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Abstract. Let G be a connected graph. A hop Roman dominating function f : V(G) — {0, 1,2}
is a connected hop Roman dominating function (CHRDF) on G if the set {u € V(G) : f(u) # 0}
induces a connected subgraph of G. The weight of a CHRDF f is given by w&f(f) = Zuev(c) fl)
and the minimum weight among all connected hop Roman dominating functions on G, denoted
Yern(G), is the connected hop Roman domination number of G. In this paper, we show that the
parameter lies between the connected hop domination number of G and twice this number. We
characterize the graphs that attain small values of the parameter and determine the connected hop
Roman domination number of some graphs.
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1. Introduction

Motivated by the ancient Roman Empire’s military strategy, Cockayne et al. in [9]
introduced and studied the parameter called Roman domination. In a sense, the concept
is one of the numerous variants of the standard domination concept. Various studies have
been done since the introduction of Roman domination. In particular, a significant number
of variations of the parameter have already been defined and investigated (see [1], [3], [4],
7], [8], [10], [11], [12], [16], [20], [21], [24]).

The concept of hop domination, one that utilizes distance two rather than unit distance,
has also been widely studied since the time it was introduced in [22]. Studies in [5], [6], [13],
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[14], [15], [17], [19], [18], [23], [26], and [27] considered further the concept and some of its
constructs or variants. Recently, the parameter hop Roman domination was introduced
and, just like Roman domination, various modifications of the concept have also been
introduced and studied (see [2], [25], and [28]). This present study considers connected hop
Roman domination. Since hop domination and Roman domination have both applications
in many networks (for example, to model defense strategies, communication in social
networks, and management problems), this newly defined parameter can easily find its
own similar applications. This among others gives added motivation for introducing and
studying the said parameter.

2. Terminology and Notations

Let G = (V(G), E(G)) be an undirected graph. The open neighborhood of v € V(QG)
is the set Ng(v) = {u € V(G) : uwv € E(G)} while its closed neighborhood is the set
Nglv] = {v} UNg(v). Vertex v is an isolated verter if Ng(v) = @. The open neighborhood
and closed neighborhood of set S C V(G) are the sets Ng(S) = UyesNg(v) and Ng[S] =
UpesNg[u], respectively. The degree of v, denoted by degg(v), is equal to |[Ng(v)|. Any
shortest path connecting two vertices « and y of G is called an x-y geodesic and the length
of an z-y geodesic in G is the distance dg(z,y) of x and y. The diameter of G, denoted
diam(@G), is the maximum distance between the pair of vertices. A vertex v of G is a leaf
if dege(v) =1 and w € V(G) is a support verter if wz € E(G) for some leaf z € V(G).

A set S C V(G) is said to be a dominating set of G if Ng[S] = V(G). The minimum
cardinality of a dominating set, denoted by v(G), is called the domination number of G. A
vertex v is a dominating vertez of G if Ng[v] = V(G). Any dominating set of cardinality
v(G) is referred to as a y-set of G.

The open hop neighborhood of v € V(G) is the set N2 (v) = {u € V(G) : dg(u,v) = 2}
and its closed hop neighborhood is NZ[v] = {v} U NZ(v). The open hop neighborhood
and closed hop neighborhood of set S C V(G) are the sets NA(S) = UyesNE(v) and
NZ[S] = {v} U N3 (u), respectively.

A set S C V(G) is said to be a hop dominating set of G if NA[S] = V(G), i.e., for
each v € V(G) \ 9, there exists w € S such that dg(v,w) = 2. A hop dominating set S
is connected hop dominating if the graph (S) induced by S is connected. The minimum
cardinality among all hop dominating (resp. connected hop dominating) sets in G is
called the hop domination number (resp. connected hop domination number) of G, and is
denoted by v, (G) (resp. Yen(G). Any hop dominating (resp. connected hop dominating)
set of cardinality v, (G) (resp. ver(G)) is called a y,-set (resp. vep-set) of G.

A function f: V(G) — {0, 1,2} is a hop Roman dominating function on G if for each
u € V(QG) for which f(u) = 0, there exists v € V(G) such that f(v) =2 and dg(u,v) = 2.
The weight of f is given by w8 (f) = ZUGV(G) f(v). The hop Roman domination number
of G, denoted by ygp(G), is the minimum weight of a hop Roman dominating function on

G.



A. Aradais, J. Cariaga, S. Canoy Jr. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5648 30of 13

Let G be a connected graph. A function f : V(G) — {0,1,2} is a connected hop
Roman dominating function on G provided that it satisfies the following properties:

(P1) For each v € V(G) with f(v) = 0, there exists w € V(G) with f(w) = 2 and

dg(w,v) =2 (i.e., f is a hop Roman dominating function on G).
(P2) The set {u € V(G) : f(u) # 0} induces a connected subgraph of G.

