va.

(iii) Va C Wa?.

Proof. (i) = (it) and (4i) = (i4i) These follow directly from Theorem 3.
(iii) = (i) Assume that Va C Wa?. Let By be a basis for W, and let B be a basis
for V' such that By C B. For each v € B\ By, since Va C Wa, we choose and fix
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v/ € W such that va = v'a. For each w € W, we let w’ = w. For each w’ € W and by
assumption, we choose and fix w” € W such that w'a = w”a?. Define 8: B — V by

vB=1v" forallveB

It is easy to verify that 3 is well-defined, and it can be extended to a linear transformation
on V. By the method of constructing 3, it is easy to see that 5 € L(V,W). We now show
that VB C Wpg. Let v € V. Then, v = ajv1 + agve + ... + a,v, where vi,v,...,0, € B,
and ai,as,...,a; € F. This implies that

vB = (av1 + agve + ...+ agvy)f
= a1(n1B) + az(vafB) + ... + ax(vi)
= apv] +agv + ...+ apv)
= aviB+ avhB + ... + apvi3
= (a0} + agvh + ... + apvy)S.

Since W is a subspace of V and v}, v),...,v) € W, we have that a1v] + avy+...+apv), €
W. This implies that 8 € Q. Moreover, we will now show that o = Ba?. For each v € B,
we have
2 " !
vha® = v aa = v'a = va.

Hence, fa? = a, proving that « is left regular.
The following corollary follows directly from Theorems 1 and 5.
Corollary 3. Let a € Q. The following statements are equivalent:
(1) a € CReg(Q).
(17) alva : Va — Va is one-to-one, and a|wq : Wa — Va is onto.
(i13) For every w € W, there exists a unique w' € Wa such that wa = w'a.
Lastly, we characterize the left regular semigroup structure of the semigroup Q.
Theorem 6. The following statements are equivalent:
(1) Q is a left regular semigroup.
(1i) CReg(Q) is a subsemigroup of S*.
(7i7) dim(W) < 1.
Proof. The proof can be established in the same way as Theorem 4.
The following corollary is an immediate consequence of Theorems 2 and 6.
Corollary 4. The following statements are equivalent:
(i) Q is a left regular semigroup.
(17) CReg(Q) is a subsemigroup of S*.
(zi1) dim(W) < 1.
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3. Semigroups of Linear Transformations with Fixed Subspaces

In this section, we now explore the necessary and sufficient conditions for an element
of Fixz(V,W) to be right regular.

Theorem 7. Let « € Fiz(V,W). Then, « € RReg(Fix(V,W)) if and only if alys is a
one-to-one transformation on V.

Proof. The necessity follows directly from Theorem 1. To prove the sufficiency, we
suppose that aly, is one-to-one. Since a € Fix(V, W), we get that W C Va. Let By be
a basis for W and B be a basis for Vi such that By C B. Define B’ = {ua|u € B}.
Then, By C B’. By the same reasoning used in Theorem 1, B’ is linearly independent,
and there exists a basis B” for V such that B’ C B”.

For each u € B’, there exists a unique v’ € B such that v'a = u by assumption. Define

B:B" —V by
5= v ifve B,
YW =10 otherwise.

By the uniqueness, 3 is well-defined. Hence, 8 can be extended to a linear transformation
on V. Let w € W. Then, there are wy, wo,...,w € By, and ai,as,...,a € F such that
w = aqwy + asws + . . . + apwg. Since By C B, and by the definition of «, we observe that
wiae = w; = wice. It follows from assumption that w; = w]. This implies that

wh = (aqwy + agws + ... + apwy) S
= a1(w1B) + az(w2) + ... + ap(wif)
= ajwi + aw2 + ...+ apwyg

= w.

It implies that 3 belong to Fixz(V,W). We now demonstrate that o = o?3. If v € V, then

we have va € Vi, and we can write va = aju) +agus+. . .+apu;, where v, us, ... ,u, € B
with w,a = u; for all ¢ € {1,2,...,n} and a1, ag,...,a, € F. Therefore,
2 _ / / /
va’B = (ajuy + aguy + ... + apuy,)af

(arufa + aguba + ... + apul, o)
(aruy + agug + ... + apuy)f

/ / !/
aiuy + aguy + ...+ aply,

= va.

Hence, « is right regular. This completes the proof of theorem.

Next, we give a necessary and sufficient condition when the semigroup Fixz(V,W) to
be left regular. Tantong [15], prove that L(V') is a right regular semigroup if and only if
dim(V) < 1. We will use this result in the proof of the next theorem.

Theorem 8. The following statements are equivalent:
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(i) Fix(V,W) is a right reqular semigroup.
(17) RReg(Fixz(V,W)) is a subsemigroup of Fiz(V,W).

(tit) V=W ordim(V) < 1.

Proof. (i) = (ii) This is clear by definition.

