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p-q.B: pre-quasi Banach.

Bs: Banach space.

C's: Cauchy sequence.

CMs: complete metric space.

NAT:': non-absolute type.

FP: Fatou property.

NTK-||.||p—qn-C: New type of Kannan ||.||,—qn-contraction.
|.l[p—gn-Seq.C: ||.||p—gn-sequentially continuous.

ufp: unique fixed point.

NLDEs: non-linear difference equations.

Notations

(i) N :=4{0,1,2,...} and R is the set of real numbers.

(vi)

(xii

R+V. The space of all sequences of positive reals.

U, Lo, and co: The spaces of m-absolutely summable, bounded, and convergent to
zero sequences of reals, respectively.

B(R) and E: The collection of all nonempty bounded subsets of R and the set of
parameters, respectively.

R(A)* and R(A): The set of nonnegative and all soft real numbers (corresponding
to A), where A C E, respectively.

0 and 1: The additive identity and multiplicative identity in R(A), respectively, see
[6].

uS: The space of all sequences of soft reals.

&, U: Infinite dimensional Banach spaces.

ES: The linear space of sequences of soft functions.

= (6, 0,..,1, 0,0, ), while 1 displays at the d** place.
[d]: The integral part of real number d.

~

0 := (0,0,0,...).
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(xiii) F: The space of finite sequences of soft numbers.

(xiv) 914 and ©_: The space of all monotonic increasing and decreasing sequences of
positive reals, respectively.

I: The identity mapping on ¢4.

)
(xvi) J: The natural embedding mapping from M, into J.
) T,: The quotient mapping from & onto &/Y,.

)

Dvoretzky’s Theorem [19]: For any d € N, we have quotient spaces &/Y; and
subspaces My of 20 which can be transformed onto £ by isomorphisms V; and Xy
such that HWdHHWd_lH < 2 and ||XdH||Xd_1H < 2.

1. Introduction

The ability to mathematically simulate non-Newtonian fluids in hydrodynamics is
drawing more and more attention to the study of variable exponent Lebesgue spaces, as
discussed by Ruzicka [20]. A variety of disciplines, including orthopedics, civil engineering,
and military science, make use of electrorheological fluids, a class of non-Newtonian fluids.
The work of Diening et al. [7] covered the topic of Lebesgue and Sobolev spaces involving
variable exponents. A particular sequence space contains the solutions of discrete dynam-
ical systems. According to [16], the construction of new sequence spaces is a subject of
significant mathematical interest. The domain of the Cesaro mean of order one in certain
spaces of double sequences was developed and studied by Mursaleen and Bagar [15], while
Noman and Mursaleen [17] investigated novel non-absolute sequence spaces that are con-
nected to £, and £. The notion of psssf was first proposed by Alsolmi and Bakery [4]. In
[14], the researchers examined the distinctiveness and presence of solutions inside a novel
complex function space for Kannan nonlinear dynamical systems. Supposing that ()7,
is the sequence of Fibonacci numbers defined by the recurrence relation f, = f,—1 + fy—2,
v > 2, so that fp = 1 and f; = 1. Note that in [12] that lezo 2 = fifit1, and D00, fiz < 00.
Kara and Bagarir further strengthen the studies on Fibonacci sequence spaces [11]. They
defined and studied the matrix domains £,(v5) 1= (£,)+;, co(75) := (co);» () = (¢); and
gm(')’f) = (EOO)W
Assume that (¢;), (¢) € RV, We have presented a novel stochastic space ('yfs (q, t))

. ”'”pqu
of soft functions as:

(*yfs(q,t))H.”pin = {d = (dy) € pS 1 ||0d]|p—qn < 00, for some § > 0},

~ /Fz (ZZZ:O fquClAzab\)
where Hde_qN = Z ff
leN 1Ji+1

|7 —gl, for all f,§ € R(A), and h: R(A) x R(A) — R* is defined by

W(F. ) = maxh(F,9) (V).

hR(A) x R(A) — R(A)*, with A(f,g) =



M. M. A et al. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5641 4 of 20

If (t)) € R™ N £y, then

(7 (. 1))

Volterra-type summable equations are fundamental in investigating dynamical systems [1]
and stochastic processes [9, 13]. Assuming that v € ’yfs(q, t),T:N? R, U : NxR(A) —

R(A), 7: N = R(A), and B: N — R(A).
Consider the Volterra-type summable equations of soft functions [4]:

= {c/l\: (dy) € S H&pr_qN < o0, for any § > O}.

