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Abstract. In this paper, we introduce the superfluous kernel property in order to characterize
generalized hereditarily Hopfian groups. Then, we state our first theorems in this regard, through
the study of two categories of Abelian groups, namely the reduced p—groups and the reduced
torsion groups. In fact, we answer to the open question about the implication from generalized
Hereditarily Hopficity to finiteness. Additionally, we succeed to prove a third theorem for the
category of the divisible p—groups. Along all these results, we also try to benefit from the properties
of Hereditarily Hopfian groups to easily reach the generalized hopficity property.
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1. Introduction

In modern Algebra, the concept of Hopficity plays an interesting role as it has been
introduced to various algebraic systems, including Abelian groups, modules, rings, topo-
logical spaces, and functional spaces [18]. Nielsen used in 1921 [16], a purely algebraic
method to show that a finitely generated free group can not be isomorphic to its proper
factor group. Eleven years later, Hopf showed the same result through a topological
method [2]. Then, in 1944, Baer extended the study of Hopfian groups through the names
of Q-group and S-group [17]. In relation to Abelian groups, Baumslag showed in 1962, how
the property of Hopficity can be applied to gain a deeper understanding of such groups [3].
Three years later, Corner presented concrete examples that illustrate that concept in the
context of torsion-free Abelian groups [4]. Then, in 1969, Irwin and Takashi presented a

*Corresponding author.
DOLI: https://doi.org/10.29020 /nybg.ejpam.v18il.5645

Email addresses: bouzendagal1978@gmail.com (A. Bouzendaga),
seddikabd@hotmail .com (S. Abdelalim), i.elmouki@gmail.com (I. Elmouki)

https://www.ejpam.com 1 Copyright: (©) 2025 The Author(s). (CC BY-NC 4.0)



2 of 13

specific case of a quasi-decomposable Abelian group that possesses neither distinct isomor-
phic subgroups nor distinct isomorphic quotient groups [14]. In the 80’s, Hirmath in 1986,
studied the Hopficity in the context of rings and modules [13], then, after two years, Kaidi
and Mamadou provided a characterization of Artinian rings with principal ideals [15]. We
can also find the work of Haghany who explored in 1999, both Hopficity and co-Hopficity
within the context of Morita and which play a significant construction in category theory
as it establishes equivalences between categories of rings [11]. Ghorbani and Haghany also
extended this work in the context of modules by introducing generalized Hopfian modules
[12]. As for the 21st century, Gang and Zhongkui also explored in 2007, new criteria on
Hopfian and co-Hopfian modules [19], then published a note in 2010 where they provided
generalizations on these concepts [20]. More recently, Abdelalim et al. provided a charac-
terization of strongly Hopfian Abelian groups [1, 5] using background from [6, 7].

In our present paper, we characterize generalized Hopfian groups within the category
of Abelian groups, based on a series of results in the context of Hopfian hereditation. For
that, we first demonstrate that generalized hereditarily Hopfian reduced p—groups are
finite. Next, we prove that reduced torsion groups are generalized hereditarily Hopfian if
and only if their p-components are finite. Finally, we prove that a divisible group is gen-
eralized hereditarily Hopfian group if it is a finite direct sum of quasi-cyclic group Z (p*°).

The paper is organized as follows. In section 2, our first theorem states that general-
ized hereditarily Hopfian reduced p—groups are finite, while the proof uses properties of
pure subgroups, basic subgroups, bounded groups and direct summand. As for section 3,
our second theorem states that reduced torsion groups are generalized hereditarily Hop-
fian if and only if their p-components are finite, while the proof uses the previous result
in addition to the fact that a torsion group is a direct sum of p-components. Then, in
section 4, our third theorem provides the condition to characterize a divisible p—group as
a generalized hereditarily Hopfian group., and this has been reached by using a character-
ization of divisible p—groups.

For the convenience of reading, here is some information regarding the notation and ter-
minology. Throughout the paper, when we refer to a group, we are referring to an Abelian
group with additive notation, also we use the following notations: p is a prime number, )
is a group of rational number,Z is a group of integer number, D is a divisible group, R
is a reduced group, G is a p-component of G,Z (p™) is a quasi-cyclic group, G/H is a
quotient group, B is a p-basic subgroup, (x) is a cyclic group, @ is a direct sum, ¢, o and
¢ are groups homomorphisms.

