EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
2025, Vol. 18, Issue 1, Article Number 5661
ISSN  1307-5543 — ejpam.com

Published by New York Business Global

On the Extension of g-Hermite-Hadamard Inequalities
for Strong Convexity

Chanokgan Sahatsathatsana®*, Pongsakorn Yotkaew!

L Department of Mathematics, Faculty of Science, Khon Kaen University, Khon Kaen 40002,
Thailand

Abstract. This study leverages g-calculus to establish ¢-Hermite-Hadamard type inequalities for
strongly convex functions, showcasing possible extensions of well-known results in the field. Addi-
tionally, it enhances these findings by exploring the strong convexity of the function ®. Further-
more, the g-midpoint and g-trapezoidal inequalities are unified within a comprehensive framework.
Ultimately, the results suggest that the newly derived inequalities can be effectively applied in the
context of special means.
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1. Introduction

The Hermite-Hadamard inequality (H-H inequality) was proposed and explored by
C. Hermite [13] and J. Hadamard [12]. This inequality offers an estimate for the mean
value of a convex function and refines the Jensen inequality [9]. In 2018, N. Alp et al.
[3] demonstrated a version of the ¢-H-H inequality for convex functions utilizing left g-
integrals.

Theorem 1 ([3]). Let @ : [, T] — R be a convez differentiable function defined on [c, Y|
with 0 < g < 1. The following inequalities then hold:

ga+ 7T 1 Y q®(a) + (T)
oM ) Sra ), oW e s RS Y

where 2], =14+ q.

In 2020, S. Bermudo et al. [5] established the following ¢-H-H inequality applicable to
convex functions.
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Theorem 2 ([5]). Let @ : [, Y] — R be a convex differentiable function defined on [a, Y]
with 0 < g < 1. The following inequalities are established:

a+qT | ®(a) +¢2(Y)
v(Ug) S roa ] o T s B )

By combining the inequalities (1) and (2), the result is presented in [5] as follows:

o <oz42—T> - 2(T1 (/QY b adqur/T o) quw> < W, (3)

—Oé) a

In 2023, M.A. Ali et al. [1] and T. Sitthiwirattham et al. [23] formulated the following
g-H-H-type inequalities.

Theorem 3 ([1, 23]). Let @ : [a, Y] — R be a convex function. The following inequalities
are valid:

(a+7)
T 1 T o ) (Y
0] (a; > < T (/ ’ d(w) (a+T)dqw+/ d(w) ( ;T)dqw> < (a);()
o P

(a+7)

2

R Y P(a) + ()

q»(o‘;r) < Tia (/a L (W) adqw+/M<I>(w) quw> Q)

2

The H-H inequality has garnered significant attention in the literature, particularly
concerning various notions of convexity and extensions and refinements. For further de-
tails, interested readers may refer to [6-8] and the references therein.

In 1966, B.T. Polyak [19] introduced the principle of strongly convex functions. This
idea is significant in mathematical programming and the application of mathematical
models. It has been widely utilized in various studies, such as those mentioned in [4, 17,
18, 21, 22].

Definition 1 ([19]). Let ® : I — R be a function defined on an interval I. We say that
® is a strongly convex function with modulus ¢ > 0 if

?(ww + (1 - @)¢) < w@(w) + (1 = @)2(¢) — pw(l - @) (w — ¢)° (6)
for allw,( €I and w € [0,1].

Calculus is a vital branch of mathematics focused on the analysis of functions and their
continuous changes. In the 17th century, significant advancements in calculus were made
by I. Newton and G.W. Leibniz, laying the groundwork for its modern development. Sub-
sequently, L. Euler (1707-1783) introduced the concept of quantum calculus (¢g-calculus),
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which operates without the traditional notion of limits and forges a link between mathe-
matics and physics. In the 20th century, F.H. Jackson [14, 15] further expanded Euler’s
ideas by formalizing the principles of g-calculus. Later, in 2000, V.G. Kac and P. Cheung
[16] provided a comprehensive overview of the foundational concepts of g-calculus in their
publication; additional insights can be found in [10, 11].

In [24, 25], J. Tariboon and S.K. Ntouyas (2013, 2014) introduced the g-calculus for
continuous functions defined on finite intervals and examined some of its properties, re-
ferred to as g,-calculus.

Inspired by the earlier discussion of g-calculus, this study develops ¢-H-H inequalities
for strongly convex functions using the principles of g-calculus. It refines existing findings
by utilizing the characterization of strong convexity of ®. Furthermore, the ¢g-midpoint
and g-trapezoidal inequalities are unified into one. The newly established inequalities also
demonstrate applications to special means.