||-Hp*qN

va=PBi+ Y Taw¥yz, (1)
veN
and when @ : <7fs (q,t)) — (fyfs(q, t)) is defined as
lI-llp—an I-lp—gn
P (Va)aen = (ﬁd + ) Td,ﬂ%,ﬁ) : (2)
veN deN

Considering the multitude of fixed point theorems within a specific space, it is necessary
to either enlarge the space itself or to augment the self-mapping that operates within it;
both alternatives are feasible. Examples include granular systems, sweeping processes,
oscillation issues, control challenges, and decision-making problems, among others. A
particular sequence space encompasses the solutions of summable equations. So, there is
significant interest in mathematics to develop new sequence spaces. This work aims to
create a new stochastic space by utilizing a weighted regular matrix based on Fibonacci
numbers and variable exponent sequence spaces. We have applied specific geometric and
topological structures to soft functions represented as (’yfs (q,t)) ‘ . The fixed point

Il-1 p—qN
of the new type of pre-quasi-Kannan contraction operator is verified in this context. We

conclude by illustrating our findings with several examples and applications related to the
existence of solutions to non-linear difference equations.

2. Definitions and Preliminaries

Definition 1. [4] £S is referred to as a psssf if it meets the following criteria:

(1c) &S is linear space and ¢, € ES, forr € N,

(2c) &S is solid i.c., if m = (my) € uS, k| = (|kr|) € €S and |my| < |ky|, where r € N,
then |m| € &S,

59 (), o 2%

Definition 2. [4] A subspace psssf is called a p-m psssf, if ||| p—qn : €S — [0, 00)

-llp—an
meets the following criteria for all m,k € S, and § € R.:

€ &S,

ks

>7“€N
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(a1) k=10 <= [ ([k)llp—qn =0, and [Ell,—qn >0,

(a2) there are C1 > 1 so that ||[6m||p—qn < |0|C1||M|p—gn,

(@3) [+ kllp—qn < Coll[llp—qn + |[Ellp—qn) verifies so that Cy > 1,

(a4) if || < |Ke|, then || (| )llp-gn < [[(Fr)llp-q,

(a5) the inequality, ||(|kr)lp-gn < 11z lp—qnv < Call (e} lp—qn holds, for Cs > 1,
(a6) the closure F of F = Slprin,

(a7) the inequality, ||(7,0,0,0,...)|l,_qn > a|ml||&|,—qn verifies for a > 0.

Definition 3. /4] The space psssf £5 is called a p-q.N psssf when ||.|,—qn verifies
N p—q

-lp—q

the parts (al)-(a3) of Definition 2. The space psssf E is said to be p-q.B psssf if

ll-1lp—qn
the space psssf ES is complete equipped with ||.|,—qn-
P I-lp—an P4

Theorem 2.1. [3] Every p-m psssf EﬁHpin is a p-q.N psssf.

Lemma 2.2. [5] Suppose ry, > 1 and oy, 0 € R, for allm € N, and 3 = sup,,, 1, one
has

i + 6l < P (Jam | + 5] 3)
Definition 4. [3] A function ||.|,—qn on EHS.”pin satisfies the FP when for each {l;;} -
Eﬁq_”p_qN such thatlim?«_>Oo I|ky — EHp—qN =0 and all u € 5‘?”p_qN, then ||u — EHp—qN <
SUpyy, infr>m [0 — krllp—gn-
Definition 5. [}/ Supposing that EHs-llpqu is a p-q.N psssf, M : Empiw — &

de &S . The mapping M is said to be ||.|,—qn-Seq.C at cz if and only if, for any

ll-llp—an

kf,n C &S such that lim,_, l;:;fc? _oN = 0 then lim,_, Ml;:;ch? _gN = 0.
p—q p—q

ll-llp—an

S and
I-llp—qn

3. Configuration and properties of (vfs (q,t))

Il-llp—an

This section introduces the definition and inclusion relations of the sequence space
(7?(q, t)) with the function ||.||,—qn-
-llp—qn
Theorem 3.1. The space (Wfs(%t))“ is a NAT, if (t;) € (0,00)N N ls.
llp—gN

Proof. Clearly, as

_ t1 _ to
r@—amﬂN:@W+(ngQ +(m6%) e

t1 )

ot a 0o+ q1 ~ | ~

£ (goyto + (1ot al) T (oot al\® s ) o
2 6
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Definition 6. Supposing that (t;) € [0.5,00)N. The absolute type space (]’yfs\(q,t)) is
%)
defined as

(|’st‘(qat))¢ = {j: (:7;) e 1S :p(0f) < o0, for somed > 0},

ﬁ (le:(] fqu’i‘ﬁ)

fifi1

where o(J) = Z

=

0o
0

Theorem 3.2. If (t;) € [0.5,00)N N ls with (”1 ) ¢ L), one gets (]’yfs|(q,t)> S
©

fifi+1
('yfs (4, t))

ll-llp—an

Proof. If d € (hf?](g,lf)) , then
%)

B (Lo f2a.d2.0) B (S a:ld:.0)

< < 0.