The weight of f is given by wéRh( f) = ZUEV(G) f(v). The minimum weight among all
connected hop Roman dominating functions on G is the connected hop Roman dom-

ination number v.gn(G) of G. If f is a connected hop Roman dominating function

on G and wéRh(f) = Y.rh(G), then f is called a ~y.gp-function on G. If f is a (con-

nected) hop Roman dominating function on G, then we may write f = (Vp, V1, Va) where
Vi={x e V(G): f(x)=j} for j €{0,1,2}.

Consider graph G in Figure 1. Let Vo = {a,b,¢, f,g,h}, Vi = {i}, and Vo = {d, e}.
Then f = (Vp,V1,Vs) is a qgp-function on G. On the other hand, the function
g = (Vg,V{,V3), where Vj = {a,b,c, f,g,h,i}, V] = @, and Vi = {d,e, f}, is a Yern-
function on G. Therefore, g, (G) = 5 and Y.gy(G) = 6.

Figure 1: Graph G with yg,(G) =5 and vcrn(G) = 6

Henceforth, the family CHRDF(G) refers to the set containing all the connected hop
Roman dominating functions on G.

3. Results

Proposition 1. Let G be a nontrivial connected graph and let f = (Vo, Vi, Va) be a Yern-
function on G. Then each of the following holds:

(i) |Vo| = 0 if and only if |Va| = 0.
(i7) |Vi] =0 if and only if Va is a yen-set in G.

Proof. (i) The sufficiency part is clear by property (P1).

Suppose |Vp| = 0 and suppose |Va| # @. Let Vj =V, V] = V1 UV and Vi = @. Then
g=(Vy,V{,V4) € CHRDF(QG) and so,

wi™(g) = |[V{| = [Vi UVa| = [Vi| + |Va| < V4| + 2[Va| = wg(f),
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a contradiction. Thus, |V3| = @.

(i) Suppose |Vi| = 0. Then V5 is a connected hop dominating set in G. Suppose that
V4 is not a yep-set in G. Let Vi C V(G) be a yep-set in G. Then |VJ| < |Va|. Let V5 =V,
Vif=0 and Vi = V(G) \ V5. Then h = (V;,V{*,Vy) € CHRDF(G). Thus,

wgt (h) = 2|V5'| = 2|V3| < 2|Va| = wg™(f).

This is a contradiction to the assumption that f is a y.pp-function on G. Hence, V3 is a
Yeh-set in G.

Conversely, suppose that V3 is a 7.,-set in G. Suppose further that V3| # 0. Then
Yern(G) = [Vi| + 2|Va| > 2|Va|. Let V§ = Vo UV, V! = @ and Vi’ = V5. Then
Ve € NZ(Vy') and V" U VY = V5 is a connected hop dominating set in G. Thus,
h=(Vy,V{',Vy') € CHRDF(G) and

wgt (h) = 2Vy'| = 2|Vl < [Vi| + 2|Val = w™(f),
a contradiction. Hence, |V1| = 0. O
Proposition 2. For any graph G of order n, it holds that
Yen(G) < Yern(G) < min{n, 27.4(G)}-

Proof. Let f = (Vo, V1, V2) be a v.gp-function of G. Since V5 U V3 is a connected hop
dominating set of G, we have

Yer(G) < VAl + [Va| < Vi + 2|Va| = Yern(G).
Next, set Vj = Vj = @ and V] = V(G). Then ¢g; = (Vj,V{,Vy) € CHRDF(G). Thus,
Yern(G) < wd™(g1) = Vi| = [Vi| = n.

Finally, let S be a vyep-set in G and let V' = &, V' = V(G) \ S, and V;' = S. Then
go = (Vy, V", Vy') € CHRDF(G). This implies that

Yern(G) < wg™(ga) = 2|V5'| = 27en(G).
Hence,
'YCRh(G) S min{”? 270h(G)}

Therefore,
'YCh(G) < ’chh(G) < min{”? 270h(G)} O

It is worth noting that the bounds given in Proposition 2 are sharp. Indeed, it can be
verified easily that vern(Ka) = 4 = ven(Ka), Yen(P3) = 2 < 3 = |V(P3)| = Yern(P3), and
Vern(Ps5) = 4 = 27ep(P5) < [V(P5)].
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Remark 1. Let G be a connected graph. If f = (Vy, V1, Vo) is a Yern-function in G, then
V1 U Vy need not be a yep-set in G.