2. On generalized hereditarily Hopfian p—groups

In this section, we state our first theorem which says that every reduced generalized
hereditarily Hopfian p—group is a finite group. But before that, we use three lemmas and
one proposition to achieve the proof of this result.
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We recall that a group G is Hopfian if every surjective endomorphism o« : G — G is
an automorphism. This is also equivalent to say that G is not isomorphic to any of its
proper quotient groups. Some examples of such groups are finite groups, finitely gen-
erated free groups, finitely generated residually finite groups, and torsion-free groups of
finite rank.

We recall that groups needed in the proof of our theorems thereafter are about the follow-
ing types.

Definition 1. (i) Torsion group (An Abelian group G is a torsion group if Vx € G :
o(z) < o0).

(ii) p—group (A group G is said to be a p—group when the order of every element is a
power of p, with p a prime number).

(i1i) Bounded group (A group G is bounded if there is n € N* such that nG =0).

(iv) Divisible group (An Abelian group G is a divisible group if for any a € G and
integer m > 1 there exists b € G such that a = nb. Otherwise expressed, G is
divisible if nG = G holds for every natural integer n).

(v) Reduced group A group (G is said to be a reduced group if it does not contain any
proper divisible subgroups).

(vi) Direct summand (A subgroup B of A is called a direct summand of A, if there is a
C < A such that A= B & C. In this case, C is a complementaray direct summand,
or simply a complement of B in A).

(vii) Basic subgroup (A subgroup H of a torsion group G is basic if H is a direct sum of
cyclic p—groups and it is pure in G, and G/H is divisible.)

(viii) Pure subgroup (A subgroup H of a group G is said to be a pure subgroup if
Vne N HNnG =nH).

(iz) Small or superfluous subgroup (A subgroup H of a group G is called small or super-
fluous (denoted H < G) if, for every subgroup K of G, the condition H + K = G
implies K = Q).

(x) Small or superfluous homomorphism (An homomorphism ¢ of G is called small or
superfluous if Ker(y) is superfluous in G).

(zi) A Hopfian group (A group G is called a Hopfian group if, every surjective endomor-
phism is an automorphism).

(zii) Generalized Hopfian group (A group G is called a generalized Hopfian group if, for
every surjective endomorphism p, Ker(p) is superfluous subgroup.
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(xiii) Hereditarily Hopfian group (A group G is said to be a Hereditarily Hopfian group if
every subgroup H of G is Hopfian group).

For more information about other properties of these groups, the reader could check
the books [8, 9].

We start with the following two remarks that are important thereafter.

Remark 1. If G is a finite group, then G is Hopfian and hereditarily Hopfian group. In
fact, if we consider a finite group G, and ¢ € End(G) an epimorphism, then G/ker(y)
and G are isomorphic. By wing the Lagrange theorem, we get |G/kery|.|kerp| = |G|.
Therefore, |kery| =1, and then ¢ is a monomorphism, thus G is a Hopfian group. Finally,
since all subgroups of G are finite, so they are Hopfian, hence, G is hereditarily Hopfian.

If we consider just the case of reduced p—groups, our motivation arises from the fact
that Goldsmith in [10] proved that there is an equivalence between the hereditarily Hop-
ficity (co-Hopficity as well) and finiteness, but could we claim that a generalized heredi-
tarily Hopfian group is finite? One could just take Z(p>) as a counterexample.

We need this following proposition as well.

Proposition 1. Let G be a hereditarily Hopfian group. If H is a subgroup of G, then H
is hereditarily Hopfian.

Proof. Let G be a hereditarily Hopfian group.
Suppose H is a subgroup of G.
Then, H is a Hopfian group. Now, let K be a subgroup of H.
Since K is a subgroup of G, it follows that K is Hopfian.
Therefore, every subgroup of H is Hopfian, which shows that H is hereditarily Hopfian.

Remark 2. If G is hereditarily Hopfian group, then G is generalized hereditarily Hopfian
group. In fact, if we consider a subgroup K of G, then K is hereditarily Hopfian by
Proposition 1, thus K 1is generalized Hopfian subgroup, and therefore G 1is generalized
hereditarily Hopfian group.