IGZN fifi ZGZN fifi+1

Therefore, de ('yfs(q,t)) I T = ((f_;)z> , one has Je ('yfs(q,t)) and
l-llp—qn 2=/ zeN -lp—qn

T¢ (hflan) -
®
We provide the sufficient conditions on 'yfs(q, t) to form a p-q.B psssf.
Theorem 3.3. ’yfs(q,t) is a p-m psssf, if
(o1) (t1) € M4 Nl and to > 0.5.

(02) (fng)ze/\/ €D_ or, (fng)ze/\/ € Ny Nl and one has A > 1 such that to,11qo,11 <
Afzq,z-

Proof. Assuming that d, k € ’yfs(q, t), and 6 € R. Assume the setups (ol) and (02) are
verified.
The condition (al): Clearly, ||d||,—qn > 0 and [|(|d])]|p—qn = 0 < d = 0.
The conditions (1c) and (a3):

17}

~ e L
Id + Fllp—qn = 3 h (Zz:() f2q- <dz + k:z) ,0)

=Y fif141

<971 Z h (le:O fqudAz,ﬁ) . Z % (le:() fqulgz,b\)

by, fifie1 Y, fifie1

t

= Ca([ldllp—gn + [[Fllp-qn) < o0,
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therefore, d + k € ’yfs(q, t).
The conditions (1c) and (a2):

~ ~ 4] ~ ~ A 7]
N B (o0 12:0d2,0) s [ PaedesD) _
16dlp—qn = Z < Slllp 6] Z = Chld|[p—gn < o0

=Y fifi+1 Y, fifi+1

Hence, sd e vfs (g,t). Hence *yfs(q, t) is a linear space. Also

- (n (2t fzqz@,a))“ )

N f%qb>” (2 tl“’( ! )
Yy, fifi+1 ;(flfl—i-l Sslzg(qub) ; )

So, ¢ € ’yfs(q, t), for every b € N.
The conditions (2¢) and (ad): Assume |dy| < |kp|, for b € N and |k| € 'yfs(q,t). Hence

~ ~ t ~ ~ t
. h(32h_o2q:1d-|,0 h (XL 2a:|k-|,0 ~
(d) lp—gn = ( ( ; >> <> ( ( . ) = | (k])[lp—qn < oo,
leN

Y. fifi1 fifie

then |d] € 4(g, ).
The conditions (3c¢) and (a5): Let (|dAZ|) € ’yfs(q,t) and (fng)ze/\/ € ®_, one can see that

I ! 2 —_— N
Tl = 3 [ Em 0405110)
) leN fif141

R o, A o
=, h<2§l:0fzqz|d[%]"o) 2l+z h<23liol qu!d[gl\ﬁ) o

=Y forfai+1 =Y forr1fars2

(Z2o Reld10) B (5210 Roel.0)

~ t
h

) +

leN

<

B fifi1 = fifis1

_ h (fgz%lﬁl\ + 3 o (Bogze + 13aird2ot1) ’dAzLG) " . Z h <le:o (F3.42= + 3.1 142211) |d:],6) "
e i1 N fifi+1

iy ! (Zhofteld0)\ " - (7 (Eloftal@l0)\ " | = (2 (Ehoofield:10)

- Y, fifi+1 Y fifi+1 Y fifir1

~ o~ 0~ tl
h lezo fqu|d2|7O ~
<@ty ( ( ) = Cs|(|dz])[lp—gn < 00,

=Y fifie1
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then (|d;z)|) € 47 (g,1).
Evidently, the conditions (a6) and (a7) can be easily shown.

Assume here and after the parts of theorem 3.3 are verified.

