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1. Introduction

Let Mn(C) be the C∗-algebra of all n × n complex matrices. A matrix X ∈ Mn(C)
is said to be positive semidefinite if x∗Ax ≥ 0 for all x ∈ Cn. The singular values of
X ∈ Mn(C), denoted by s1 (X) ≥ s2 (X) ≥ ... sn (X) ≥ 0 are the eigenvalues of |X|. In
this paper, when we write sj we mean s1 (X) , s2 (X) , ...,sn (X), i.e., j = 1, 2, ..., n.

The spectral norm of X ∈ Mn(C) is defined by ∥X∥ = max∥x∥=1 ∥Ax∥.
For X,Y ∈ Mn(C), let X ⊕ Y be the direct sum of X and Y , that is, the matrix given

by X ⊕ Y =

[
X 0
0 Y

]
. It is known that ∥X ⊕ Y ∥ = max (∥X∥ , ∥Y ∥) .

It is known [14] that if X,Y ∈ Mn(C), then

sj(X + Y ) ≤ 2sj(X ⊕ Y ), (1)

A generalization of inequality (1) has been given in [8] by

sj(XZ + ZY ) ≤ 2 ∥Z∥ sj(X ⊕ Y ). (2)

The authors in [7] have proved several singular value inequalities. One of these in-
equalities asserts that if X,Y ∈ Mn(C), then

sj (XY − Y X) ≤ ∥Y ∥ si (X ⊕X) +
1

2
sj−i+1 ((XY − Y X)⊕ (XY − Y X))
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for 1 ≤ i ≤ j ≤ n. In particular, if j = i, then

sj (XY − Y X) ≤ ∥Y ∥ sj (X ⊕X) +
1

2
∥XY − Y X∥ . (3)

Singular values of a matrix play a critical role in various applications, including data
compression, noise reduction, and the resolution of ill-posed problems (see, e.g., [1], [2],
and [12]), particularly in fields such as electrical and mechanical engineering, where these
concepts are used to optimize signal processing and system performance. The spectral
norm, defined as the largest singular value, is fundamental for assessing the stability
of the matrix and quantifying its maximum impact as a linear transformation, which
is crucial because it ensures that small perturbations in the input data do not lead to
disproportionately large errors in the output, making computations reliable and consistent
in practical applications.

In this paper, we give several singular value inequalities. Among other results, we give
a related inequality to inequality (2) and we give a generalization of inequality (3). For
recent articles related to matrix and singular value inequalities, we refer the reader to [4],
[3], [5], [10] and [11].

2. Main results

To start our analysis, we need the following lemmas. The first lemma is a consequence
of the spectral theorem for matrices (see, e.g., [13, p. 5]), the second lemma was given in
[7], while the third lemma can be found in [13, p. 75].

Lemma 1. Let X ∈ Mn(C) and let f be nonnegative increasing function on [0,∞). Then

f(sj(X)) = sj(f(|X|)),

where |X| is the absolute value of the matrix X.

Lemma 2. Let X,Y ∈ Mn(C). Then

sj (X + Y ) ≤ sj (X ⊕ Y ) +
1

2
∥X + Y ∥ .

Lemma 3. Let X,Y, Z ∈ Mn(C). Then

sj(XZY ) ≤ ∥X∥ ∥Y ∥ sj(Z).

Theorem 1. Let A,B,X, Y ∈ Mn(C). Then

(a)

sj (f (|XAY + Y BX|)) ≤ f (∥X∥) f (∥Y ∥) sj(f (|A|)⊕ f (|B|))

+f

(
1

2

)
f (∥XAY + Y BX∥) , (4)

where f is a nonnegative increasing submultiplicative concave function on [0,∞)
with f(0) = 0.
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(b)

sj (f (|XAY + Y BX|)) ≤ f(2)

2
f (∥X∥) f (∥Y ∥) sj(f (|A|)⊕ f (|B|))

+
1

2
f (∥XAY + Y BX∥) , (5)

where f is a nonnegative increasing submultiplicative convex function on [0,∞) .