Remark 2. Let G be a connected graph of order n and f = (Vp, Vi, V2) a Yern-function
on G. If v € V(G) and degg(v) = n — 1 (that is, v is a dominating vertex in G), then
ve V.

Proposition 3. Let G be a connected graph of order n. Then each the following statements
holds:

(1) Yern(G) =1 if and only if G = K;.
(13) Yern(G) = 2 if and only if G = K.

(7i1) vern(G) = 3 if and only if n > 3 and G = K3 or G = K1 + H, where H is a
(disconnected) graph of order n — 1 and has at least one isolated vertex.

(10) Yern(G) = 4 if and only if n > 4 and G € {K4, Py,Cy, K1 + P3} or one of the
following conditions holds:

(a) There exists w € V(G) such that |Ng(w)| = 2, N&(w) = V(G)\ Ngw], and ©
is not a support vertex whenever x € Ng(w) and is a dominating vertex of G.

(b) There exist adjacent vertices u,v € V(G) such that |[Ng(u)| > 2, |[Ng(v)| > 2,
N&(u) U NZ(v) = V(G) \ {u,v}, Ng(u) N Ne(v) = @, and {u,v} is a yen-set
n G.

Proof. (i) Assume that y.gp(G) = 1 and f = (Vo, V1, V2) is a 4.gp-function on G.
Then |Vi| + 2|Va| = 1. This implies that Vo = @. By Proposition 1(i), V) = @. Thus,
|[V(G)| = |Vi| = 1. Hence, G = K;. The converse is clear.

(7i) Suppose Yegr(G) = 2. Let f = (Vy, V1, Va) be a y.gp-function in G. Then |V;| +
2|Va| = 2. Thus, |V2| < 1. Assume that |V2| = 1. Then V) = @ and, by Proposition 1(i),
Vo # @. Let Vo = {z} and let y € Vi. Then dg(x,y) = 2. Let z € Ng(z) N Ng(y). Then
z € V1, a contradiction. Therefore, |[Va| = 0. It follows that |Vi| = 2, i.e., G = K».

Conversely, suppose G = Ky = ({u,v}). Let Vi = {u,v} and Vj = Vo = @. Then
f = (Vo,W1,Va) € CHRDF(G). Thus, y.rn(G) < w(f) = [Vi| = 2. Since G # K,
Yern(G) > 2. Hence, yern(G) = 2.

(7i7) Suppose Yern(G) = 3. Then n > 3 by (i) and (i7). Let f = (Vp, V1, V2) be a
Yen-function on G. Then |Vi| 4 2|Va| = 3. Thus, |Va| < 1. Consider the following cases:

Case 1. |V5] = 0.
Then |Vy| = 0 and |V1| = |V(G)| = 3. This implies that G € {K3, Ps}.
Case 2. |Va| = 1.

Then [Vp| # @ and |V1| = 1. Let Vi = {v} and Vo = {w}. Since (V1 U V3) is connected,
uw € E(G). Also, Vo = V(G)\{v,w}. Now, let u € Vy. By (P1), u € N&(w). Let [u,y, w]
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be a u — w geodesic. Since yw € E(G), y ¢ Vy. Hence, y € Vi, implying that y = v. Let
Hy = (V) and H = {w} U Hy. Then G = {v} + H or, equivalently, G = K; + H, where
H is a disconnected graph with isolated vertex {w}.

Conversely, suppose n > 3 and G satisfies the given conditions. Then .z, (G) > 3 by
(7) and (i7). Clearly, v.rn(K3) = 3. So suppose G = K; + H and u is an isolated vertex
of H. Let K; = {v}. Then vu € E(G). Since u is an isolated vertex of H, [u,v,w] is a
u —w geodesic in G for every w € V(G) \ {u,v}. This implies that dg(u,w) = 2 for every
w € V(G) \ {u,v}. Define the function f = (Vp, V1, Va) where Vo = {u}, Vi = {v}, and
Vo = V(G) \ {u,v}. Then f € CHRDF(G) and

Yern(G) < wgh(f) = [Vi| +2|Va| = 3.

Therefore, v.rn(G) = 3. O

(tv) Suppose Yerp(G) = 4. Then n > 4 by (i), (i), and (iii). Let f = (Vp, V1, V) be a
Yern-function on G. Then |V1|+2|Va| = 4. It follows that |V2| < 2. Consider the following
cases:

Case 1. |Va| = 0.
Then Vo = @ and |Vi| = |[V(G)| = 4. Therefore, with reference to (iii), we must have
Ge {K4,P4,C47K1 + Pg}.