Theorem 3.4. (yfs(q, t)) is a p-q.B psssf.

ll-lp—qn

Proof. In view of Theorem 2.1, then (’yfs(q,t))”_upin is a p-q.N psssf. To prove that

(P (@ 0)|l,_gy 15 & P-g-B psssf, assume fo = (f2).en is a Cs in (v (g,1)))),_,x» then
for A € (0,1), we get mg € N for every m,j > mg, so

Hdm - d]prqN = Z < A~

Y fifi1

So h (lezo f2q. <3§L - dﬁ) ,6> < . Since (R(A), ) is a CMs. Therefore, (d1) is a Cs

in R(A), for fixed z € N. Therefore, ||37\” — cépr_qN < A=, for any m > mg. Obviously
from the linearity, d° € (’yfs(q,t))

ll-llp—an -

4. NTK-||.|,_qn-C

We will explore the existence and uniqueness of the fixed point of NTK-|.||,—qn-C
defined on wfs(q, t) in this section.
Supposing that the conditions of theorem 3.3 are confirmed. We will use in this part the
following two equivalent p-q.Ns:

N h(Xioo 2e-f2,0 R h (oo 2e- /2,0
[ Fllp-av = | > (Z= ) and | FI7 v =D (Ze )

Y fifi1 Y fifi+1

17}

for every f € ’yfs(q, t).

Theorem 4.1. The p-q.N ||J?Hp,qN satisfies the FP.
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Proof. Assume {;E} - (’yf’(q,t)) with limg_, oo “;E—a”p_q]v =0. As <7fs(q,t))

II |p7qN ”'”pqu

is a p-q.B, then u € ('yfs(q,t)> L . Hence
‘llp—gN
~ h (Z,IZZO TEQZ(fZ - @)a 0)
I = llp—qn = | D e
leN
- ~ l 9 ~ SN tz: % ~ I 9 T~ A t
< Z h (ZzzO szZ(fZ - ug)’ O) Z h (Zz:O fzqz(ug - UZ), 0)
= +
leN Tt Y fifi1

< inf || — wdll, ..
_Sgpégvllf u?|[p—gn

Theorem 4.2. The p-q.N ]? d  does not hold the FP under to > 1.
p—qN

Proof. When {;E} C ('yfs(q,t)) with limg s H&E—ﬂHgqu =0. As ('yfs(q,t))

15— [
is a p-q.B, then u € ('yfs(q,t)>
[

17}

. B (o2 (f —).0)
a3 =
I1F = 8l-aw IGZN fifi1
~ ~ —~ t N —~
|y B (oo faa(f — ud),0) Ly (S o f2ae(ul ). 0)

Y fifi+1 Y fifir1

17}

< 23 Vsup inf [|f — w2, v
> Sljlpcllrzljuf U ||p7qN

Definition 7. A mapping M : g‘?”pqu — Slprin is said to be o NTK-||.|p—qn-C if
there are {a;}3_; C [0,1) with a1 + a2 + a3 € [0,1) so that
M — Mk|p-qn < 1| Mu = ullp—qn + a2l ME = Ellp—gn + a3t = kllp—qn

S
-llp—an

for any ﬁ,@ eé
If M(u) =u, wesay u € gIISH , is a fixed point of M.
‘Ip—q

Theorem 4.3. Assume W : (7§(q,t)>
then W has a ufp.

— (yf(q,t))‘ is NTK-|.|p—on-C,

H-”pqu ‘-”pqu

U=
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Proof. When d € Wfs(q,t), then W™d € ’yfs(q,t). Since W is a NTK-||.||,—qn-C, then

W™ — WMd||p—qn < ar||[W™Hd — WMd||p—qn + aol|[ W™d — W d]|p_gn + as||[W™d — W™ 1d]|,_gn =

ag—l-Ozg g + a3

S

W™ — W ||,y <

as +az\" ~
g( . ) W=l
aq

2
) W™ td — W™ 2d||p—gn < ...

1

For every m,n € N so that n > m, we obtain
IW™d = Wdl|pgn < ar|[W"d = W™ 1d]ly—qn + aol[W"d = W d]lpgn + as[|W™ " d = W d]|p—gn

Qo + a3 m—1 s+ g n—1 PR N N
< (061 < ) + a2 < o ) ) HWd_ d”p—qN + O‘3HWm_1d_ Wn_lde—qJ

1—041 1-—

Hence, {Wmci} is a Cs in ('yfs(q,t)) . Since ('yfs(q,t)) is p-q.B. One has

||~||p—qN ||~Hp—qN

Ve ('y?(q,lf)) o with limy,—e W™d = 3. As ||.|[p—gn has the FP, so
‘llp—gN

a9 + Qg
1—0[1

m
W3 = Bl-ga < sup inf W1 W]y < sup i (220) - gy = .
i = v -

then Wv = 0. Hence, v is a fp of W. Next, when we have two fp a,v € <vfs(q, t))
of W with @ # v. Then

ll-llp—an

(1 —as)l[a =vllp—qn < ar[[Wa —allp—gn + a2 W0 = 0llp—qn = 0.

Soa=mw.