(17) = (i7i) We will prove the contrapositive. Assume that W # V and dim(V') > 1. If
dim(W) = 0, then Fiz(V,W) = L(V) and hence RReg(Fixz(V,W)) is not a subsemigroup
of Fiz(V,W). Suppose that dim(W) > 0. Let a be a non-zero element of W. Then,
there is a basis Byy for W such that a € Byy. Let B be a basis for V' with By C B. By
assumption, let b € B\ Byy. Define transformations a and S as follows:

x if x € By,
if x =0,

otherwise,

S

roa =

@)

and
x if z € By,

zf=4¢ a ifx=0,
0 otherwise.

It is easy to verify that o and [ are well-defined and can be extended to the linear
transformations on V. By the definitions of o and (3, we see that both «|y and S|y are
the identity transformation on W, so that a, 8 € Fixz(V,W). Next, we check that o and
B are right regular elements of Fiz(V, W) by using Theorem 7. Let u € Va be such that
ua = 0. By the definition of «, we know that

Va={w+kb:weW and k € F}.
Then, u = w + kb where k € F and w € W. Thus

0 = wua
= (w+kba
= wa+ ba
= w+kb

= u

Hence, ker(alys) = {0} and so a|y, is one-to-one. It follows from Theorem 7 that « is
right regular of Fiz(V,W). Similarly, we can show that S|y s is one-to-one. It follows
from Theorem 7 that g is right regular.

Finally, we will show that a5 is not right regular. Note that baf = b5 = a = aff = aaf.
Since a,b € Vaf and a # b, it follows that o]y 4 is not one-to-one. From Theorem 7,
af3 is not right regular. Hence, RReg(F'iz(V,W)) is not a subsemigroup of Fixz(V, W).

(791) = (i) Assume that W =V or dim(V) < 1. If W =V, then Fiz(V, W) consists
only of the identity transformation, and hence, Fiz(V,W) is trivially a right regular
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semigroup. If dim(V) < 1, then Fiz(V,W) = L(V) and hence, it is a right regular
semigroup.

Secondly, we investigate the condition under which an element of Fiz(V, W) is left
regular.

Theorem 9. Let o € Fix(V,W). The following statements are equivalent:
(i) o € LReg(Fix(V,W)).

(17) alva is an onto transformation on Va.

For every basis B for V, we have Ba C Va?.

)
)
(iii) Va C Va2
(i)
)

(v

There exist two basses B for V and By for W such that By C B and Ba C Va?.

Proof. (i) = (ii) Assume that « is left regular of Fiz(V,W). Then, a = Sa? for some
B € Fiz(V,W). If y € Va, then y = xa for some x € V. Thus, y = za = zfa? = (zBa)a.
This prove that oy, : Va — Va is onto.

(79) = (i79) Assume that a|ys : Va — Va is onto. Then,

Va? = (Va)a= (Va)alye = Va,

which proves that Va C Va?.

(ii7) = (iv) This implication is clear by definition. If Va C Va2, then for every basis
B of V, we will have Ba C Va?

(iv) = (v) Suppose that the condition (iv) holds. Let By be a basis for W. Then,
there exists a basis B for V such that By C B. By the assumption, we have Ba C Va?,
which implies that condition (v) holds.

(v) = (i) Suppose that there is a basis B for V and a basis By for W such that

Bw C B and Ba C Va?.

For each u € B\ By, we choose and fix v/ € V such that ua = v'a?. For each u € Byy,
we set u' = u. Then, uaa = ua = v'a. Define 3: B — V by

vB=v" forallvéeE B.

It is easy to verify that [ is well-defined and can be extended to a linear transformation on
V. We will now show that 8 € Fiz(V,W), and that o = Ba?. For each w € W, we have
w = aqwi+asws+. ..+ a,wy, for some wi, wo, ..., w, € By, and scalars a1, aq, ..., a, € F.
Therefore,

wh = (aqwy + agws + ... + apwy)S
= al(wlﬁ)+a2(w2/8)+-“+an(wn/8)
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ajw] + aswh + ... + apwl,
= ajwi + awy + ...+ apwy
= w.
Thus, a € Fiz(V,W). Finally, for every v € B, we have
vBa? = vBaa = v'aa = va.
Therefore fa? = «, which shows that « is left regular, as required.
Next corollary is result from Theorems 7 and 9.
Corollary 5. Let a € Fix(V,W). The following statements are equivalent:
(i) a € CReg(Fiz(V,W)).
alya : Va — Va is a bijective tranformation.

(4

(tit) For every v € V, there exists a unique v' € Va such that va = v'av.

)
)
)
) For every basis B for V, and for every v € B, there exists a unique v' € Va such
that va = v'av.

(1v

(v) There exist two basses B for V, and By for W such that By C B, and for every
v € B, there exists a unique v' € Va such that va = v'a.

Finally, we show that for the semigroup Fiz(V, W) to be left regular whenever V is a
finite dimensional vector space.

Theorem 10. Let V be a finite dimensional vector space. The following statements are
equivalent:

(1) Fix(V,W) is a left regular semigroup.
(1) LReg(Fix(V,W)) is a subsemigroup of Fix(V,W).
(i7i) V =W or dim(V) = dim(W) + 1.