Proof. We have

sj (f (|XAY + Y BX|))

= f (sj (XAY + Y BX)) (by Lemma 1)

≤ f

(
sj (XAY ⊕ Y BX) +

1

2
∥XAY + Y BX∥

)
(6)

(by Lemma 2)

≤ f (sj (XAY ⊕ (Y BX)∗)) + f

(
1

2
∥XAY + Y BX∥

)
(since f is concave and f(0) = 0)

≤ f (sj (XAY ⊕ (Y BX)∗)) + f

(
1

2

)
f (∥XAY + Y BX∥)

(since f is submultiplicative)

= f

(
sj

([
X 0
0 X∗

] [
A 0
0 B∗

] [
Y 0
0 Y ∗

]))
+f

(
1

2

)
f (∥XAY + Y BX∥) (7)

≤ f

(∥∥∥∥[X 0
0 X

]∥∥∥∥ ∥∥∥∥[Y 0
0 Y

]∥∥∥∥ sj ([A 0
0 B

]))
+f

(
1

2

)
f (∥XAY + Y BX∥) (by Lemma 3)

= f

(
∥X∥ ∥Y ∥ sj

([
A 0
0 B

]))
+ f

(
1

2

)
f (∥XAY + Y BX∥)

≤ f(∥X∥)f(∥Y ∥)f(sj(A⊕B)) + f

(
1

2

)
f (∥XAY + Y BX∥)

= f(∥X∥)f(∥Y ∥)sj(f (|A|)⊕ f (|B|)) + f

(
1

2

)
f (∥XAY + Y BX∥) ,

which proves part (a). For part (b), we start from inequality (6), so we have

sj (f (|XAY + Y BX|))
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≤ f

(
sj (XAY ⊕ Y BX) +

1

2
∥XAY + Y BX∥

)
≤ 1

2
f (2sj (XAY ⊕ (Y BX)∗)) +

1

2
f (∥XAY + Y BX∥) (since f is convex)

=
1

2
f (2sj (XAY ⊕ (Y BX)∗)) +

1

2
f (∥XAY + Y BX∥)

=
1

2
f

(
2sj

([
X 0
0 X∗

] [
A 0
0 B∗

] [
Y 0
0 Y ∗

]))
+
1

2
f (∥XAY + Y BX∥)

≤ 1

2
f

(
2

∥∥∥∥[X 0
0 X

]∥∥∥∥ ∥∥∥∥[Y 0
0 Y

]∥∥∥∥ sj ([A 0
0 B

]))

+
1

2
f (∥XAY + Y BX∥) (by Lemma 3)

=
1

2
f

(
2 ∥X∥ ∥Y ∥ sj

([
A 0
0 B

]))
+
1

2
f (∥XAY + Y BX∥)

≤ f(2)

2
f(∥X∥)f(∥Y ∥)f(sj(A⊕B)) +

1

2
f (∥XAY + Y BX∥)

=
f(2)

2
f(∥X∥)f(∥Y ∥)sj(f (|A|)⊕ f (|B|)) + 1

2
f (∥XAY + Y BX∥) ,

which completes the proof.

Taking f(t) = t, t ∈ [0,∞) in inequalities (4) and (5), we have

sj (XAY + Y BX) ≤ ∥X∥ ∥Y ∥ sj (A⊕B) +
1

2
∥XAY + Y BX∥ . (8)

Letting X = I in inequality (8), we obtain

sj (AY + Y B) ≤ ∥Y ∥ sj (A⊕B) +
1

2
∥AY + Y B∥ . (9)

Replacing A by X, Y by Z, and B by Y in inequality (9), we have

sj (XZ + ZY ) ≤ ∥Z∥ sj (X ⊕ Y ) +
1

2
∥XZ + ZY ∥ . (10)

Combining inequalities (2) and (10), we have

sj (XZ + ZY ) ≤ min

{
2 ∥Z∥ sj(X ⊕ Y ), ∥Z∥ sj (X ⊕ Y ) +

1

2
∥XZ + ZY ∥

}
,
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which is a refinement of inequality (2).
Inequality (8) generalizes inequality (3). In fact, replacing B by −B in inequality (8),

we have

sj (XAY − Y BX) ≤ ∥X∥ ∥Y ∥ sj (A⊕B) +
1

2
∥XAY − Y BX∥ , (11)

which is a generalization of inequality (3). To see this, let X = I and then replace A and
B by X in inequality (11), we have

sj (XY − Y X) ≤ ∥Y ∥ sj (X ⊕X) +
1

2
∥XY − Y X∥ ,

which is inequality (3).
We need the following lemma [6] to give our second result.