Corollary 4.4. Suppose W : <7fs(q’ >|| I -~ (
p—qN

‘"UD

) is NTK-||.||,—qn-C,
Il ‘p qN

then W has a ufp @ under | W™d— llp—gn < o (3£ )m |Wd— d||p gNFaz||[Wm= 1d—

a”pqu-

Proof. By Theorem 4.3, we have a ufp a of W. Hence

IW™d —@llp—gn = [[W"d —= Wallp—gn < ar|[W"d = W™ d||p_qn + az|Wa —@llp—qn + asl[|[W™ " d = |,

g+ a3\t ~ & 15 o~
= (PEL) W= gy -+ W= g
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Theorem 4.5. Assuming that W : ( S(q,t)

% (le:o fﬁqzcl;,ﬁ)

<'ny (q, t)) , where

112, n LI,

7 =

, for all de vfs(q,t) under to > 1. If the following

=Y fifi-+1

conditions

(k1) W is NTK-|. ||p aN "

(k2) W is ||.|2_,y-Seq.C at 7 € ('yfs(q,t)> , and
(B[

(k3) there is an element de (fyfs(q, t)) e so that the sequence of iterates {Wmc/l\} has

p—qN
a subsequence {W™id} converges to v,

are satisfied, then the vector v € (Wfs(q, )) e is the ufp of W.

p—qN

Proof. Let W© # . From parts (k2) and (k3), one obtains

mM; —» 00

lim [|[W™d —7%|5_,y = 0 and Jim [Wmittd — W2 x = 0.

Since W is NTK-||.|?_ n-C, then

p—qN "~
0 < [|[Wo —3|7_on = |(WT — W™HLd) + (W™id — 0) + (W™t d — W™id) |2

S 22: 2”me+1,0 o Wngin 4 22: 2||Wm7,,v _ v”gqu + 23 1 ( 127 alg) ||Wd - d”gfg

When m; — oo, we get a contradiction. So, W© = v. For the uniqueness, assume Wv = v
and Wa = @, where v,a € (,st (g, t)) and ¥ # a. Hence

2w
~ ~n3 ~ ~n3 ~ ~3 ~ ~i1 ~ ~;3
||U - a’”p—qN < ||WU - Wa”p—qN < alHWU - v”p—qN + Oé2||WCL - aHp—qN + 013H’U - aHp—qN'

So, v =a.

Example 4.6. Supposing that

b <7fs (((H{r’)f?%e/\f’ (Qll"?)le/\f>>ll.pqzv - <,ny (((H{’))h >ZGN (2l+3>lej\/)> ’

" I-llp—gn
where
~ ; ~ 0\ 2
R h (ZZZO 2%5’0> +2 ~
1lp—qn = with 5,d € (vs ((1) (24) ))
b lezj\f flfl-‘rl f (l+5)fl2 leN I+2 leN ”-”p—qN
and R R
(C/l\) _ %\, Hdequ € [07 1)’
4 Ndllp—qn € [1,0)
5° H p—gN )y Q).
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If Hde*qu ”@Hp*qN €[0,1), one has

~

~ R d 1 3v ~
103 - 0l = 15~ g lo-ar < 5= (I} o 1) + 0113 Bl
1 ~ PN ~
=3 | ®d — d”p—qN + [| v — ”Hp—qN +0.1d - UHp—qN-
V27

Iflldllp—qn: [0llp—gn € [1,00), then

~

~ d 1
||q)d_ q)UHp—qN — H5 ”p qN = \/7<|| Hp qN + || Hp qN) +0 2Hd_ UHP qN

1 ~ o ~
= = (19d = dllp—qn + 198 = B, g ) + 0.2[|d = B[, —q-
V64

Suppose H&\Hp—qN €[0,1) and ||V]|p—qn € [1,00), then

~

~ =N d 1
[0 — @8- = 5~ Dl < r” . Do + mn g+ 0.1~ Bl
r”‘bd dllpg + r|r<1>v Bllpqn + 0.1]1d = Blp—qv-

Therefore, ® is NTK-|.||p—qn-C. Since ||.||p—qn verifies the FP. By Theorem 4.3, one
obtains ® has a ufp 9.

1 2043 i (@) —(0) -
Assume {d )} C ( (<(l+5)f12)lej\f’ ( ) )leN>>| . under limg o0 ||d dO||p—qn
lip—q

0, where

—

0) s 1 2143 _ N
) e (”Vf (((l+5)h)ze\f (2 )zgv))u.p_q o [0 gy = 1. 4 the p-a:N o

18 continuous, one gets

d@ g 40
hrn ”‘I)d a) - ‘I’d Hp gN = 1131 Hi - ?Hp—qN = H%Hp—qN > 0.