Lemma 1. If G is a generalized hereditarily Hopfian group, and H is a subgroup of G,
then H is a generalized hereditarily Hopfian subgroup.

Proof. Since G is a generalized hereditarily Hopfian group, then H is a generalized
Hopfian group. and again, using the same method as in the proof of Proposition 1, we
conclude that H is a generalized hereditarily Hopfian group.

Theorem 1. Let G be a Abelian reduced p—group. Then the following properties are
equivalent,

e (a) G is finite group,
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e (b) G is hereditarily Hopfian group,

e (c) G is generalized hereditarily Hopfian group.

Proof.
e (a) = (b) is obvious due to Remark 1.
e (b) = (c) is obvious due to Remark 2.

e (c) = (a). In fact, this is the right remaining question that is still open.

Let G be a generalized hereditary Hopfian group. According to Theorem 32.3 [8], G
contains a basic subgroup B, and since G is a p—group (then of torsion), then

9
b= @Bn’ By = @<xi,n>v I, CN, OI‘d(IEi’n) = pn
n=1 icl,

To prove that G is finite, it suffices to show that G = B and B is finite.

Since G is reduced, it is necessary to prove that B is a direct summand of G. Being
B is a basic subgroup of G, it implies that is pure. But according to Theorem 27.5
(Kulikov, [8]), it remains to prove that B is bounded to become a direct summand,
which will be shown hereafter by contradiction.

Assume that B is not bounded. Then, for every integer n > 1 and prime p, we have:
p"B#0 < p"(B1®Bs® - B, ®Bpy1®...)#0

— pn(BnJrl D Bn+2 D.. ) 7é O»
then there exists increasing sequence my > n with £ > 0, such that B,,, # 0, and
also we can write By, = (T, )) @ B’ with ord(zy,, ) = p™* and B’ = P | (Tm,)-
It is clear that B’ is generalized hereditary Hopfian subgroup of G, by lemma
1, because B’ is subgroup of G.
Let ¢ the following map defined by

B — B’
ng no—1
Zk:l METmy, ? Zk:1 Mpk4+1Tmy, -

It is clear that ¢ is a surjective endomorphism, and we can write B’ as:

B = (@) & B 5 (tmy) C ker(9) & By (wm,) C B’

Thus, B' = ker(p) ® @rey(zm,) and consequently B" = @7, (zm, ), which is ab-
surd. Consequently, B is bounded group.

Since also B is a pure subgroup of G, then B is a direct summand of G.
Therefore, G = B&C by Property (a) of page 38 in [8], and thus G/B is isomorphic
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to C, and also G/B is divisible .

Hence, C is a divisible subgroup of G, by Property (D) of page 98 [§].

Since G is reduced, then G contains no proper divisible subgroup, which implies that
C =0, and consequently G = B.

It remains to prove that G is finite.

To do this, we will show that B is finite and this holds true when card(By) < oo,
with 1 <k <n.

To achieve this, let us suppose that there exists a nonzero positive integer kg such
that card (Bg,) = 00, and Bk, = ®iyery, (Tiy,ko) With card (Iy,) = oo,

then By, = @ren (xik,;.m) EB Diper <xik7k0> with T' = Iy, \ {’ik, ke N}

Let H = ®ken (i, k), Wwe remark that H is generalized hereditarily Hopfian group
according to Lemma 1, and we define the following surjective endomorphism of H,

¢ H — H
Zno ) — Znofl )
k=1 "MkTiy, ko k=1 Mk+1Tix ko

we have H = ®pen (4, k) OF

H = (i, ko) D Pren+ (Tiy ko) C ker ¢ D Open+ (T, 1) C H, then

H = ker ¢ @ ®ren+ (Ti, k), and since H is generalized hereditarily Hopfian group,
then H = @gen- (T, k), Witch is absurd. Therefore, B is finite, and consequently,
G is finite.

We have just showed that an Abelian reduced p—group, is generalized hereditarily
Hopfian, when it is finite. Now, let us expand our research and ask the question: What
are the generalized hereditarily Hopfian groups within the category of reduced torsion
groups? The answer to this question will be provided in the following section.