Case 2. |Va| = 1.

Then |[V1| = 2 and |Vp| # 0. Let Vi = {u,v} and Vo = {w}. Suppose v ¢ Ng(w). Then
[v, u, w] is v-w geodesic by (P2). This and (P1) would imply that [z, u, w] is a z-w geodesic
for all z € V(GQ) \ {u,w}. Let Vi = Vo, V{ ={u}, Vj =WVU{v} =V(G)\ {u,w}. Then
g=(V§,V],V§) € CHRDF(G). Thus, w&"(g) = |V{| +2|VJ| = 3, a contradiction. Thus,
v € Ng(w). Similarly, u € Ng(w). Hence, u,v € Ng(w). This implies that degg(w) = 2,
that is, |[Ng(w)| = 2. Moreover, N (w) =V = V(G) \ Ng[w]. Suppose z € Ng(w) is a
dominating vertex of G. Suppose further that z is a support vertex of some leaf p. Then
G = (z) + H, where H = (V(G) \ {z}) is a graph with isolated vertex p. By part (ii7), it
follows that v.rn(G) = 3, contrary to the assumption that v.zn(G) = 4. This shows that
(a) holds.

Case 3. |Va| = 2.

Then |V1| = 0. Let Vo = {u,v}. Then uv € E(G) by (P2). Suppose |Ng(u)| = 1. Then
Ng(u) = {v}. Since G # K2, G = (v)+H where H = (V(G)\{v}) is a disconnected graph
having u as an isolated vertex. By (iii), v.rn(G) = 3, a contradiction. Thus, |[Ng(u)| > 2.
Similarly, |Ng(v)| > 2. Suppose z € Ng(u) N Ng(v). Then z € Vp, which is not possible.
Hence, Ng(u) N Ng(v) = @. Let y € V(G)\ Va = V. By (P1), y € NZ(u) U N&(v).
Hence, N2 (u) U N&(v) = V(G) \ {u,v}. Cleary, {u,v} is a ych-set in G. This shows that
(b) holds.

Conversely, suppose n > 4 and suppose G € {Ky, P;,Cy, K1 + P5. Let V(G) =
{w,z,y,z} and set Vi = {w,z,y,z} and Vj = Vo = &. Then f = (Vp,V1,Vs) €
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CHRDF(G). Thus, v.rn(G) < wifh(f) = |Vi| = 4. Since G # K + H for any graph H
having an isolated vertex, it follows from (iii) that v.gn(G) > 4. Accordingly, vern(G) = 4.

Now, suppose (a) holds, i.e., there exists w € V(G) such that |[Ng(w)| =2, NZ(w) =
V(G) \ Ng[w], and z is not a support vertex whenever z € Ng(w) and is a dominating
vertex of G. Let Vj = V(G)\ Ng|w], V{ = Ng(w), and V4 = {w}. Then g = (V§,V{,V3) €
CHRDF(G) and vepn(G) < wéth(g) = |V/| + 2|V3| = 4. The assumption that x is not
a support vertex whenever z € Ng(w) and is a dominating vertex of G, implies that
G # K1 + H for any graph H having an isolated vertex. Therefore, v.pn(G) = 4.

Lastly, suppose there exist adjacent vertices u,v € V(G) such that |[Ng(u)| > 2 and
ING(v)| > 2, N&(u) UNE(v) = V(G) \ {u,v}, Ng(u) N Ng(v) = @ and {u,v} is a ve,-set
in G. Define a function h: V(G) — {0,1,2} by

W) = 2, ifx € {u,v},
0, ifxeV(QG)\{u,v}.

Then h € CHRDF(G) and 7.zn(G)(h) < wd = h(u) + h(v) = 4. Now, suppose
v(G) = 1, say ¢ is a dominating vertex of G. Then clearly, ¢ ¢ V(G) \ {u,v} since
N&(u) U N&(v) = V(G) \ {u,v}. This implies that ¢ € {u,v}. This, however, is not
possible because Ng(u) N Ng(v) = @. Thus, 7(G) # 1. Therefore, G # K; + H for any
graph H. Therefore, v.gn(G) = 4. O

The following result follows from Proposition 3.
Corollary 1. Let n,m be positive integers. Then
(1) Yern(Kyn) =n for allm > 1;
(1) Yern(K1n) =3 for alln > 2;
Kpm) =4 for alln,m > 2;

)
)
(#44) ~YeRrn
(1v) Yern(P) = 4, where P is the Petersen graph; and
)

(
(
(
(v) Yern(Fy) =4 for alln > 3.

Proposition 4. For any wheel graph W,, with n > 4, ~v.ppn(W,,) = 5.