Hence, ® is not ||.||,—qn-Seq.C at dO). Therefore, ® is not continuous at d(©).

h (Zz—o zdi—i5’ 0) " N
= ~ S 1 2143
Assume ||de gN = Z , so thatd,v € <’Yf <<(l+5)fl >leN ( )le/\/>>| 2 ‘
lp—gN

i fif141

For ||d||§_qN, ||@||127_qN €[0,1), one gets

2
|1®d — ©D|2_ = || ||,, o < r(” || qN+u Ity o) + 0.05]d = B2

2 ~ ~ o~ ~ .
= ﬁ(ucbd— A2 g + 1197 = B]2_ ) +0.05]1d — B2_ -
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IfHde gN>» ”va gN € [1700)7 then
d o -~
Iz - 212 12 ) +0.011d = 2y

1 —~
=1@M—w%w+wvlmq@+omw—wpw

40

When ||c/l\|\12?_qN €1[0,1) and ||5H12?_qN € [1,00), one obtains

2 1
H(I)d (I)U”p gN — ||

Hp gN = \/*H 4 ||p qN
|®d — d||,, wt g \|<I>a—a||§_qN+0.01||d

4V | 5
” ”p qN+001Hd va qN

qu

\/7

ima ||d||p qN € [07 1)’

Therefore,  is NTK-||.|[}_,x-C and ®"(d) = {43 3 —q € [1,00)
Bm p—gN T

0 S 1 2043 m 7
Clearly, ® is ||. Hp N-5eq.Cat v € <7f <<(l+5)fz )leN ( )leN>> ™ and {®™d}
includes a {®™ d} converges to J. According Theorem 4.5, the element 9 is the ufp of .

Example 4.7. Assuming that

: <7fs <<(l+15)fl>lej\/ <QZ+3)leN>>|I‘f,_qN 7 <7fs (((l+15)fl>le/\/ (Mg)za\/)) ’

112,

where
21+3

h(XhoZ5.0)) -
d E —c , 50 thatd € | ~3 < : 23 >)
| ”p W leN fifi1 (’yf <(l+5)fl )lEN ( )ZEN
and for all t € A,

112,

(i@ +d), dot) € [0, 9),
D(d) = q 341, do(t) = 3,
e, do(t) € (5,1]
rige(F ((whe) ., (32) ) with Fot), Go(t) € [0, 1), then

IL12_

(f gOafl .é\lan*gAQa"')H;z)—qN

>~ =

1®f = @Gl7_gn = 15

IN

gl a\w

(nupw+u T2 ) + 00317 ~ G2 o

= (197 = T2+ 187 — 313 ) +0.0317 — 512
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7o s L\ (23~ ). 6 1
For every f,g € (fyf (<(1+5)fz2)l:0’ < s )10)>-|I,2,qN under fo(t),go(t) € (5,1], hence
foralle; >0 and i=1,2, and 3, we have

|2f — @gl7_gn =0 < e1l|®F — fl7_gn + 2097 — Gl g + esllf — Fll5—gn-

Iff,@ie (,st ((W)io, (%}))io»ll-llzq}v with fo(t) €0 ,3) and go(t) € (%, 1], then

~

I 1 3f 1
Hinp—qN < \/*” 4 ||p gN — r
10F = FI2-g + 195 = GI2_q ) +021F = G124

l2f — @gl7_on = 1©f = Fllp—qn +021f = 3l5_gm

< \ﬁ(
Hence, ® is NTK-|.|[2_ \-C, ||.|>_,n-Seq.C at 1&1 € <,st. << ; 15 ) <2H3) )) ,
pP—q p—q (I+ )fl le/\/ leN ”‘H;Q)—qN

discontinuous at 31, and we have d so that dy € [0, ) under {@mc/l\} = { S 4%6/;\[—%4%67}
has a {(ijgl\} = { a 71 ic e1+ c/i\} converges to % By Theorem 4.5, ® has ufp at %a.

for®: <7*S <((l+15)fl2>lej\/’ GT;)leN)).np_qN - <’yfs <((l+15”l >16N (2Z+3>ZGN >>||.||p_qN’