3. On reduced torsion generalized hereditarily Hopfian groups

We recall that groups needed in the proof of our next theorem hereafter are about the
following types,

e Group G, (Let p be a prime number, the p-component of an Abelian group G is the
group Gy, defined as, G, ={a € G/o(a) =p", n€ N}).

Lemma 2. Let G be an Abelian group. If G is a generalized hereditarily Hopfian group
then the direct summand of G is a generalized hereditarily Hopfian group.

Proof. Let G=A® B, let ¢1: A — A be a surjective endomorphism and let ¢ :

$:G=A®B — A®B
1+ X9 — o1 (71) + 22
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It is clear that ¢ is a surjective endomorphism because for all x = x1 +z2 and y = y1 + yo,
where x1,y1 € A and y; + y2 € B, we have,
Pz +y) = d(@1 +x2+y1 +12)
= ¢(x1 + Y1 + 22 + Yo)
= p1(@1 + Y1) + 22 + Y2
= p1(z1) + 22+ 01(y1) + ¥2
— 6(2) + 6(y).
Then ¢ is an endomorphism. And we have ¢(G) C G.
Let us check that G C ¢(G).
Let € G, there exists (z1,22) € A X B such that = = x; 4+ x2, then x = ¢1(2)) + z2
(because ¢ is surjective) and also x = ¢(z] + z2), then = € ¢(G), therefore G C ¢(G),
and thus G = ¢(G), hence ¢ is surjective.

Let us now show that A is generalized hereditarily Hopfian.
Assume that H as a subgroup of A such that H+ker(¢1) = A, then G = H +ker(p;)®B.
Since ker(y1) C ker(¢), and G is a generalized hereditarily Hopfian group , it follows that
G=H® B.
Since H < A and G = A® B, we conclude that H = A, hence A is generalized hereditarily
Hopfian group.

Theorem 2. Let G a reduced torsion group, then G is generalized hereditarily Hopfian
if and only if G, is finite for every prime number p.

Proof.

=) Let G be a reduced torsion group.

Suppose that G is generalized hereditarily Hopfian, and let us show that G, is finite for
every prime number p.

Since G is a reduced torsion group, then according to Theorem 8.4 of page 43 in [§],
G = @p G)p and with Lemma 2, we therefore have, G}, is a p—group that is generalized
hereditarily Hopfian, and also a reduced group, which implies by Theorem 1, that G, is
finite. Therefore, G}, is finite for every prime number p.

Conversely: <)

Let us assume that G, is finite for every prime number p.

Let G1 <G, G = @p G1,, Gi1, <Gp, ¢:G1 — G be a surjective endomorphism,
and let ¢, : G1, — G1, be the restriction of (.

Let us check that ¢, is surjective for every prime p.

Suppose that y € G, then y € G, implying the existence of 2 € 1 such that p(x) = y.

Since G = @p G, =G, @ G where G = @qu
implies x = x, + 2 where rp € Gp, and © ed.
Therefore, @(x, + ') =y implies () + p(z') =y, and thus @,(z,) + ¢(z) = y.
Since ¢,(zp) € G, and y € Gy, then o(z) = 0, leading to ¢(x,) = y.

This implies that ¢,(zp) = .

Gy, with p # ¢, we have z € G,

q
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Therefore, we have the existence of x;, € G1, and then ¢, is surjective for every prime p.
Since G, is finite because it is a subgroup of a finite group G, then ¢, is bijective, and
therefore, G1, is Hopfian for every prime p.

Hence, all subgroups of GG; are Hopfian, and then G is hereditarily Hopfian group.
Thus, according to Remark 2, G is generalized Hopfian group, and therefore G is gener-
alized hereditarily Hopfian group.

In the previous sections, we have examined the property of generalized hereditarily Hop-
ficity within the categories of reduced p—groups and reduced torsion groups. Now, we
expand upon those findings to study the case of divisible p—groups.

4. On generalized Hopfian divisible p—groups

In this section, we characterize generalized Hopfian groups in the category of divisible
p—groups.
We note that the group needed in the proof of our final theorem hereafter is about the
divisible group as recalled among the classical definitions listed in Section 2.
In addition, we will also need the following property, see [8] and which states that G is a di-

visible group if and only if G can be expressed as G = (&,,()Q) D [@pe p (@) Z (poo))]

such that Q is the rational group, while we recall Z (p>°) is the Prufer group to be defined
as follows.