Proof. Clearly, v.gn(Wp) > 4. Let vy be the hub (central) vertex of the wheel
graph W,, = K1 + C), and let V(W,,) \ {vo} = V(C,) = {v1,v2,...,v,}, where C), =
[v1,v9,...,vp,v1]. Define a function f: V(W,) — {0,1,2} by

2, ifv e {vi, v}
f(?)) =4 L va = o
0, ifve V(Wn) \ {vo,vl, 222}.
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Then f € CHRDF(W,,) and

Yern(Wn) < wi™(f) = f(vo) + f(v1) + f(v2) = 5.

Since yen(Wy) = 3 and |Nw, (x)| > 3 for every x € V(W,), W, does not satisfy (a) and
(b) of Proposition 3(iv). Consequently, ve.rn(Wp) = 5. O

Proposition 5. For any path P, of order n > 1,

4, ifn=2>5,6
Yern(Pn) =<6, ifn=7
n, ifn+#5,6,7.

Proof. For n = 1,2,3, the result follows from Propositon 3 (i), (i7), (ii4). By Propo-
sition 3 (iv), Yern(Py) = 4 for n = 4,5,6. Let n > 7 and let P, = [z1,%2,..., Tp].
Let f = (Vy, V1, V2) be a v.rp-function on P,. Since Vi U Vs is a connected hop dom-
inating set, Vo C {z1,22,Zn—1,2n}. Suppose first that n = 7. Since the function g =
({z1,x2, 6,27}, D, {23, x4, 25}) is a connected hop dominating function on P7, and P; does
not satisfy any of the conditions given in Proposition 3, it follows that 5 < v.pn(P7) < 6.
Now, suppose that y.gn(Ps) = [Vi1|+2|V2| = 5. If Vj = &, then |Va| = 0 and |V1| = 7. This
implies that v.rp(P7) = 7 which is not possivle. Thus, |Vp| # 0 and 1 < |Va| < 2. Suppose
|[Va| = 1. Then |Vp| = 3 and |Vi| = 3. If 1 € Vi3 U Vo, then Vi U Vo = {z1, 22,23, 24}
since (V7 U Va) is connected. Hence, z7 € Vj and dp, (z7,y) # 2 for all y € V3, a contra-
diction. Thus, 1 € Vj. Similarly, z7 € Vj. It follows that V; U Vs is {z2, 23, 24,25} or
{23, 24,25, 26}. This implies that 21 ¢ N3 (Va) or z7 ¢ N3 (V2), a contradiction. This
forces |Va| = 2 and |Vi| = 1. It is routine to show that this also leads to a contradiction.
Therefore, v.gn(P7) = 6. Next, suppose that n > 8. If || = 0, then |V2| = 0 and
|Vi| = n. Hence, verpn(Py) = n. Suppose |Vp| = 1. Then Vp = {z1} or Vy = {z,}. Assume
that Vo = {z1}. Then Vo = {x3} and Vi = V(P,) \ {z1,z3}. This yields

Yern(Pn) = WEM(f) = [Vi| +2[Va = (n — 2) + 2 = n.

If Vo] = 2, then Vy = {x1,29} or Vo = {z1,2,} or Vi = {xp—1,2,}. It follows that
Vo = {3, 24} or Vo = {x3, 22} or Vo = {x_3, 2,2}, respectively. If |Vy| = 3, then V) =
{x1,29,2n} or Vo = {x1,2n_1,2,}. Hence, Vo = {x3, 24,22} or Vo = {x3, 23, Tpn_2},
respectively. Finally, if Vo = {x1, 22, zp—1, 2.}, then Vo = {x3, 24, 2p_3,2,—2}. It can
easily be shown that any of these cases will imply that

Yern(Pn) = wH(f) = [Vi| +2[Va = (n — 2) + 2 = n.

This proves the assertion. ]
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Proposition 6. For any cycle C,, of order n > 3,

4, ifn=4,56
’YCRh(Cn) — 6, Zf?’L =7
n, ifn+#56,7.