2. Preliminaries

In this section, we will review the definitions and key properties related to the concept
of g-calculus that are pertinent to this study. For the purposes of this paper, we will
consider a < YT and 0 < ¢ < 1 as fixed parameters.

_1-d

=g =1+g+¢ +--+¢"" neN

Mg :

This represents the g-analogue of 7); for further information, please refer to [16].

Definition 2 ([16, 24]). Let ® : [, Y] — R be a continuous function. The qqo-derivative
of ® at w € [a, Y] is, consequently, defined by the following expression

P(w) — P(qw + (1 — g))

—gw-a = “7% ")

aDg®(w) =
If w = «, we define
aDg®(ar) = liLn aDg®(w),

whether it exists and is finite. If we take o = 0 in (7), then we have (D;®(w) = D;®(w),
which can be simplified to

This represents the g-Jackson derivative.

Definition 3 ([5]). Let ® : [a, Y] — R be a continuous function. Then, the q* -derivative

of ® at w € [a, b] is defined by

P(gw + (1 = g)T) - P(w)
Q-9 -w)

ID,®(w) = w#T. (8)
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If w="7, we define
ID,o(b) = 111%Tqu>(w),
w—

whether it exists and is finite.

Definition 4 ([20]). Let ® : [a, Y] — R be a continuous function and w € [, Y]|. The
qo-integral of ® on [a,w] is defined by

[ 2@ adym = (1= 9w -a) S q" @ (g + (1 0")a). (9)

n=0

Note that
w 1
| (@) adim = @-a) [ #((1-@)a+ww) adye
a 0

and if a = 0, then (9) reduces to
| o vty = [ e = (10w Y 0" a(ae),
n=0

This represents the g,-integral, for further details, refer to [16, 24].

Definition 5 ([5]). Let ® : [a, Y] — R be a continuous function and w € [o,Y]. The
q" -integral of ® on [w, Y] is defined by

T 0
/ 3(@) Tdgw = (1-)(T—w) 3 ¢"® (¢"w + (1 - ¢")T). (10)

n=0

Note that
T 1
/ ®(w) Tdyw = (T —w) / P (wY + (1 - w)w) dyw,
w 0

and if w = 0, then (10) reduces to
T . o0
| @) T = 001 S g - ),
n=0

This represents the ¢ -integral.

3. Refinements of ¢-H-H-type inequalities

We begin by refining Theorem 3.1 in N. Alp et al. [2] using the characterization of
strong convexity.
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Theorem 4. Let ® : [a, Y] — R be a strongly convezr function for ¢ > 0. Then the
following inequalities are established:

o(5) = ()5 ()

1 OT+(1-6)a b .
_ P (w)yd, +/ d(w) “d,w
20(T — «) /a ()ady Oat(1-0)T (=) " dy

) +@(Y) 2 (O 67
ST e(T—a) (m [S]q)

for all © € (0,1].
Proof. Tt follows from strong convexity of ® on [, Y| that
O(ws + (1 - w)s1) < wP(s) + (1 - @)®(s1) — pw(l — w)(s — 51)%, (12)
for all s,s;1 € [, Y] and w € [0, 1]. Substituting @ = 1/2 into the inequality (12), then

o <s+51> _0() +0(s1) s — 51)°

2 )= 2 B 4 (13)

Let © € (0,1] and putting s = OwY + (1 — Ow)a and s; = Owa + (1 — Ow)Y in the
inequality (13), we have

a+T P(OwY + (1 — Ow)a) + P(Owa + (1 — Owm)Y) (T —a)? (20w —1)?
3 ( ) < -
2 - 2 4 '

(14)

It follows from the definitions 4 and 5, and by applying g-integration to both sides of the
inequality (14), we find that

*(*5)

/1 <<I>(®wT +(1-0w)a)+®Owa+ (1 -0m)Y) (T —a)? (20w — 1)2> i
0

<

< ! _
_ /1 $(OwY + (1 — Ow)a) + &(Owa + (1 — Ow)Y)
0 2
B /1 ST — a)? (4022 — 40 + 1)
0

dyw

1 dgw

(1 3 HOTT (= 0)a) £ 8O+ (1 - 04
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T—a)? /402 40
_p(—a) < _4o 1)
4 Ble 2l
_ew—mu—@(“

T ey |2 (0T + (1= 8)a)" + (1= ")a)

2 B
40
B *)
OT+(1-0)x T
= 2@(1’100 (/ @(w)adqw—i-/ O(w) quw>

Oa+(1-0)T
(T = a)? [46? 40
1 <mq mql)

Note that 402/[3], — 40/[2], + 1 > 0. This implies that
oa—i-T) (a—i—T) o(T — a)? <4®2 40 )
P <o + ——+1
( 2 2 4 Ble  [2g

OT+(1-0)x T
< 2@(;634) (/ @(w)adqw—i—/ O(w) quw>.