20+3

5 ﬁ(Zz 02%5’@ " > S 1 2043
where dllp—on = l%\; fifi+1 Joraltd € <7’( <((l+5)f?>ze\/’ ( 42 >l€/\f>> -llp—qn
v7ae (F () L (B5).0)) ., vt 000 € 0.3), then
(07 051 = 125~ s~ B Mo = e (1 o+ 1) + 0011 1,
< <= (187 = -y + 195 = Gll-qr) + 0001 F = Gll-or:
Suppose f,§ € ( ( T fz) (QZ{F—’;;)ZO))”'lqu with fo(t), do(t) € (3,1], hence for
alle; >0 and ©=1,2, and 3, then

@ = @Gllp-gn =0 < 1| ®F = fllp-gn + 2[99 = Gllp—gn + &3]l f = Gllp—gn-

Ifﬁ:q\ € ('yfs ((W)ZO, (2/‘:—23>ZO))|| | with ﬁ)(t) € [0, 3) and go(t) € (%, 1], one
obtains R

/\

1 3 1
- < = 2 o
oY D)

< = (107 = Flp-aov + 1195 31, - qN)+001Hf llp-av-

[@f = ®Gllp-—gn = [I5 ||‘I>f = fllp—an
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Therefore, ® is NTK-|.|[p—qn-C. As ||.|p—gn verifies the FP. By Theorem 4.3, ® has a
ufp e1.

5. Applications

Understanding economic models requires a firm grasp of summable equations, which of-
fer a mathematical basis for investigating issues like producer and consumer surplus, total
cost computation, and revenue functions, among others. The use of summable equations
in the formulation and solution of economic problems has recently expanded substantially.
Take a look at [2, 8, 10, 18, 21] and the citations that follow.

We present the existence and uniqueness of the soft dynamical systems (1) in (*yfs (q, t)) o ,
‘llp—gN

where the conditions of theorem 3.3 are confirmed under the two equivalent p-q.Ns

|7]|p—gn and ||9||;:;—qu for any v € fyfs(q,t).

Theorem 5.1. Assume that & : N' — R(A). The dynamical systems (1) have a unique
solution in ('yfs(q, t)> whenever if there are €; € R. so that 333, sup, ]5,\% €[0,1)

H-”pqu

and for every u € N, then

> (Z LaolP0z — %,@]) fada

d=0 \veN

<le1]

u
S (@1 Ay rw) Pau
d=0

veN

u u
s (ﬂd B S R ) B + 5113 (72— &) P
d=0 veN d=0
Proof. Let ® : (’y?(qﬂf))u | — (fy}?(q,)ﬁ)) U is defined by equation (2). By
Alp—gN ‘llp—gN
Theorem 4.3 and o o

1
3

o B (oo fBaa @5 — ©6).0)
@V — BE][p—gn = Z Fuf
weN wlu+1

=

tu

|y (M (B Tanttor — 0, g )

ueN fufu—i—l
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U=

tu h <ZZ:O (ﬂd - 721 + Z'UGN Fd,U\IJU,TJZ> j%qd’a>
< sup|eq] 2 Z -
“ ueN ufu+1

1

s[5 (B Bt )

ueN fufqul

+ S%p |53|tiu Z (Zd 0 ( €d> fde, )

weN fufu+1

tu ~ ~ tu =~ tu |~ o
= sup |e1| T || PV — V|p—qn + sup [e2| Z || R — £]lp—qn + sup [e3] T |V — €]|p—qn-
u u u

we have a unique solution of the dynamical systems (1) in (’st (q, t)) m .
p—aqN

Example 5.2. Supposing that (,st <<m)u€j\/” (2:;3)”6]\[)) o , where
llp—gN
2u+3
_~ u+2
(Zd 0 d+17 )

[Dllp-gn = |

ueN fufut1 Jor all € (fyfs <(m>u€/\/7 (2;i23>uej\/>)

Assume that the NLDEs:

”-prqN

—

V"E
Vg = logg(d4 +1)+ Z cosh d cos® v — =2 (4)
oeN vy o+ tanh(21} + 3)

for every x,y,v_5(t),v_1(t) > 0, under t € A.
Let the mapping ® be defined as

P : (vfs (((u+11)f3>ueN (2:;:23)“@«))

where

(). G )

H-”pqu H'”pqu

—

Vm
Q(Va)den = (1og2(d4 +1)+ Z cosh d cos® v — d— 2 ) .
veN l/d s tanh(ZU +3) deN

()
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« 2u+3
Obviously, we have g; € R with >°_, sup, |e;|2e+1 € [0,1) and for any u € N, hence

- coshd 1% .
Z ( — 2 (0052 v — cos? v)) 244
d=0 \wen Yy, + tanh(2v + 3)
e S
<|eq| Z (logQ(d4 +1)— g+ Z cosh d cos? v— =2 > f2qq| +
d—0 veN 1/371 + tanh(2v + 3)
u . n/x—\ u
[ (@5 1) oot )Y 0
d=0 veN Mg + tanh(2v + 3) d=0