Proof. (i) = (ii) This is clear by definition.

(1) = (i17) Suppose that W # V and dim(V) # dim(W) + 1. Then, dim(V) —
dim(W) > 1. Let By be a basis for W and extend it to a basis B for V. Let a and b be
distinct elements of B\ Byy. Define two mappings « and ( from B into V' as follows:

a if x =0b,
rza=4¢ b ifzx=a,
x otherwise,

and
5= z ifx € By U{a},
TP = 0 otherwise.
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Clearly, both « and 8 are well-defined and can be extended to the linear transformation
on V. Let w € W. Then,

w = kiwi + kows + ... + k w,
for some k1, ko, ..., k, € F and wy,ws,...,w, € B. Therefore,

wa = (kywy + kowg + . .. + kpwy)a
= (kwi)a + (kews) + ... + (kpwy)
= kiwia + kowga + . .. + kpwpa
= kiwi + kowsg + ... + kpwy,

= w.

Hence, o € Fixz(V,W). By the symmetry, we can show that g € Fix(V,W). It follows
from B C Va and Theorem 9 that « is left regular. Let v € B. If v € By U {a}, then
vB = v = vB% Otherwise, v3 = 0 = (vB3)3. This implies that 3 is a left regular element
of Fixz(V,W) by Theorem 9.

Finally, we will show that S« is not left regular. Note that afa = aa = b. Thus,
b € VBa. Claim that b # vBa for all v € V Sa. Suppose that vBa = b for some v € V Sa.
Then, v = v/Ba for some v’ € V. Thus, v' = ajvy+agve+. . .+anv, where vy, va,...,v, € B
and a1,as,...,a, € F. If v/ € W, then v = v/Ba = v/, and so b = vBa = v € W, which
is a contradiction. Hence, v ¢ W. Since b # 0 and vBa = b, we get that v # 0, so
that 0 # v'Ba = ajv1Ba + asveBa + ... + ayv,Ba. By the definition of 3, there exists
k € {1,2,...,n} such that vy = a and so v = arpurfa = araa = aib. Therefore,
b =vBa = apbfa = ar(0a) = 0, which is a contradiction. So we have the claim. Hence,
Balygq is not onto. From Theorem 9, Sa is not left regular. Hence, LReg(Fiz(V,W)) is
not a subsemigroup of Fiz(V,W).

(1it1) = (i) Assume that W = V or dim(W) + 1 = dim(V). If W = V, then
Fiz(V,W) contains only the identity transformation and is trivially left regular. Sup-
pose that dim(W) + 1 = dim(V). Let a € Fixz(V,W). Then, by Theorem 9, we get that
alyq : Va — Va is onto. By the Dimension Theorem and assumptions, we have

dim(W) + 1 = dim(ker o) + dim(V a).

Since Va contains the subspace W, clarifying this will help in explaining the two cases.
Case 1. dim(W) = dim(V«) and dim(ker &) = 1. Then, Va = W. Since afy is the
identity transformation on W, by Theorem 9, we have o € LReg(Fix(V,W)).
Case 2. dim(W)+ 1 = dim(V«) and dim(ker o) = 0. Then, Va = V. Therefore, « is
onto. Hence, by Theorem 9, we have a € LReg(Fix(V,W)).
Hence, Fixz(V,W) is a left regular semigroup, as required.

The next corollary is a result from Theorems 8 and 10.

Corollary 6. The following statements are equivalent:
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(i) Fix(V,W) is a completely reqular semigroup.
(1i) CReg(Fix(V,W)) is a subsemigroup of Fix(V,W).

(tit) V=W ordim(V) <1.

4. Conclusions

In this paper, we have investigated the left, right, and complete regularity of elements
in the semigroups of linear transformations with invariant subspaces. Specifically, we
focused on the subsemigroups L(V, W), S(V,W), Q, and Fiz(V,W). We provided nec-
essary and sufficient conditions for these semigroups to exhibit left, right, and complete
regularity. Our results contribute to the characterization of regular elements within these
mathematical structures.

One of the key findings is the relationship between the subspaces V and W in deter-
mining the regularity of the transformations. For instance, we have shown that an element
of L(V, W) is right regular if and only if its restriction to its image is a one-to-one transfor-
mation. Similarly, left regularity is characterized by onto mappings in certain conditions.
These results align with and extend previous work, offering a broader understanding of
regular semigroups and their elements.

The significance of this study lies in its application to algebraic structures such as
semigroups, transformation semigroups, and subspaces. Specifically, Cayley’s Theorem
states that every semigroup can be embedded in a full transformation semigroup. Our
characterization of subsemigroups of transformation semigroups provides deeper insights
into their structure, allowing for further exploration of their properties and potential
applications.

In future research, this framework can be expanded to explore other algebraic struc-
tures, including transformation semigroups that preserve different types of equivalence
relations. Additionally, studying the interaction between these regular elements and more
complex algebraic operations could lead to new theoretical developments and applications
in fields such as linear algebra, automata theory, and representation theory.
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