Oa+(1-6)T

o] » 2 2
+Zq”<1>((@a +(1-0)T)g"+(1 - q")T)) ) (4@

This gives the first and second inequalities of (11). From the inequality (14) and by strong
convexity of ®, we obtain

P(OwT + (1 — Ow)a) + B(Owa + (1 — Om)Y) (T —a)? (20w — 1)

2 B 4
< Ow®(a) + (1 — Ow)®(T) — pOw(l — Ow)(T — a)?
= 2
N Owd(Y) + (1 — Ow)®(e) — pOw(l — Om)(YT — ) (T — a)? (20w — 1)°
2 4
_ Q(a) +2(Y) (Y - a)?
2 4

Applying ¢-integration to both sides of the above inequality yields

/1 (@(@wr +(1-0m)a) + ®(Owa+ (1 - 0wm)Y) (T — a)? (20w — 1)2> ;
0

2 - 9

1 o —a)? o — 1)
g/o <W—4p9w(l—@w)(T—a)2—¢(T )f@ D )dqw

Pla) +(T) (T —a)?
- . - (16)
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From the inequalities (15) and (16), we obtain

2 4

/1 (@(@wr +(1-0ma)+ ®Owa+ (1-0wm)b) (T —a)? (20w — 1)2> o
0

1 OT+(1-0)a Y
/ O (w)adyw +/ ®(w) Yd,w

" 20(T — ) Oa-+(1-0)Y
o(T —a)? /40% 40
-2 ()
< P(a) +(Y) oY - a)?
- 2 4 '

Note that ©/[2], — ©2/[3], > 0. This implies that

1 OT+(1-6)a Y .
_— D (w)ydyw +/ d(w) “d,w
20(T — «) /a (@)ady Oa+(1-0)T () "y

P(a) + (T) a2 (8 e
=T o (g1~ 1)

O(a) +P(T)
—_ 2 .
This finalizes the proof.

Remark 1. Setting © = 1, in Theorem 4, then we obtain

¢(agr>§¢<Q;T>+¢g;ap(flﬁiﬁ?_l>

< 2(T1_a> </(: O (w)adyw +/a o(w) qu?ﬂ)

_B(0) +9(X) _ pg(T ~ a)?
=T 214l
< )+ B(0)

which appeared in [21].
Remark 2. Setting © = 1/[2],, in Theorem 4, leads us to the new q-H-H inequalities:
2

a+ 7T a+7T (T — «) _ 2
o (55) <o (5F) + S (- s + (@071)

(ga+7) T

2l Pl
< 3T —a) (/a P (w)adqw + otat) O(w) quw>

[2]g
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Pla) +2(T) (Y —a)?

ST @y, Bl Y
 #)rom)

Next, we refine Theorem 3.5 from N. Alp et al. [2] by leveraging the properties asso-
ciated with strong convexity

Theorem 5. Let @ : [, Y] — R be a strongly convex function for ¢ > 0 and © € (0,1].
Then the following inequalities are established:

@(a;T> §@<Q;T> +% ((1_(][)2(]:_&)>2
“s(e(a) 2 ()

2 OT+(1-0)a Y
L+q (/ O (w)adgw +/ O (w) quw>

= 2¢02]4(T — ) Oa+(1-0)Y
1—gq
- 28] (®(0a + (1 —©)T) + &(OY + (1 — 0)a))
D) +2(T) 9O -a)* (2 ¢© O
=T 2l (mq 3la [31q>
< (I)(Oé)_g(I)(T) (17)

Proof. It follows from strong convexity of ® on [a, Y] that

o a+ T _ 3 a+qTl+qga+ 7T
2 2[2],

o) o) 2 ()

()
3005 (55)

This proves the first and second inequalities of (17). By strong convezity of ®, and w €
[0,1] and © € (0,1], we can write

o <a [42—]31”) s <(q@wT (1 q@w)a@q(@m (1 @@T))

which implies that
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_ % <(q@wT + (1 — ¢Ow)a) N q(Owa + (1 - @w)T))