Proof. By Proposition 3(#ii), y.zn(C3) = 3 and by Proposition 3(iv), y.rn(Cy) = 4 for
n =4,5,6. Next, let n > 7 and let C), = [v1,v2, ..., v, v1]. Let f = (Vp, Vi, V2) be a y.gn-
function on C,,. Since Vj U V5 is a connected hop dominating set, (Vp) is connected and
|[Vo| < 4. Suppose first that n = 7. Since the function g = ({v1, va, v3,v4}, &, {vs, 6, v7})
is a connected hop dominating function on C7, v.grn(Cr7) < 6. If |Vy| = 0, then |Vo| =0
and |Vi| = 7. If |Vp| = 1, then |[Vo| = 1 and |Vi| = 5. If [Vo| = 2, then |V2| = 2 and
|[Vi| = 3 and if || = 3, then |V2| = 3 and |Vi| = 1. Any of these four cases will yield
Yernh(C7) = 7 which is not possible. Therefore, V)| = 4. Hence, |Va| = 3 and |V1| = 0. It
follows that v.rn(C7) = 6. Finally, suppose that n > 8. Clearly, if |Vp| = j, then |Va| = j
and |Vi| = n — 2j. Therefore, y.gn(Cn) =n —2j + 25 = n. O

Proposition 7. Let G = Ky, pn,,..n, be the complete k-partite graph with
2<ny <ng<---<nyg, where k > 2. Then v.gn(G) = 2k.

Proof. Let Spy,Sny; .- ., Sn, be the partite sets in G. Pick v,, € Sy, for each j € [k],
where [k] = {1,2,...,k}, and let S = {vy; : j € [k]}. Set Vo = V(G)\ S, Vi = &, and
Va=S. Then f = (Vo, Vi, Va) € CHRDF(G) and vomn(G) < 2|Va| = 2.

Now let g = (Wo, Wi, Ws) be a ~v.gp-function on G. Let M = {j € [k] : n; > 3}.
Suppose |Ws| = 0. Then |Wy| = 0 and |W;| = V(G). Tt follows that v.zn(G) = |V(G)| =
Z;‘;l n;. The value is 2k if M = @ and strictly greater than 2k if M # @. Hence, [W>| # 0
if M # . So suppose |Wa| # 0. Let R = {j € [k] : WaN S,,; # J}. Since g is a Roman
dominating function on G, it follows that Wy = Ujer([Sn,; \ [(W2NSp,) U (W1 NS,,)] and
Wi = [UjepprSn, 1 U [Ujer(Sn; N W1)]. Tt follows that

Yern(G) =Y Sny+ D> (Sn; NW1) +2 (S, N Wa) > 2(k — |R|) + 2|R| = 2k.
JERKN\R JER JER

This establishes the desired equality. O

Lemma 1. Let G be a connected graph of order n. Then v, (G) = n if and only if
G=K,.

Proof. Suppose v.,(G) = n and suppose for a contradiction that G # K,. Then
diam(G) > 2. Pick any two vertices z and y of G such that dg(z,y) = diam(G). Then x
and y are non-cut vertices of G. Let [z1,z2,..., 2], where x = 21 and y = zy, be an a-y
geodesic in G. Then k > 3 and dg(z1,23) = 2. Put S = V(G) \ {z}. Since z is a non-cut
vertex, it follows that (S) is connected. Therefore, S is a connected hop dominating set
in G and v, (G) < |S| =n — 1, contrary to our assumption. Thus, G = K.



A. Aradais, J. Cariaga, S. Canoy Jr. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5648 10 of 13

For the converse, suppose G = K, and let S be a gammacp-set in G. Since S is a hop
dominating set, V(K,) C S. Therefore, S = V(G) and v, (G) = n. O

Proposition 8. Let G be any graph of order n. Then Y., (G) = Yern(G) if and only if
G=K,.

Proof. Suppose Yen(G) = Yern(G) and let f = (Vo, Vi, V2) be a v.gp-function in G.
Since Yen(G) < Vil + [Va| < [Vi| +2|Va| = 7ern(G) and Yen(G) = vern(G), [Vi] + (V2| =
[Vi| + 2|V5|. This implies that Vo = @ and thus, V) = &. Hence, y.gn(G) = [Vi| = n =
Yeh(G). By Lemma 1, G = K,.

For the converse, suppose that G = K,,. By Lemma 1, v.4(G) = n. By Proposition 2,
Yern(G) = n. This shows that v.,(G) = Yern(G). d

The next result is immediate from Proposition 3.

Proposition 9. Let G and H be connected graphs. Then Y.gpn(G + H) > 2 and each of
the following holds:

(1) Yern(G + H) =2 if and only if G and H are trivial graphs.

(1) Yern(G + H) =3 if and only if G = K1 and H = Ky (or H =Ky and G = K3) or
G = Ky and H is a graph with at least one isolated vertexr (or H = Ky and G is a
graph with at least one isolated vertez).

(#i1) If G and H are non-trivial graphs and each contains an isolated vertex, then
’chh(G + H) =4.

Proposition 10. Let G and H be connected graphs. Then

2 <ern(G+ H) < vern(G) + Yern(H).