Lemma 4. Let X,Y, Z ∈ Mn(C) be such that Z is positive semidefinite. Then

sj (XZY ∗) ≤ 1

2

∥∥∥∥X∗X

∥X∥2
+

Y ∗Y

∥Y ∥2

∥∥∥∥ ∥X∥ ∥Y ∥ sj (Z) .

Theorem 2. Let A,B,X, Y ∈ Mn(C) be such that A and B are positive semidefinite.
Then

(a)

sj (f (|XAY + Y BX|))

≤ f

(
1

2

)∥∥∥∥∥f
(
|X|2 ⊕ |X∗|2

∥X∥2
+

|Y |2 ⊕ |Y ∗|2

∥Y ∥2

)∥∥∥∥∥ f (∥X∥) f (∥Y ∥) sj (f (A)⊕ f (B))

+f

(
1

2

)
f (∥XAY + Y BX∥) , (12)

where f is a nonnegative increasing submultiplicative concave function on [0,∞)
with f(0) = 0.

(b)

sj (f (|XAY + Y BX|))

≤ 1

2

∥∥∥∥∥f
(
|X|2 ⊕ |X∗|2

∥X∥2
+

|Y |2 ⊕ |Y ∗|2

∥Y ∥2

)∥∥∥∥∥ f (∥X∥) f (∥Y ∥) sj (f (A)⊕ f (B))

+
1

2
f (∥XAY + Y BX∥) , (13)

where f is a nonnegative increasing submultiplicative convex function on [0,∞) .
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Proof. By inequality (7), we have

sj (f (|XAY + Y BX|))

≤ f

(
sj

([
X 0
0 X∗

] [
A 0
0 B∗

] [
Y 0
0 Y ∗

]))
+f

(
1

2

)
f (∥XAY + Y BX∥)

≤ f


1
2

∥∥∥∥∥∥∥∥∥

X∗ 0
0 X

X 0
0 X∗


∥X∥2 +

Y ∗ 0
0 Y

Y 0
0 Y ∗


∥Y ∥2

∥∥∥∥∥∥∥∥∥
×∥X∥ ∥Y ∥ sj (A⊕B)


+f

(
1

2

)
f (∥XAY + Y BX∥)

(by Lemma 4)

= f

(
1

2

∥∥∥∥∥ |X|2 ⊕ |X∗|2

∥X∥2
+

|Y |2 ⊕ |Y ∗|2

∥Y ∥2

∥∥∥∥∥ ∥X∥ ∥Y ∥ sj (A⊕B)

)

+f

(
1

2

)
f (∥XAY + Y BX∥)

≤ f

(
1

2

)
f

(∥∥∥∥∥ |X|2 ⊕ |X∗|2

∥X∥2
+

|Y |2 ⊕ |Y ∗|2

∥Y ∥2

∥∥∥∥∥
)
f (∥X∥) f (∥Y ∥) f (sj (A⊕B))

+f

(
1

2

)
f (∥XAY + Y BX∥)

(since f is submultiplicative)

= f

(
1

2

)∥∥∥∥∥f
(
|X|2 ⊕ |X∗|2

∥X∥2
+

|Y |2 ⊕ |Y ∗|2

∥Y ∥2

)∥∥∥∥∥ f (∥X∥) f (∥Y ∥) sj (f (A)⊕ f (B))

+f

(
1

2

)
f (∥XAY + Y BX∥) ,

which proves part (a). For part (b), we start from inequality (6), so we have

sj (f (|XAY + Y BX|))

≤ f

(
sj (XAY ⊕ Y BX) +

1

2
∥XAY + Y BX∥

)
= f

(
sj (XAY ⊕ (Y BX)∗) +

1

2
∥XAY + Y BX∥

)
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≤ 1

2
f

(
2sj

([
X 0
0 X∗

] [
A 0
0 B

] [
Y 0
0 Y ∗

]))
+
1

2
f (∥XAY + Y BX∥)