24 24
O(qOwY + (1 — ¢Ow)a) N q®(Owa + (1 — Ow)b)
- 2], 2],
L 19@2(Y) + (1 - ¢0wm)®(a) — pgOw(1 — ¢Ow)(Y — a)?
- 24

q (0w®(a) + (1 — Ow)®(Y) — pOw(1l — Ow)(T — a)?)
2]
_ B(@) +qP(T)  pgO(T — a)? o 1Ow? — O
-, g, T 0= 0=

which implies that
a+qT O(qOwY + (1 — ¢Ow)a) ¢qP(Owa+ (1 — Ow)Y)
o("m) = e, ! 2,
< 2(a) +¢2(Y)  9gO(Y — a)?
- 2lq 2l

By performing q-integration on both sides of the inequality above, we derive

(2w — ¢Ow? — Ow?).

a+qT L/®(g0wY + (1 - ¢Ow)a) q®(Owa + (1 — Ow)b)
® < 2] ) : /0 ( 2]4 + 2], > dgww  (18)
L(2e)+q®(N)  eg©(X—a) o s o o
S/o < 2] 2], (2@ — 40 e )> dg
_ ®(a) +¢2(T) 0O (T — a)? (2_q@_@)
2l [2]g 2l Bls Bl

The inequality of (18) can be computed as
1 _ _
o <a+qT> S/ (q)(q@w'r+ (1 —-¢Ow)a) N q®(Owa + (1 @w)T)) 4y
2] 0 2] 2]
=, ®(0¢"Y + (1 — ¢"F10)a) + ¢@(¢"Oa + (1 — O¢™)T
—1-93 4 (©q (1—q )[2)] q®(q ( q")Y)
q

1 1 OT+(1-0)« g T Td
—_— | - () dym + / d(w w
~ O2y(T —a) Q/a (@)adym +4 Ba+(1-0)T (=) " dy

(-9,
1L (OY + (1 — O)a).

So, we can write

a+qT 1 1 [OT+(1-6)a
®([% >Semar—w<qﬂ oy
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T
(@) Tdyw | - LD per+(1-0
raf e qw> FERICLENUSIOLY
P(a) +qP(T)  »gO(T — )? (2 CH @> 19
=T, o, \@, m m) Y
Alternatively, by employing a comparable technique, we can formulate
o (qa + T> < <q¢(@wT + (1 —-0w)a) + (¢Owa + (1 — q@w)T))
2l /™ 2l
q®(a) + (1)  »gO(T — a)? 2 2
< 2, — 2, (2w — ¢Ow” — Ow?).
The process of g-integrating both sides of the inequality above yields
qau+ 7T 1 OT+(1-0)a
*(“g, )S@mar—w<?£ Aoy
e (1-q)
- P(w) Tdyw | — (] - 0)Y
+q/@a+(1@)T (=) qw> q[2]4 (e + (1 D)
o9(e) LOT) 0T ol (240 _ ©) 0
- 2l 2l 2l Bls  [Blg

Note that 2/[2], — ¢©/[3]q — ©/[3]4 > 0. By combinating the inequalities (19) and (20),
we obtain

a+qT ga+7T
o(“gr ) e (")
1 1 OT+(1-0)a 1 Y ,
< o2, (T —a) <(q + Q)/a P (w)adqw + (5 +q) /@am_@ﬂ ®(w) dqw>

(1-4q)
Q[Q]q

< O(a) + ()

(P(OY 4+ (1 —O)a)+ P(Ga+ (1 -06)Y))

_200(Y -’ (2 46 _ O
T )
< O(a) + (T).

Multiplying the inequality above by 1/2 results in the third, fourth, and fifth inequalities of
(17).

The following result gives the refinements of inequalities (5).

Corollary 1. Setting © = 1/2 in Theorem 5, then we obtain

2 (%37) <00 < w00
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1 o T .
< 3T —a) </a O (w)adyw + /a+2r O (w) dqw>
< O(a) + @(T)

where

a[2] a+qY go+ T (1-9q) 4 (ot

w0 =g (0 () o () vt ()
and

g2y (@) +B(Y) (T —a)? U-a) g (ot
P3(q) = (1 +;2) < 2 - 4(12],)2[3l4 (3+ 2q+3q2)> + (1 +q2)¢) ( 2 ) .