Proof. Since G + H is nontrivial, v.gn(G + H) > 2. Let f = (W, V1,V2) and g =
(Vs VI, V3) be yrp-functions on G and H, respectively. Define a function h = (Vy/, V{", V3)
for which Vi’ = VoUVy, V' = ViUV and Vy' = VoUVy. Then h € CHRDF (G + H) and

Yern(G + H) < willly = V' + 2|
=|ViUV]|+2[Vau V|
= Vil + [V{| + 2| Va| + 2|5 (1)
= [Vi| + 2[Va| + V]| + 2| V3|
= Yern(G) + Yern(H). O

Remark 3. The upper bound given in Proposition 10 is tight. However, strict inequality
s attainable.

To see this, let G = P3 = [a,b,c] and H = P, = [p,q]. Then ~.zx(G) = 3 by
Proposition 3(i7i) and v.grn(H) = 2 by Proposition 3(ii). Let f = (Vp,Vi,V2) be a
~Yerp-function on G + H. Since b,p, and ¢ are dominating vertices of G + H, it follows
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from Remark 1 that b,p,q € V4. If a,¢c € V3 U Vs, then Vi = {a,b,c,p,q}. Hence,
Yern(G + H) = 5. Suppose one of a and c is in Vp, say Vo = {a}. Then necessarily,
c € Va. Tt follows that Vi = {b,p,q} and v.rn(G + H) = |V1| 4+ 2|Va| = 5. Therefore,
Yern(G + H) = Yern(G) + Yern(H) = 5.

Clearly, the upper bound is also attained when G = K, and H = K.

Next, to show that strict inequality is also possible, consider G = Py = [a, b, ¢, d] and
H = Py = [z,y,z,w]. Then v.rn(G) = vern(H) = 4 by Proposition 3(iv). Now set
Vo ={a,b,xz,y}, Vi ={c, 2z}, and Vo = {d,w}. Then f = (Vy,V1,Va) € CHRDF(G + H).
It is easy to see that f is a ~y.gp-function on G + H. Therefore, v.pn(G+ H) =6 < 8 =
Yern(G) + Yern(H).

Proposition 11. There are infinitely many graphs G and H such that v.gp(G + H) = 5.
In particular, if G = P,, where n > 4, and H is any non-trivial graph with at least one
trivial component, then ~v.pn(G + H) = 5.

Proof. Let n > 4 and let G = P, = [x1,x9,...,2,]. Let Hy, Ho,..., Hy be the com-
ponents of H and suppose that H; = (p). Let Vy = (V(P,) \ {zn-1,2n}) U (U;?:QV(H]-)),
Vi ={xn—1} and Vo = {p, 2, }. Then g = (Vo, V1, V3) is a connected hop Roman dominat-
ing function on G + H. It follows that yepn(G + H) < wd(f) = 5. Since G + H does not
satisfy any of the conditions given in Proposition 3, it follows that v.rn(G+ H) =5. O

4. Conclusion

Connected hop Roman domination has been defined and investigated for some graphs.
There are still a lot of aspects that can be explored and studied for this parameter. For any
two graphs G and H, this initial study has only provided sharp lower and upper bounds
for the join G + H. It was, however, shown that these bounds may not be attained. It
is conjectured that the exact value of the parameter for the join G + H can be described
by defining yet another parameter. Furthermore, connected hop Roman domination can
also be investigated for other graphs under binary operations and for the complexity of
the connected hop Roman dominating function problem.

Acknowledgements

The authors would like to thank the referees for the their comments and suggestions
which led to the improvement of the paper. Also, the authors would like to thank the
Department of Science and Technology - Accelerated Science and Technology Human Re-
source Development Program (DOST-ASTHRDP)-Philippines, and MSU-Iligan Institute
of Technology (Iligan City, Philippines) for funding this research.



A. Aradais, J. Cariaga, S. Canoy Jr. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5648 12 of 13

1]

[2]

1]
12]
13]
14]
15]
[16]
17)

[18]

References

M. Adabi, E. Ebrahimi Targhi, N. Jafari Rad, and M. Saied Moradi. Properties of
independent Roman domination in graphs. Australasian Journal of Combinatorics,
52:11-18, 2012.

H. Ahangar, M. Cellali, S. Sheikholeslami, and M. Soroudi. Hop Total Roman domina-
tion in graphs. AKCE International Journal of Graphs and Combinatorics, 20(1):73—
78, 2023.