≤ 1

2
f



∥∥∥∥∥∥∥∥∥

X∗ 0
0 X

X 0
0 X∗


∥X∥2 +

Y ∗ 0
0 Y

Y 0
0 Y ∗


∥Y ∥2

∥∥∥∥∥∥∥∥∥
×∥X∥ ∥Y ∥ sj (A⊕B)


+
1

2
f (∥XAY + Y BX∥)

(by Lemma 4)

=
1

2
f

(∥∥∥∥∥ |X|2 ⊕ |X∗|2

∥X∥2
+

|Y |2 ⊕ |Y ∗|2

∥Y ∥2

∥∥∥∥∥ ∥X∥ ∥Y ∥ sj (A⊕B)

)
+
1

2
f (∥XAY + Y BX∥)

≤ 1

2
f

(∥∥∥∥∥ |X|2 ⊕ |X∗|2

∥X∥2
+

|Y |2 ⊕ |Y ∗|2

∥Y ∥2

∥∥∥∥∥
)
f (∥X∥) f (∥Y ∥) f (sj (A⊕B))

+
1

2
f (∥XAY + Y BX∥)

(since f is submultiplicative)

=
1

2

∥∥∥∥∥f
(
|X|2 ⊕ |X∗|2

∥X∥2
+

|Y |2 ⊕ |Y ∗|2

∥Y ∥2

)∥∥∥∥∥ f (∥X∥) f (∥Y ∥) sj (f (A)⊕ f (B))

+
1

2
f (∥XAY + Y BX∥) ,

this completes the proof.

Taking f(t) = t, t ∈ [0,∞) in inequalities (12) and (13), we have

sj (XAY + Y BX) ≤ 1

2

∥∥∥∥∥ |X|2 ⊕ |X∗|2

∥X∥2
+

|Y |2 ⊕ |Y ∗|2

∥Y ∥2

∥∥∥∥∥ ∥X∥ ∥Y ∥ sj (A⊕B)

+
1

2
∥XAY + Y BX∥ .

To state our next result, we need the following lemma [9].

Lemma 5. Let A,B,X ∈ Mn(C) be such that X is positive semidefinite. Then

sj (AXB∗) ≤ 1

2
∥X∥ sj (A∗A+B∗B) .
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Theorem 3. Let A,B,X, Y ∈ Mn(C) be such that A and B are positive semidefinite.
Then

(a)

sj (f (|XAY + Y BX|))

≤ f

(
1

2

)
max (∥f(A)∥ , ∥f(B)∥) sj ((f (X∗X + Y Y ∗))⊕ (f (XX∗ + Y ∗Y )))

+f

(
1

2

)
f (∥XAY + Y BX∥) , (14)

where f is a nonnegative increasing submultiplicative concave function on [0,∞)
with f(0) = 0.

(b)

sj (f (|XAY + Y BX|))

≤ 1

2
max (∥f(A)∥ , ∥f(B)∥) sj ((f (X∗X + Y Y ∗))⊕ (f (XX∗ + Y ∗Y )))

+
1

2
f (∥XAY + Y BX∥) , (15)

where f is a nonnegative increasing submultiplicative convex function on [0,∞) .

Proof. By inequality (7), we have

sj (f (|XAY + Y BX|))

≤ f

(
sj

([
X 0
0 X∗

] [
A 0
0 B

] [
Y 0
0 Y ∗

]))
+f

(
1

2

)
f (∥XAY + Y BX∥)

≤ f

1

2

∥∥∥∥[A 0
0 B

]∥∥∥∥ sj


[
X∗ 0
0 X

] [
X 0
0 X∗

]
+

[
Y 0
0 Y ∗

] [
Y ∗ 0
0 Y

]



+f

(
1

2

)
f (∥XAY + Y BX∥) (by Lemma 5)

≤ f

(
1

2

)
f

(∥∥∥∥[A 0
0 B

]∥∥∥∥) f

(
sj

([
X∗X + Y Y ∗ 0

0 XX∗ + Y ∗Y

]))
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+f

(
1

2

)
f (∥XAY + Y BX∥)