Proof. Setting © = 1/2 in Theorem 5, gives us
a+ Y a+T\ ¢ /[(1=-g)(T—a)\?
()= () ()
1 a+qT ga+ 7Y
il I e el o "~
<> () e (a)

1+ ¢? et T .
< 7q[2]q('f ey (/a P (w)adqw + /a+2r O(w) dqw>

a 2
ST ayE, G20
 Bla)+ oD

This implies that
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i ([ e e ) gt ()
n (1—Q)¢<a;T>

q[2]q
O(a) + (1) wg(T — a)? oy, I—a)  (a+b
< - 3+2q+3q°) + @
I (PR g,
< P(a)+P(T) 1—¢g <<I>(a)+<1>('f)>
N 2 a[2lq 2
1+ <<I>(a)+<1>(b)> (22)
q[2lq 2
Multiply the inequality (22) by q[2],/(1 + ¢°) leads us to the desired result.
The result presented below provides refinements for the inequalities (3).
Corollary 2. Setting © =1 in Theorem 5, then we obtain
a+T
® < 5 > < Dy(q) < ®5(q)
1 T T .
< O (w)q o
S 3T —a) (/a (w) dqw+/a (w) dqw>
O(a) + (T
< ay(q) < HOE ) (23)

i ) ) )
wo =gt (o) () e ()

Ry (20)+ B0\ (T —a)?  (1—q) (®(a)+d(T)
<1+q2>< 2 ) 2145, +<1+q2>< 2 >

Proof. Setting © =1 in Theorem 5 gives us
& a+T oz—l-T L ¥ 1—q @)\ ?

2 4 2],
i( (3 )”(‘””))

and

D6(q) =

| /\

IN
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Which gives

< st (), e [ 06 )

1—gq
- 5o (@) +2(x)
C )+ 2(Y)  pa(l+ (Y — )
- 2 ([21)*[3]q
< Blo) +a(M)

()

a

a+ Y
2

IN
i

1
< Z
-2

+

‘Z(m>2+(1q)¢<a+T)

)w(q‘éf)) ()

(/ fe qw*/ () quw> - (Z[;]j) (q’(a);@(r))

(3
(s
(o (“e.
=95 2}q(+rqi a)
(1-9)

l—q)q) a+T
q[2 2

2] a2 2

Q[Q]q
O(a) + D(T)

(cp ' T)?

wq(1+q

(T —a)  (1-q) (@) +B(T)
@)%h +qmq< 2 )

q)

< O(a) + (T

(o)

B (1;[;](2

)

Multiplying the inequality (24) by q[2],/(1 + ¢°) yields the desired result.

4. Parameterized ¢-integral inequalities

We prove the H-H inequalities (11) of Theorem 4 by utilizing the g-differentiability of

the function.

Lemma 1 ([2]). Let ® : [, Y] — R be a g-differentiable function. If oDy® and YD,
are two continuous and integrable functions on [, Y|, then we have:

O(T — a)

2

/1 g ( D, ®(0wa + (1 — 0w)Y) — 4D, ®(OwY + (1 — Ow)a)) dyw
0



C. Sahatsathatsana, P. Yotkaew / Eur. J. Pure Appl. Math, 18 (1) (2025), 5661 14 of 24

1 T . OT+(1-0)a
= P(w) “d w—i—/ D(w)odywo
20(T — o) /9a+(1@)Y () " dy a ()ady

_ 9(0a+(1-©)Y) + (0T + (1 - O)a)
. .

Proof. By Definition 3, we have

1
L = / gw ( TD,®(Owa + (1 - 0w)TY)) dyw
0

dgw

| L a(gOwa + (1 - gOm)Y) - 2(Oma + (1 - O)T)
0 q (1-¢)0w(Y —a)

= (oo 0" H(O ak (1-0g
n=0

a6 _qa)@ D q"®(0g"a+ (1 - 6¢")Y)
n=0

1 (o)
_ ST aegta+ (1—6¢)T) —
(T_O‘)@nzzzoq q q

IR "$(0¢"a + (1 — O¢™)Y)
(T_a)enzoq q q

o0

= (Tl—_o?)@ Z ¢"®(Oq¢"a+ (1 -64¢")T) -
n=0

. — ) Tdyw -~ a(©at (-
(Y- w)?0? /®a+(16)T(I)( ) da (T—a)@(p(@ +{1=O)T).

Similarly, by Definition 2, we have

1
Iy = / qw ( «Dg®(OwY + (1 — Ow)w)) dgw
0

1 1 OT+(1-0)a
Then it follows that
o(T —
M([l — )
O(T — «)

_ ! /T (@) Tdyw — - B(Oa + (1 - ©)T)
2 (T — )?0? Joat(—0)r ! (T —a)®

OT+(1-0)a
_ (T_la)@@(@r 4 (1-O)a)+ ”_M/a () ad,ﬂﬂ)
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_ @(TZ—O‘) < / ! ®(w) Tdyw + / oo ®(w) adqw>

BOa+(1-0)Y «a
B0+ (1-0)Y) + B(OY + (1 — O)a)
5 .