Z(p>) is a fundamental example of a quasi-cyclic group or a group of type p>. It is
commonly used in the theory of Abelian groups and the classification of finite groups.

It is generated by a sequence of elements a1, az,as, . .., an, ..., or Z(p™) = U=, (a;) where
each element a,, satisfies the condition o(a,) = p™ which means that a,, has order p" with
p a fixed prime number.

The relations between these generators are given by the following equations,

pay =0, pag =ai, papnty1 =ay, VneN.

This means that a; is annihilated by multiplication by p, and each subsequent generator
an is related to the previous generator a,,—1 by multiplication by p.

The elements of Z(p>) are of order p™ for increasingly larger values of n and its structure
is such that each subgroup (a,) is contained in the next as,

{(a1) C (a2) C {(a3) C --- C Z(p™).

This means that each subgroup generated by a,, is contained within the subgroup generated
by an+1, and every element of Z(p>) can be expressed as a linear combination of the
elements ai,ao, ..., with integer coefficients.

If © € Z(p™), then x is a multiple of some a,,, which can be expressed as,

x € Z(p™®) <= Im € Z,Jay, € {a1,az,as,...} such that x = may, and m Ap = 1.
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This means that each element = of Z(p™) can be written as a multiple of a; by some
integer m coprime with p.

Theorem 3. Let G be an Abelian divisible p—group. G is generalized hereditarily Hopfian
group if and only if G = @1, Z (p™) such that card(l,) < co.

Proof.

o =)
Let G be a generalized hereditarily Hopfian group.
Let us show that G = ®;cr, Z(p™) where card(l,) < oo.
Suppose that card(I,) = co, then we can write G = G1 @ G} with G| = (852, Z(p™));
and Gy = (872, Z(5™)k

and we consider now,

(;5 : Gl — Gl
_ no no—1
T= ) 1Tk Zk:1 Yk

with zx, yx € (Z(p™°)k, Yk = Tht1s Yno = 0.

It is clear that ¢ is a surjective endomorphism and ker(¢) = Z(p>°); = Z(p>),
We can write G1 = Z(p™°) P(B2,Z(p™))i C ker(¢) B(2,Z(p>°)); C Gy, then
ker(6) D@2, 2(™),) = Gr

And since G is a generalized hereditarily Hopfian group, then by Lemma 1, G is also
generalized hereditarily Hopfian group, then ker(¢) < G, thus G1 = (©2,Z(p™))s,
which is absurd, therefore card(I,) < oo.

e Conversely: <)
Let G = ;" Z(p>) be a divisible p—group, and let G; be a subgroup of G.
Now, we aim to show that GG1 is generalized Hopfian, and for this, we need to discuss
the two possible following cases.
First case. Let assume that G; = @."°; Z(p>), where ng < n.
Consider the epimorphism ¢ : G — Gy
As we have recalled in the introduction of this section, it is known that Z(p*>) =
Uzo:1<ci,n>7 where ord(c; ) = p", and p(cint1) = Cin-
For ¢; 1 € Gy, there exists t; 1 € G such that ¢(t;1) = ¢;.1, because ¢ is an epimor-
phism of G1. Since p(t;2) = t; 1, the subgroup (Jp—, (¢ ) is a divisible p—group.

This implies that,

ng 0o no

(tig) = @Z(Pw) =Gi.
1 i=1

i=1 k=

Now, let us check that ker(p) < G1 or G1 = Ga, such that G; = ker(p) + Gba.
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We have ker(y) = @7, (pt;1) because,

ng no no
@ (Z mztzk> = mip(tix) =D mici =0,
i=1 i=1 i=1

This implies that m;c; , = 0 for 1 <7 < ng. Hence, Pk | m;, so m; = pkm;.
Therefore, m;t; j, = m;pkti’k = mipt; 1.

We define pM = max(ord(pt;1),1 < i < ng). Then, for every element h € ker(yp),
we have pMh = 0.