= f

(
1

2

)∥∥∥∥[f(A) 0
0 f(B)

]∥∥∥∥ sj (f ([X∗X + Y Y ∗ 0
0 XX∗ + Y ∗Y

]))
+f

(
1

2

)
f (∥XAY + Y BX∥)

= f

(
1

2

)
max (∥f(A)∥ , ∥f(B)∥) sj ((f (X∗X + Y Y ∗))⊕ (f (XX∗ + Y ∗Y )))

+f

(
1

2

)
f (∥XAY + Y BX∥) ,

which proves part (a). For part (b), we start from inequality (6), so we have

sj (f (|XAY + Y BX|))

≤ f

(
sj (XAY ⊕ Y BX) +

1

2
∥XAY + Y BX∥

)
= f

(
sj (XAY ⊕ (Y BX)∗) +

1

2
∥XAY + Y BX∥

)
≤ 1

2
f

(
2sj

([
X 0
0 X∗

] [
A 0
0 B

] [
Y 0
0 Y ∗

]))
+
1

2
f (∥XAY + Y BX∥)

≤ 1

2
f

∥∥∥∥[A 0
0 B

]∥∥∥∥ sj


[
X∗ 0
0 X

] [
X 0
0 X∗

]
+

[
Y 0
0 Y ∗

] [
Y ∗ 0
0 Y

]



+
1

2
f (∥XAY + Y BX∥) (by Lemma 5)

≤ 1

2
f

(∥∥∥∥[A 0
0 B

]∥∥∥∥) f

(
sj

([
X∗X + Y Y ∗ 0

0 XX∗ + Y ∗Y

]))
+
1

2
f (∥XAY + Y BX∥)

=
1

2

∥∥∥∥[f(A) 0
0 f(B)

]∥∥∥∥ sj ([f (X∗X + Y Y ∗) 0
0 f (XX∗ + Y ∗Y )

])
+
1

2
f (∥XAY + Y BX∥)

=
1

2
max (∥f(A)∥ , ∥f(B)∥) sj ((f (X∗X + Y Y ∗))⊕ (f (XX∗ + Y ∗Y )))

+
1

2
f (∥XAY + Y BX∥) ,
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this completes the proof.

Taking f(t) = t, t ∈ [0,∞) in inequalities (14) and (15), we have

sj (XAY + Y BX) ≤ 1

2
max (∥A∥ , ∥B∥) sj ((X∗X + Y Y ∗)⊕ (XX∗ + Y ∗Y ))

+
1

2
∥XAY + Y BX∥ . (16)

Corollary 1. Let A,B,X, Y ∈ Mn(C) be such that A and B are positive semidefinite.
Then

sj (AY + Y B) ≤ max (∥A∥ , ∥B∥) sj (Y ⊕ Y ) +
1

2
∥AY + Y B∥ .

Proof. Letting X = I in inequality (16), we have

sj (AY + Y B) =
1

2
max (∥A∥ , ∥B∥) sj

([
I + Y Y ∗ 0

0 I + Y ∗Y

])
+
1

2
∥AY + Y B∥

=
1

2
max (∥A∥ , ∥B∥) sj

([
I 0
0 I

]
+

[
Y Y ∗ 0
0 Y ∗Y

])
+
1

2
∥AY + Y B∥

=
1

2
max (∥A∥ , ∥B∥)

(
1 + sj

([
Y Y ∗ 0
0 Y ∗Y

]))
+
1

2
∥AY + Y B∥

=
1

2
max (∥A∥ , ∥B∥) (1 + sj (Y Y ∗ ⊕ Y ∗Y )) +

1

2
∥AY + Y B∥

=
1

2
max (∥A∥ , ∥B∥)

(
1 + s2j (Y ⊕ Y )

)
+

1

2
∥AY + Y B∥ .

Replacing Y by tY and taking the min over t > 0, we have

sj (AY + Y B) ≤ max (∥A∥ , ∥B∥) sj (Y ⊕ Y ) +
1

2
∥AY + Y B∥ ,

as required.

Conclusion. In this paper, we present several inequalities related to singular values for
funcions of matrices and we give a general version of interesting recent results.
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