This finalizes the proof.

Theorem 6. Let ® : [, Y] — R be a g-differentiable function. If |oDy®| and | Y D,®|

are strongly convez functions on [, Y] for ¢ > 0. Then the following inequalities are
established:

PN OT+(1-0)« T
@)(TQ) </a ®(w) adqw—i—/ &(w) quw)

Oa+(1-0)T
_9(Ba+(1-0)T)+ (0T + (1 -6)a)
2

Oq(T — «)

= LB, (Pb@ (| YDy@(a)| + | aDg®(T)]) + ([3ly — [214©) (| TD,®(Y)]
4] — [3]4©

+ aDq@<a>|>) —0%p(T — )’ <[3w4]>

Oq(T — «)
= "B, (mq@ (1 TD49(@)]+1 Dy®(T)]) + (3], ~ [2) (| *D,2(Y)

+] aDq<1><a>|>). 26)

Proof. Tt follows from Lemma 1 and |,D,®| and |¥ D,®| are strongly convex functions

that
B Y OT+(1-O)a
@(’f20[) (/ ®(w) Yd,w +/ O(w) O4dqw>

Oa+(1-0)T @
_P(0a+ (1-0)Y) + (T + (1 - 0)a)
2

Y _ 1
< (M/ qw | ID,®(Owa + (1 - Ow)Y)| dyw

2 0
+ M /1 qw | o Dg®(OwY + (1 — Ow)a)| dyw
2 0
1
< O [ ol D)+ (-0 "0
0

~ 001 — Ow)(T — a)Q) dyw + @(YQ_O‘) /1 - <6w| D& (7|
0
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+ (1 - Ow)| o De®(a)| — ¢Ow(1l — Ow)(T — a)2> dqw

S, (me (1 "Dg®(@)] + [ aDg@(T)]) + (B3l — 2040) (| *Dy®(T)]

~ 22,8,
4], — [3]4©
+| aDq‘I)(Oé)’)> — ©%p(Y —a)’ < 3]q[4]q >

Oq(T — «) " B .
= 2L, <[2]q@(’ D,@(0)| + | aDg®(Y)]) + (3], — [2140) (| TDy(Y))

+| aDq(p(O‘)D>'

This finalizes the proof.

Remark 3. When © =1 in Theorem 6, we derive trapezoid-type inequalities:
+ ®(7)

-« T T o
(x 5 )</a O(w) Oéalqw—i-/oé O (w) quw> _ 2@ +2(X) 5

MY*—Q)<BM(|TLM@QQ+!alh®(f))+wf(!Tfh@(m‘+‘aL@é“””)

= 5Ll

¢'p(T - a)’
[3lq[4]4
g(T — «
< 8X = (9], (| 'D,0(0)| + | aD®(T))) + % (| "D@(T)| + | oDy(a)) |-
2[2]4[3]
Remark 4. When © = 1/2 in Theorem 6, we derive Midpoint-type inequalities:
(a+T)
(T — ) /‘2 T - a+T
5 i O (w) odgw + (s ®(w) "dyw o 5

(X —a) (mq (1 TD2(0)| + | aDy®(X))) + (3l + ¢°) (| TD,8(T)]

3
1 achbm)r)) —d'e(X —a)’ (q[i[ﬁlq)

VAN

(T — «) ;
= 82,08, (mq (1 "D,@ ()| + | aDg®(T)]) + (8ly + ¢ (| TD(T)

+| aDq(I’(a)’)>~
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Theorem 7. Let ® : [a, Y] — R be a g-differentiable function. If |oDy®|° and | Y D,®|,
¢ > 1 are strongly convex functions on [a, Y] for ¢ > 0 , then the following inequalities
are established:

N OT+(1-0)a T
@(T2> (/a ®(w) adqw—i—/ o (w) quw)

Ba+(1-0)T
®(0a+ (1-0)T) + (O + (1 - O)a)
2

©—0)( 1 \'[(6l.Dd)F 0 c
=T ([d+uq> << () Lepe

(g ) o) (R (1 ) e
00 () (- “’2> )

Ot ) (A (P55 o)

(S () ) )

where 1/c+1/d = 1.