H.A. Ahangar, M.A. Henning, V. Samodivkin, and I.G. Yero. Total Roman domina-
tion in graphs. Applicable Analysis and Discrete Mathematics, 10(2):501-517, 2016.
M.P. Alvarez-Ruiz, T. Mediavilla-Gradolph, S.M. Sheikholeslami, J.C. Valenzuela-
Tripodoro, and I.G. Yero. On the strong Roman domination number of graphs.
Discrete Applied Mathematics, 231:44-59, 2017.

S. Ayyaswamy, B. Krishnakumari, B. Natarjan, and Y. Venkatakrishnan. Bounds
on the hop domination number of a tree. Proceedings-Mathematical Sciences.,
125(4):449-455, 2015.

S. Ayyaswamy, C. Natarajan, and G. Sathiamoorphy. A note on hop domination
number of some special families of graphs. International Journal of Pure and Applied
Mathematics., 119(12):11465-14171, 2018.

S. Banerjee, J.M. Keil, and D. Pradhan. Perfect Roman domination in graphs. The-
oretical Computer Science, 796:1-21, 2019.

M. Chellali, T.W. Haynes, and S.T. Hedetnieme. Roman {2} domination. Discrete
Applied Math, 204:22-28, 2016.

E.J. Cockayne, P.A. Deryer, S.M. Hedetnieme, and S.T. Hedetnieme. Roman Domi-
nation in Graphs. Discrete Mathematics, 278(13):11-22, 2004.

R.J. Fortosa, F. Jamil, and S. Canoy Jr. Convex Roman dominating functions on
graphs under some binary operations. Furopean Journal of Pure and Applied Math-
ematics, 17(2):1335-1351, 2024.

R.J. Fortosa and S. Canoy Jr. Geodetic Roman dominating functions in a graph.
European Journal of Pure and Applied Mathematics, 16(4):2368-2383, 2023.

S.M. Sheikholeslami H. Abdollahzadeh Ahangar, M. Chellali. On the double roman
domination in graphs. Discrete Appl. Math., pages 1-7, 2017.

J. Hassan and S. Canoy Jr. Hop independent hop domination in graphs. Fur. J. Pure
Appl. Math., 15(4):1783-1796, 2022.

J. Hassan, S. Canoy Jr., and A. Aradais. Hop independent sets in graphs. FEur. J.
Pure Appl. Math., 15(2):467-477, 2022.

M. Henning and N. Rad. On 2-step and hop dominating sets in graphs. Graphs and
Combinatorics., 33(4):913-927, 2017.

M.A. Henning, W.F. Klostermeyer, and G. MacGillivray. Perfect Roman domination
in trees. Discrete Applied Mathematics, 236:235-245, 2018.

S. Canoy Jr., R. Mollejon, and J. G. Canoy. Hop dominating sets in graphs under
binary operations. Fur. J. Pure Appl. Math., 12(4):1455-1463, 2019.

S. Canoy Jr. and G. Salasalan. Revisiting domination, hop domination, and global



A. Aradais, J. Cariaga, S. Canoy Jr. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5648 13 of 13

[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

28]

hop domination in graphs. Fur. J. Pure Appl. Math., 14:1415-1428, 2021.

S. Canoy Jr. and G. Salasalan. Locating-hop domination in graphs. Kyungpook
Mathematical Journal., 62:193-204, 2022.

K. Kammerling and L. Volkman. Roman k-domination in graphs. Journal of the
Korean Mathematical Society, 46(6):1309-1318, 2009.

M.H. Muddebihal and Sumangaladevi. Connected Roman domination in graphs.
International Journal of Research and Engineering Technology, 2(10):333-340, 2013.
C. Natarajan and S. Ayyaswamy. Hop domination in graphs ii. Versita, 23(2):187—
199, 2015.

Y. Pabilona and H. Rara. Connected hop domination in graphs under some binary
operations. Asian-Eur. J. Math., 11(5):1850075-1-1850075-11, 2018.

L. Paleta and F. Jamil. More on perfect roman domination in graphs. FEuropean
Journal of Pure and Applied Mathematics., 13(3):529-548, 2020.

N.J. Rad and A. Poureidi. On hop Roman domination in trees. Communications in
Combinatorics and Optimization, 4(2):201-208, 2019.

R. Rakim, H. Rara, and C.J. Saromines. Perfect hop domination in graphs. Applied
Mathematical Sciences, 12(13):635-649, 2018.

G. Salasalan and S. Canoy Jr. Global hop domination numbers of graphs. Fur. J.
Pure Appl. Math., 14(1):112-125, 2021.

E. Shabani, N.J. Rad, and A. Poureidi. Graphs with large hop Roman domination
numbers. Computer Science Journal of Modeva, 27(1):3-22, 2019.