By Theorem 5.1, the NLDEs (4) include a unique solution in <,ny ((W) " (2;53) N) )” | )
w/ ue ue Alp—qN

Theorem 5.3. Assume that @ : (fyfs(q,t))” = — (’yfs(q,t))H | is defined by (2).
lp—gN .

a
p—qN
The dynamical systems (1) have a unique solution Z e (fyfs(q,t) LR when the follow-
Np—gN

ing conditions are satisfied:

(k1) Suppose I' : N? — %, ¥ : N x R(A) — R(A), 7 : N — R(A), 5 : N = R(A),
£: N = R(A), if one has ; € R under 2>2723°2_ sup,, |e;[t* € [0,1) and for every
u €N, one gets

u u
> <Z Lao[Vois =¥, ¢ ]) fada| <lexl | <ﬁd — ity rd,vwv7a> Faaa
d=0 \veN d=0 veN
u P - s -~
+leaf [ <5d — &+ Y Fd,u%@) Fada| + lesl| D (951 - §d> fadal-
d=0 veN d=0

(k2) b is ||'||g:)l—qN-Seq'C at Z € (’YfS(Qat))H“: Nz
p—q

(k3) there is Y € ('yfs(q,t)> R with {®™Y} has {®™Y} converging to Z.

Proof. By Theorem 4.5 and

ty

N B (oo faa( @5 — ©6),0)
dv — L7y =
H Hp an uezj\/ fufu-i—l

_y (ME (BTl — 0] i 0)

ueN fu fu+ 1

ly
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z o -~ t1l4
h (ZZZO (ﬁd —Da+ Y pen rd,v\pm) 44, 0)
<2 Psup el 3 fuf "
" ueN ufu+1
ty
232 t (Zd 0 (Bd - gd + EUEN Lg,W ) fde, )
2°="sup |ea|"™ Z +
v ueN fufu—f—l
h (EZZO (% - gd) f?l(Jdv/d)

P supleaf 3

u weN fufu—l—l

< 92372 <sup le1|™ | @D — D7 g + sup o™ [| @€ — €]l7_yn + Sup el 17 — €Iy~ qN>

That gives the required.

Example 5.4. Supposing that ( s ((#) ’(2u+3) )) ,
p upposing that | 7; WFDE ) yen” \ut2 ) e n e qN where
(Zd 0 d+1> ) o
v , omuae( S((#) 7<zu+3> ))
” ”p qgN — UEZ/\[ Fufurt [ V WADFE /) e ut2 ) ez I. HP "

Consider the dynamical system (4) and the mapping

®: (o ((W)%N (25r23>ueN>)n.ug_qN - (o ((W)%N (25$23)ueN)>|.||g_qN
as defined by (5). Assume ® is ||. Hp qN-Seq.CatZ € (’yfs ((W)ua\[, <2#j23>ue/\f>>| 2
12N

and one has Y € (,st ((

1 2u+3 . B kn O .
(u+1)f3)ueNa ( Wi )ueN)>||,2qN with {®*Y'} has {®*"Y} con

~ 2u+3
verging to Z. Clearly, there are ¢; € R such that 42?:1 sup,, |€Z|T++2 € [0,1) and for any
u €N, hence

i (Z ,\COSth/di )(COS2U_COS v)) fde

ven' Vo1 + tanh(2v + 3

d=0
- “ Ve
<|eq| Z <log2(d4 +1)— g+ Z cosh d cos® v — 42 > faqa| +
d=0 veN vy o+ tanh(2v +3)
u u
leal 1> <10g2(d4 +1) =g+ Y coshdcos®v — i = ) Figa| + lesll Y (Va = Tla) Figal-
d—0 veN nYy_, + tanh(2v + 3) d—0

In view of Theorem 5.3, the dynamical systems (4) have a unique solution

Z e (7f (((U+1)f%)ue/\/’ ( ut2 >ueN)>-||2 N
p—q
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6. Conclusion

In this article, we discussed several topological and geometric characteristics of

<’ny (q, t)) N . Analyzed is the novel Kannan contraction operator in this space, along
llp—gN
with the potential for a fixed point. We conducted numerous numerical experiments

to validate our theories. Investigations are conducted on soft functions with non-linear
uncertainty equation implementations. Future work uses the innovative soft function space
to analyze the fixed points of the new type of Kannan contraction operator, providing a
new universal solution space for a variety of stochastic non-linear dynamical systems.
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