Proof. Tt follows from Lemma 1, Hélder’s inequality, and |,D,®|¢ and |TD,®|¢ are
strongly convex functions that

—w OT+(1-0)a T
@(TQ) (/a ®(w) adqw—i—/ o (w) quw>

Qa+(1-0)T
_B(0a + (1 - ©)T) + B(OT + (1 - O)a)
2

W 1 i 1 ¢
< 6)(T2)</0 <qw>ddqw> (/o | DO + (1@w>“>'cdqw>
. 1 i/ . c B
+ 6(T2)</0 (qa)ddqw> </0 | " D,®(Owa + (1 - Ow)T)| dqw)

e L
<2 </o <qw>ddqw> </o (0] o Dy®(T)[° + (1 — O)| o Dy®(a)|°
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1 . . i/ s
 pOw(l — Ow)(T a)2)dqw> n @<T2) (/O (qw)ddqw> (/0 (0w

1
c

| "Dy® ()| + (1~ ©@)| YD ®(Y)|* ~ 90w (1 — Ow)(b a)Q)dqW>

oY —a) 1 L 0| oD ®(T)|° 0 A
=75 (w+u) << 2, *Q‘ppwaaﬁm”>
<®\TD<I> ( ))
<1 <d+1><<®|D¢ +< . >|D<1>)I>C
<®\TD<I> < ))

Remark 5. When © =1 in Theorem 7, we derive trapezoid-type inequalities:

—a T T a
(x 5 ) (/ O (w) adqw—l—/a O(w) quw> _ %) +2(T) )42—<I>(T)

qT-a)( 1 \[(] DX | .
=T <w+u) << G (1 g ) apstie)

|

_l’_

1—7 | TD,®(Y
D,®(T

n |

This concludes the proof.

<wr—w< 1 )5<<wm¢ww+maa@mw>i
=7 @+, 2,

+CTDﬂWW+dTD@@W>3
[2]2 '

Remark 6. When © = 1/2 in Theorem 7, we derive Midpoint-type inequalities:

(at) T

(r;oo(/azq)(w) . @@(m qu@) _q)(a;r)
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dT—a)( 1 ([l DD | .
S <[d+1]q> (( R U I

I T S W L Ao 0 L AR TR YR S
A6 AL >> +< o (1 g 1 7P

d+1 2],

1
c

. (r YDy 0(0)|° + ([2)g + 9) TDq<1><r>|c> >

<q<r—a>< 1 >3l<<raDq<I>or>rc+<[2]q+q>|aDq@(a)F)i
[d+1],

2]2

Theorem 8. Let @ : [, Y] — R be a g-differentiable function. If | Dy®|¢ and | TD,®|°,
¢ > 1 are strongly convex functions on [a, ] for ¢ > 0 , then the following inequalities

are established:

@(T _ O[) OT+(1-0)a T r
— </a d(w) adqw—l—/@aHl@)T d(w) dqw>
_CIJ(@Oz +(1-0)7)+ 2O+ (1-0)a)
2

1-1
@O —a)( 1\ [[OlDfOF (1 6 e
=3 (m) (( e () 220
1 S . 0] TD,®(a)¢ 1 e .
-0 (a5~ 1) “‘”2) *(mq # ()| 7o)

o)) )

_ BT =) ({ [248] 0D @D + () — O121,)| aDu())"
= o, 3l

T a)le _ T %
+([2]qe\ Dot + (3o O8] Dq<I><T>|> ) (25)

Proof. It can be deduced from Lemma 1, the power mean inequality and and the
strong convexity of |,D,®|¢ and |¥ D,®|¢ that

oY —a) ( /®T+<1®)a $() adr + /

2 Ba+(1-9)Y

T

O (w) quw>
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(Oa+ (1—0)Y) + (O + (1 — ©)a)
2

1—1 1
(&

W 1 c 1
< @(Tz )</o qw dqw) (/0 qw | o Dy®(OwY + (1 @w)o‘)‘cdqw>

—a ! S ¢ C
+ 6)(T2) (/0 qw dq@) </0 gw | T D@ (Owa + (1 - Ow)Y)| dqw)

< O(T — a)
- 2

1 1-< 1
(/ qw dqw) (/ qw(Ow| o Dy®(T)| + (1 — Ow)| o Dy®(a)|
0 0

1

- — 9w —062 w ) G(T_a) 1 w w 17% 1 w
PO (1 - O)( >>dq>+ - </quq> (/Oq

1
c

(0| TD,®(a)|¢ + (1 — Ow)| YD ®(T)|¢ — pOw(1 — Ow)(T — a)2)dqw>

oo g\ (LD (4 40 e
= <mq> ( e (I

1

1 1-1
oL O ap) e g\ 68l TDa)r
o0 (- ;) @ >> T (m) ( Bl

1

+ (@ﬁ) | YD, ()| — g0 ([:al]q - [4(?) e a>2> |

qO(T — «) 2]40] o Dg®(Y)[ + ([3lg — O2]g)[ aDg® ()| :
=22, Bl

. ([2]q@| "Dy ()| + (3], ~ O[2]y) Tm(r)\c) )

314

This concludes the proof.