Now let ;1 € Gy, then t;;, = pMt; ks, and also ¢ g ar = h + ga, where h € ker(yp)
and go € Go.

Substituting, we have
pMtiniar = p" b+ pMgs.
which implies that
tie =" tiprar = p"h+pYga = pV g2 € Go,
because pMh = 0. Therefore tir € Ga.

Since t; , € G, it follows that G C Ga. Conversely, by construction, G2 C G.
Thus, G1 = Go. Consequently, G; is generalized Hopfian.

Second case: G1 =D ¢ C.
Now assume G1 < G. Then, by Theorem 21.3 [8], we can write:

Gi=DaC,

where D is a maximal divisible subgroup and C is a reduced subgroup.

Consider the surjective endomorphism ¢ : Gy — G

Denote ¢p as the restriction of ¢ to D, that is, oyp : D — G
o as the restriction of ¢ to C, namely ¢ : C' — Gy

Take the projection p; as,

p1:G1—>C
c+d—c

and the projection po as,

pQZGlﬁD
c+d—d
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We have pypc : C'— C' is bijective.

In fact, for y € C, there exists x = ¢+ d € G, with ¢ € C and d € D, such that
p(x) =y (%)

Expanding, we have p(c+d) =y, so ¢(c) + ¢(d) = y.

Applying the projection p1, this gives pi(p(c)) + p1(e(d)) = p1(y).

Since p1(p(d)) =0 (as ¢(d) € D and p; maps D to 0) and p1(y) = y, it follows that
pi(p(c)) =y or pi(pc)(c) = .

Thus, there exists an element ¢ € C such that pypc(c) = y, showing that pypc is
surjective.

Since C'is reduced p—group and of finite rank, it is finite, and hence, p1¢¢ is bijective.

We have popp is surjective, because if we take y € D, then there exists x € Gj,
with z =c+d, c € C, and d € D, such that p(z) =y.

Applying the projection py, we get p1(o(c+ d)) = p1(y).

Expanding, this gives p1(¢(c)) + p1(¢(d)) = p1(y)-

Since p1(¢(d)) = 0 (as ¢(d) € D and p; maps D to 0), and pi(y) = 0 (because
y € D), it follows that p1(p(c)) = 0 or p1(ec(c)) = 0.

Because now pjc is bijective, p1(pc(c)) = 0 implies ¢ = 0.

Thus, x = d, and applying the projection ps to (%), we obtain pap(d) = pa(y), or
p2wp(d) =y, so there exists x = d € D such that pepp(d) = y, therefore popp is
surjective.

Let = € ker(y), with 2 = ¢+ d. Then ¢(c +d) = 0, or p(c) + ¢(d) = 0, also
wc(c) + ¢(d) = 0 and applying p1, we have

pipc(c) +pip(d) =0
<~ proc(c) =0
< ¢c=0, then x =d (%)

Let x € ker(p), then ¢(x) = 0, or ¢(d) = 0, because = d by (x) and applying pa,
we have pap(d) = 0 or pap(x) = 0.
Thus z € ker(p2yp), and therefore ker(yp) = ker(p2¢) C D.
Now, let us show that G is generalized Hopfian. For this, let G1 = G’ +ker ¢, where
G=CwoD.
We have

pMC @ pMD = pMC' @ pM D’ + pM (ker o).
Since pM (ker p) = 0, and D and D’ are divisible subgroups, it follows that py; D = D
and pM D’ = D'. Thus,

McaoD=p"C"®D.

Because D and D’ are maximal divisible subgroups, we have D = D’. Therefore,

G1 =G +kerp, with kerp C D.
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This implies G; = G' +kerp C G + D C G, as D = D' C G'. Hence, G; C G,
which implies G1 = G'.

Thus, G is generalized Hopfian.

Finally, G is generalized hereditarily Hopfian.

5. Conclusion

In the first two theorems of our work, we extended the results of the generalized hered-

itarily Hopficity property on Abelian groups within the categories of reduced p—groups
and reduced torsion groups. As for the final part of our work, we succeeded in showing
in a third theorem that if a group is generalized hereditarily Hopfian and p-divisible, it is
a finite direct sum of Z(p*°). As a perspective, one would think about the study of such
hopficity properties but now in the case of torsion-free group.
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