Remark 7. When © =1 in Theorem 8, we derive trapezoid-type inequalities:

Ca T T o
X—o) </a () adqw—l—/a P (w) quw) _ )+ oY) )—g@(T)

2

o —0)( 1\ (laD@DF (11 e
<73 (m) << o+ ()P
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(U i agp) s (PR (1 1Y
(o m) )> *( ol () un)

ol m)r) )

< q(T — ) 2]40 aDq(I)(T)|C+q2‘ aDq®(a)| :
Blq

NETEXOES AR
[3lq ’

Remark 8. When © = 1/2 in Theorem 8, we derive Midpoint-type inequalities:

(a+7) T

(T;a) (/a Y B(w) adyw + (a#)@(w) quw> —@(O‘;T>‘
-1
dt-o)( 1\ ((laDO®)F (1 1 e
=T ([mq) (( s (2 | =Pe0@)
p(1 1 ©(1ITDg@r (1 1 c
5y am) C“)2> ! ( o (g am) | 7P

5 () 7))

24 —a) <<[2]q\ o Dy®(X)[° + (3], + ) aqu,wc)i

3o+ ) Tm(r)rc)?

N | —~
Lo
Q

5. Applications

We show how special means can be used to prove the results in Theorems 6, 7, and 8.
To establish arbitrary positive numbers Wy and Wy (W7 # W3), we define the means as
follows:

(i) The arithmetic mean
Wi+ W,y

A =AWy, W) = 5
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(ii) The logarithmic mean

W2P+1 _ W1P+1

Lp = Le(W Wa) = 57 500, — )

Proposition 1. Given that 0 < a < T, the following inequalities are valid:

7 (BT — @Al ko) — AWFH, W5 )

qO(T — o)
S m ([2](16 (Lc(qa +(1— q)T, a) + L(¢Y + (1 — ), T))

+ ([3lg — [214©)(a” + TC)) N ©%qp(Y — 0)*([4]q — [3]40)

[3l4[4]q ’
where
ki= (1—gq) Zq "OY + (1 — ¢"O)a) ™!
ko= (1—¢q) Zq (("Oa + (1 — ¢"e)T)°t!
and

Wi=0a+(1-0)Y, Wy=07T+(1-0)a.
Proof. By substituting ®(w) = w/(c + 1), where @ > 0 in the inequalities (26) of
Theorem 6, then we obtain the result.
Proposition 2. Given that 0 < a < T, the following inequalities are valid:

1
c+1

O —a)( 1 \i[[OL(qT +(1-qa,T) o) .
<20 () (( 2, (1)

ol 0 N (et (1Tl (O
g, @ )> *( 2, (g T

¥ ([21] - [:;)> (T- “)Z)i)

(©*(F — @) Ak, ko) — AWIH, W5TH)) ’

Proof. By substituting ®(w) = w1 /(c + 1), where @ > 0 in the inequalities (27) of
Theorem 7, we obtain the result.
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Proposition 3. Given that 0 < a < T, the following inequalities are valid:

Ci - (O2(T — ) Ak, o) — AW, W;“))‘
a©(f —a) (1 \'"F (Ol + (=g ) (1 O .
=2 (m) (( 8], *(mq [31q>
o 0Ny o)L (Olhdaat Q-gT)l (1 O ..
0 (@~ i) © )> *( 2, oy m)”

ol

)

Proof. By substituting ®(w) = w1 /(c + 1), where @ > 0 in the inequalities (28) of
Theorem 8, we obtain the result.

6. Conclusion

This study focused on using the principles of g-calculus to prove varieties of ¢-H-H
type inequalities for strongly convex functions. Our findings indicate the potential for
generalizing existing comparable results in the literature. In addition, we also refine the
results in the literature of N. Alp et al. [2] by using the characterization of strong convexity
of ®. The methodologies from this study can be widely utilized to establish g-calculus and
similar inequalities for various types of convexities.
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